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FOREWORD 


"Thermal  radiation"  is  electromagnetic  radiation  emitted  by  »  tatter  in  a 
state  of  thermal  excitation.  The  energy  density  of  such  radiation  in  an  en¬ 
closure  at  constant  temperature  is  given  by  the  well  known  Planck  formula. 

The  importance  of  thermal  radiation  in  physical  problems  increases  as  the 
temperature  is  raised;  at  moderate  temperatures  (say,  thousands  of  degrees 
Kelvin)  its  role  is  primarily  one  of  transmitting  energy,  whereas  at  high 
temperatures  (say,  millions  of  degrees  Kelvin)  the  energy  density  of  the  radi¬ 
ation  field  itself  becomes  important  as  well.  If  thermal  radiation  must  be 
considered  explicitly  in  a  problem,  the  radiative  properties  of  the  matter 
must  be  known.  In  the  simplest  order  of  approximation,  it  can  be  assumed 
that  the  matter  is  in  thermodynamic  equilibrium  "locally"  (a  condition  called 
local  thermodynamic  equilibrium,  or  LTE),  and  all  of  the  necessary  radiative 
properties  can  be  defined,  at  least  in  principle.  Of  course  whenever  thermal 
radiation  must  be  considered,  the  medium  which  contains  it  inevitably  has 
pressure  and  density  gradients  and  the  treatment  requires  the  use  of  hydro¬ 
dynamics.  Hydrodynamics  with  explicit  consideration  of  thermal  radiatio..  is 
called  "radiation  hydrodynamics". 

In  the  past  twenty  years  or  so,  many  radiation  hydrodynamic  problems 
involving  air  have  been  studied.  In  this  cork  a  great  deal  of  effort  has  gone 
into  calculations  of  the  equilibrium  properties  of  air.  Both  thermodynamic 
and  radiative  properties  have  been  calculated.  It  has  been  generally  believed 
that  the  basic  theory  is  well  enough  understood  that  such  calculations  yield 
valid  results,  and  the  limited  experimental  checks  which  are  possible  seem  to 
support  this  hypothesis.  The  advantage  of  having  sets  of  tables  which  are 
entirely  calculated  Is  evident;  the  calculated  quantities  are  self -consistent 
on  the  basis  of  some  set  of  assumptions,  and  they  can  later  be  improved  if 
calculations!  techniques  .ire  improved,  or  if  better  assumptions  can  be  made. 
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The  origin  of  this  set  of  books  was  in  the  desire  of  a  number  of  persons 

interested  in  the  radiation  hydrodynamics  of  air  to  have  a  good  source  of 

reliable  Information  on  basic  air  properties.  A  series  of  books  dealing  with 

both  theoretical  and  piactical  aspects  was  envisaged.  As  the  series  materalized, 

it  was  thought  appropriate  to  devote  the  first  three  volumes  to  the  equilibrium 

properties  of  air.  They  arc: 

The  Equilibrium  Thermodynamic  Properties  of  Air, 
by  F.  R.  Gilmore 

The  Radiative  Properties  of  Heated  Air, 
by  B.  H.  Armstrong  znd  R.  W.  Nicholls 

Tables  of  Radiative  Properties  of  Air, 
by  Lockheed  Staff 

The  first  volume  contains  a  set  of  tables  along  with  a  detailed  discussion  of  the 
basic  models  and  techniques  used  for  their  computation.  Because  of  the  size  of 
the  related  radiative  tables  and  text,  two  volumes  were  considered  necessary. 

The  first  contains  the  text,  and  the  second  the  tables.  It  is  hoped  that  these 
volumes  will  be  widely  useful,  but  because  of- the  emphasis  on  very  high  tempera¬ 
tures  it  is  clear  that  they  will  be  most  attractive  to  those  concerned  with  nuclear 
weapons  phenomenology,  reentry  vehicles,  etc. 

Our  understanding  of  kinetic  phenomena,  long  known  to  be  important  and  at 

preeent  in  a  state  of  rapid  growth,  is  not  as  easy  to  assess  as  are  equilibrium 

properties.  Severe  limitations  had  to  be  placed  on  choice  of  material.  One 

volume  is  offered  at  this  time: 

Excitation  and  Non  Equilibrium  Phenomena  in  Air, 
by  Landshoff,  et  al. 

It  pr  vides  material  on  the  more  important  processes  involved  in  the  excitation 
of  air,  criteria  for  the  validity  of  LTE  and  special  radiative  effects. 

A  discussion  of  radiation  hydrodynamics  wai  felt  to  be  necessary  and  another 

volume  was  planned  to  deal  with  this  topic: 

Radiation  Hydrodynamics  of  High  Temperature  Air, 
by  Landshoff,  Hillendahl,  et  al. 

It  is  not  ready  for  publication  at  this  time.  It  will  review  the  basic  theory  of 
radiation  hydrodynamics  and  discuss  the  application  to  fireballs  in  the  atmosphere. 

The  choice  of  material  for  these  laut  two  volumes  was  made  with  an  eye  to 
the  needs  of  the  principal  users  of  the  other  three  volumes. 
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Preface 


This  volume  is  concerned  with  ail  theoretical  aspects  of  the  transmission 
of  thermal  radiation  in  equilibrium  air.  It  was  prepared  by  Dr.  B.  H.  Armstrong 
and  Professor  Ralph  Nicholls  with  some  assistance  from  the  Lockheed  staff. 

The  principal  objective  of  this  work  is  the  description  in  detail  of 
models  and  approximations  which  have  been  made  in  calculations  of  absorption 
coefficients  for  air  and  its  constituents.  It  cannot  always  be  assumed  that 
the  basic  theory  is  well-known,  and  some  effort  is  made  to  present  key 
derivations  and  discuss  points  which  have  frequently  been  allowed  to  remain 
obscure  in  treatments  of  this  sort.  In  contrast  with  the  situation  in  thermo¬ 
dynamic  properties,  we  can  expect  very  significant  developments  in  both 
theory  and  models  in  the  future,  and  the  presentation  here  is  to  be  con¬ 
sidered  as  a  status  report.  However,  the  authors  have  prepared  a  very 
scholarly  work  which  should  be  widely  useful. 

The  reader  is  expected  to  have  some  knowledge  cf  quantum  mechanics 
and  a  certain  amount  of  familiarity  with  atomic  and  molecular  structure. 

Such  a  reader  will  be  able  to  understand  current  work  in  thermal  radiation 
after  mastery  of  the  material  presented  here. 

In  a  companion  volume  we  have  presented  an  extensive  compilation  of 
tables  of  radiative  properties  of  air.  Nevertheless,  we  have  felt  that  the 
inclusion  of  some  tables  and  figures  summarizing  the  most  important  of  these 
properties  in  the  present  volume  would  substantially  increase  its  usefulness. 
Such  material  is  presented  in  Appendix  A. 

We  would  like  to  thank  Dr.  Armstrong  and  Professor  Nicholls  for  their 
splendid  cooperation.  Thanks  are  also  due  the  IBM  Corporation  for  allowing 
Dr.  Armstrong's  work  to  be  included  in  our  series  on  "Thermal  Radiation.  " 

J.  L.  Magee 

H.  Aroeste 
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PART  A. 


THEORY  OF  RADIATION  IN  HOT  GASES 


Chapter  1 .  INTRODUCTION 


This  volume  is  one  of  a  set  which  is  concerned  with  all  aspects  of 
thermal  radiation  phenomena  in  heated  air,  over  a  wide  range  of  temperature 
and  density.  Thermal  radiation  phenomena  are  meant  to  be  those  which  arise 
due  to  or  are  related  to,  the  passage  of  electromagnetic  energy  through  an 
atmosphere  of  some  type  when  significant  interaction  occurs  between  the 
radiation  stream  and  the  atmosphere.  It  is  usually  implied  that  some  type 
of  partial  thermal  equilibrium  is  produced  by  this  interaction,  although  not  a 
complete  one,  of  course.  In  the  case  of  complete  thermal  equilibrium,  there 
can  be  only  an  uninteresting  homogeneous  system  with  no  net  transport  of 
radiation  at  all.  Radiation  is  a  significant  mode  of  energy  transfer  in  all  gases 
at  sufficiently  high  temperatures,  and  in  many  situations  at  low  temperatures 
as  well.  Since  radiative  energy  transfer  is  controlled  by  the  absorption  coefficient 
which  is,  in  turn  determined  by  the  microscopic  atomic  and  molecular,  and 
the  statistical/thermodynamic  properties  of  the  medium,  much  of  these  volumes 
are  concerned  with  these  underlying  properties.  In  particular,  after  a  brief 
introduction  to  the  theory  of  radiative  transfer  limited  to  conditions  of  local 
thermodynamic  equilibrium,  the  present  volume  is  mainly  concerned  with  the 
detailed  application  of  the  basic  quantum  theory  of  radiation  to  real  atomic 
and  molecular  systems.  The  transfer  problem  only  reappears  occasionally  to 
guide  this  application  into  the  practical  channels  which  constitute  the 
raison  d'etre  of  the  book . 

Although  radiation  transport  is  now  of  wide  interdisciplinary  application, 
most  of  its  basic  developments  were  made  in  an  astrophysical  milieu.  Some 
of  its  contemporary  applications  are  in  stellar,  solar  and  planetary  atmospheres 
and  aeronomy,  in  meteor,  missile  and  rocket  re-entry  phenomena,  in 
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combustion  physics  and  chemistry,  and  in  plasma  and  weapons  physics. 

Towards  very  high  temperatures  there  are  fewer  contributing  effects  and 
therefore  the  situation  is  conceptually  somewhat  simpler.  Fig.  1.1  illustrates 
some  significant  subdivisions  and  interrelations  towards  the  high-temperature 
limit  of  our  considerations.  As  one  progresses  downwards  in  temperature,  the 
effects  and  interactions  proliferate  and  become,  at  our  present  state  of  knowledge, 
more  fragmented  and  diverse,  so  that  we  will  not  attempt  an  illustration  in  this 
case , 

A  large  fraction  of  the  work  dating  from  World  War  II  on  specific 
problems  in  the  above  fields  of  application  has  been  motivated  by  defense 
needs  and  financed  by  government  contracts.  As  a  result,  much  of  the  literature 
on  the  subject  is  comprised  of  unpublished  and  therefore  unrefereed  contract 
reports  which  are  not  universally  available  to  the  scientific  community.  Much 
of  the  work  described  in  this  "grey"  literature  (Goody,  1964)  is  important, 
but  some  obscurities  and  errors  in  an  already  complex  field  have  propagated 
through  these  reports.  Other  problems  due  to  the  particular  history  of  this 
field  have  also  occurred.  For  example,  a  perusal  of  the  reports  concerned 
with  opacity  calculations  shows  a  considerable  repetition  of  some  of  the  formal 
arguments  involved  in  justifying  the  calculations  (although  not  in  the  calculations 
themselves),  and  a  lack  of  assignments  of  priority,  or  acknowledgements.  There 
has  also  been  a  substantial  lack  of  cross  referencing  .  This  has  all  been  due  in 
part,  of  course,  to  the  classified  nature  of  some  of  the  projects,  particularly 
the  earlier  ones,  and  the  fact  that  even  the  unclassified  reports  were  oiten  not 
readily  available  to  some  of  the  authors,  who  then  found  it  necessary  to  repeat 
some  of  the  derivations.  However,  once  such  a  situation  has  been  created  it 
is  generally  self  stimulating  even  in  the  absence  of  the  original  causes,  due  to 
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the  large  amount  of  effort  which  must  be  expended  to  ameliorate  It.  We  hope 
the  present  volume  will  help  to  exorcise  these  ghosts;  however,  all  the 
relevant  material  has  still  not  been  declassified  so  that  this  goal  cannot  be 
completely  reached  even  at  the  present  time. 

The  initiation,  not  long  ago,  by  Prof.  S.S.  Penner  of  the  Journal  of 
Quantitative  Spectroscopy  and  Radiative  Transfer  has  done  much  to  provide 
an  appropriate  vehicle  for  the  open  publication  of  this  work,  and  the  reader 
is  referred  tc  that  journal  for  recent  research  papers  on  topics  discussed  in  this 
volume . 

Formidable  experimental  difficulties  associated  with  the  controlled 
laboratory  study  of  really  hot  gasr  s  have  limited  most  experimental  work  in 
the  field  to  temperatures  below  20,000°K.  Thus,  much  reliance  has  had  to  be 
placed  on  theoretical  research  involving  models  of  increasing  realism,  complexity 
and  sophistication.  As  implied  above,  the  basic  theory  employed  has  its  roots 
in  (a)  astrophysical  discussions  of  the  transfer  of  radiation  through  stellar 
envelopes,  and  (b)  in  the  applied  quantum  mechanics  of  the  radiative  properties 
of  atoms  and  molecules .  The  bulk  transport  of  radiation  through  hot  gases  is 
usually  discussed  in  terms  of  the  radiation  absorption  coefficient,  which  is  a 
phenomenological  parameter  of  the  material  through  which  the  radiation  passes. 
This  absorption  coefficient  in  turn,  can  be  specified  as  a  function  of  wavelength 
and  absorber  gas  properties  by  recourse  to  quantum  theory  and  statistical 
mechanics.  From  a  detailed  knowledge  of  the  "spectral"  absorption  coefficient 
of  the  gas ,  realistic  mean  absorption  coefficients  can  be  derived  in  terms  of 
which  radiation  transport  may  more  conveniently  be  discussed.  In  addition, 
if  conditions  of  local  thermodynamic  equilibrium  prevail, absorption  coefficients 
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are  related  by  Kirehoff's  1  AU/  fn  < _ . _ _  r<. 

O.I.499WU  ^uexixcients  ot  the  gas. 

The  macroscopic  absorption  coefficient  is  comprised  of  two  factors. 

These  are  (a)  the  nonniat  ir\r>  e  aI  t-U.  - u  i  _  . 

-  . .  t,,c  obaoi oing  species  and  (b)  the  cross 

section  per  particle,  or  the  microscopic  "absorption  coefficient".  The  first 

of  these  factors  is  obtainable  from  statistical  mechanics,  and  a  full  discussion 

as  well  as  tables  are  given,  in  the  volume  of  this  series,  The  Equilibrium 

Thermodynamic  Properties  of  Hi*.  Temperature  Air  by  Gilmore.  In  order  that 

the  statistical  mechanics  treatment  be  realistic,  accurate  information  must 

be  available  on  the  thermochemical  properties  of  the  absorbers,  and  on 

equilibrium  constants,  when  chemical  processes  (dissociation,  etc.)  that  can 

o-cur  are  also  temperature  dependent.  The  second  of  these  factors  requires  a 

quantum  mechanical  description  of  atomic/molecular  structure  to  determine 

radiative  transition  probabilities  and  is  discussed  in  detail  in  subsequent 

chapters  of  the  present  volume.  Realistic  atomic  and  molecular  models  are 

needed  for  adequate  calculations  of  this  second  factor.  Careful  experimental 

measurements  of  atomic  and  molecular  properties  are  also  needed  in  order  to 

assess  or  verify  the  quality  of  the  models  selected.  Much  progress  has  been 

made  during  the  past  two  decades  in  the  anproxlmate  vot  raali-H«  - 

mechanical  analyses  of  complex  atomic  systems. 


It  should  be  emphasized  here  that  both  the  above-mentioned  aspects 
of  the  problem  of  the  theoretical  calculation  of  absorption  coefficients  require 
the  strong  support  of  experimental  programs  that  can  provide  the  basic  atomic 
and  molecular  data  on  which  the  calculations  often  depend.  Thus,  experimental 
work  in  this  field  (among  others,  of  course)  occupies  a  dual  role,  since  it 
must  provide  some  of  the  basic  input  information  as  well  as  serve  its  traditional 
role  in  verifying  the  outcome  of  calculations. 


U 


It  has  come  as  a  surprise  to  many  that  all  such  basic  measurements  were 
not  made  iong  ago.  The  growth  of  research  institutes  in  "Laboratory 
Astrophysics"  is  indicative  of  the  large  amount  of  atomic  and  molecular  physics 
left  to  be  done. 

The  study  of  absorption  coefficients  of  air  may  be  further  subdivided 
quite  naturally  into  two  parts  as  a  function  of  temperature.  At  low  temperatures, 
say  below  12,000°K,  most  of  the  absorbing  species  in  air  are  molecular,  and 
both  the  statistical  mechanics  of  absorber  populations,  and  the  quantum  theory 
of  absorbing  transitions  must  be  couched  in  molecular  terms .  At  higher 
temperatures,  air  becomes  a  multispecies  ionic  gas.  Theory  (both 
statistical  and  quantum  mechanics)  is  far  more  developed  for  atomic  than  for 
molecular  species,  and  realistic  calculations  can  be  more  readily  carried  out 
on  both  aspects  of  the  absorption  coefficient,  as  is  shown  in  later  chapters. 

The  realistic  and  comprehensive  theoretical  studies  that  can  now  be 
carried  out  or  have  been  performed  in  the  past  decade  have  only  become 
possible  due  to  a  number  of  circumstances.  The  availability  of  large-scale, 
high-speed  digital  computers,  the  experimental  provision  of  reiatlveiy  good 
critical  experimental  data,  and  the  development  of  detailed  and  cogent 
theoretical  models  and  methods,  have  all  been  necessary  conditions  which 
nad  to  be  established  before  such  work  a3  is  discussed  herein  could  be 
seriously  undertaken.  It  is  Interesting  to  note  that  the  accurate  calculation 
of  opacities  covers  a  remarkably  wide  range  of  physical  phenomena  and  theories . 
While  crude  opacity  values  are  relatively  easy  to  obtain,  accurate  values  are 
very  difficult  to  calculate.  Even  though,  for  most  aspects  of  the  calculations, 
the  basic  physical  processes  are  reasonably  well  understood,  the  carrying  out 
of  the  necessary  calculations  is  a  tedious  and  complicated  task,  and  long-term 
efforts  are  required. 
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As  a  commentary  on  the  recent  develoDmant  of  a  reUttmii. 

■  - - —  -  w— V  Mm  »  v»/  IliWIO  a  L 

scientific  field,  it  is  worth  observing  how  much  the  need  for  air  opacity 
values  (In  view  of  the  character  of  these  quantities)  has  stimulated  research 
or.  such  a  wide  and  otherwise  diverse  variety  of  topics,. 

The  plan  of  this  volume,  in  detail,  is  as  follows:  the  volume  is  divided 
into  two  parts,  the  first  of  which  (Part  A,  Chapters  1-4)  contains  the  basic 
theory  of  radiation  transport,  and  the  quantum  theory  of  radiation  as  applied 
to  Individual  atomic  and  molecular  species.  The  second  part  (Part  B,  Chapters 
5-8)  discusses  the  calculation  of  the  opacity  of  heated  air  based  on  the  theory 
presented  in  Part  A.  Chapter  2  reviews  the  elementary  theory  of  radiative 
transfer  to  establish  definitions  used  later  in  the  book,  and  to  present  the 
overall  scope  of  the  problem.  Chapter  3  reviews  and  discusses  that  part  of 
the  quantum  theory  of  radiation  by  atoms  which  is  needed  for  the  applications 
discussed  in  Chapter  8.  The  formal  results  of  the  theory  are  reduced  to  the 
formulas  for  specific  radiative  processes,  and  some  clarifying  and  comparative 
comments  are  made  on  the  equivalent  formulae  derived  by  a  number  of  authors. 
Chapter  4  extends  the  theory  of  Chapter  3  to  take  account  of  radiative  transitions 
i  idecular  species.  Chapter  5  is  a  brief  historical  review  of  research  ever 
th«  ast  few  decades  on  absorption  coefficients  and  opacity,  and  is  included 
to  pla'-o  the  discussion  of  later  chapters  in  correct  perspective.  Chapter  6 
disc'  '  ses  the  general  features  of  the  spectral  and  mean  absorption  coefficients 
introduced  in  Chapter  2,  as  applied  to  a  real  multicomponent  gas  such  as  air. 
Some  inequalities  and  bounds  for  the  mean  absorption  coefficients  are  derjved. 

After  the  historical  discussion  of  Chapter  5  and  the  review  of  the  general 
features  of  air  absorption  coefficients  of  Chapter  6,  the  remaining  discussion 
is  arranged  in  order  of  ascending  temperature.  Thus,  Chapter  7  reviews 


opacity  calculations  on  air  up  to  temperatures  of  about  20,000°K,  l.e.,  the 
region  where  molecular  contributions  dominate  the  system  or  cannot  be  neglected. 
Strong  reliance  is  placed  in  this  region  on  experimental  knowledge  of  molecular 
spectra.  Chapter  8  covers  opacity  calculations  in  the  high-temperature 
(above  20,000°K)  region  where  atomic  species  dominate.  The  atomic  models 
needed  for  such  calculations  are  briefly  reviewed  first,  and  then  the  more 
important  contributing  processes.  Finally  some  of  the  recent  large-scale  air- 
opacity  calculations  are  reviewed.  In  contrast  to  the  character  of  Chapter  7, 
an  entirely  ab  initio  approach  to  the  calculations  can  be  taken;  however,  in 
practice,  most  calculations  still  make  use  of  empirical  atomic  energy  level 
information . 

An  appendix  is  included  to  show  how  the  detailed  molecular  properties 
of  02  ,  N2  1  NO  ,  and  their  ions  are  taken  into  account  in  the  calculations 
of  Chapter  7 . 
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Chapter  2.  ELEMENTARY  RADIATIVE  TRANSFER 


In  this  chapter,  a  non-rigorous  review  of  the  theory  of  radiative 
transfer  indicates  how  the  subject  is  dominated  by  the  concept  of  spectral 
absorption  coefficient.  An  attempt  is  made  to  provide  some  physical  insight 
into  the  requirements  which  the  applications  of  transfer  theory  impose  on  the 
calculation  of  absorption  coefficients,  and  to  demonstrate  the  physical 
significance  of  the  Planck  and  Rosseland  mean  absorption  coefficients.  For 
this  reason,  certain  elementary  solutions  to  the  transfer  equation  have  been 
emphasized.  An  excellent  and  more  comprehensive  discussion  of  radiative 
transfer,  which  also  emphasizes  the  physical  aspects,  has  recently  been 
given  by  Goody  (1964)  (see  also  Morse  and  Feshbach,  1953,  2.2).  The 
formal  theory  is  more  extensively  developed  by  Chandrasekhar  (1939,  1950) 
and  Kourganoff  (1952).  A  good  reference  for  the  present  purpose,  although 
unavailable  in  the  open  literature,  is  the  report  by  H.  Mayer  (1947). 

Aller  (1963)  gives  an  excellent  account  of  approximate  solutions. 

We  first  undertake  in  Sec.  2.1  a  briei  discussion  of  the  formulation 
of  the  transfer  equation  and  the  definitions  involved.  In  this  initial  discussion, 
we  neglect  scattering;  however,  a  few  remarks  on  this  subject  are  given  later, 
in  Sec.  2.3.  In  Sec.  2.2  we  consider  the  definition  of  local  thermodynamic 
equilibrium  in  some  detail,  in  order  to  clarify  the  roles  of  induced  and 
spontaneous  emission  in  radiative  transfer. 

In  many  problems  the  spectral  distribution  of  the  radiation  is  not  of 
primary  concern.  For  these  cases  an  appropriately  defined  mean  value  of 
the  absorption  coefficient  is  useful.  The  manner  in  which  the  mean  value 
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Is  calculated  depends  on  the  characteristic?  c-i  the  problem  under  consideration. 

A  limiting  case  of  physical  interest  is  tnat  of  an  optically  thin  sample  of  gas, 
i.e. ,  a  sample  whose  dimensions  are  small  compared  with  the  mean  free  path 
of  radiation  in  the  gas.  Consideration  of  this  leads  to  the  definition  of  the 
Planck  mean  absorption  coefficient.  Conversely  the  equally  important 
optically  thick  case  is  conveniently  described  in  terms  of  the  Rosseland  mean 
absorption  coefficient.  These  two  limiting  cases  are  discussed  In  detail 
and  the  respective  mean  absorption  coefficients  are  derived. 

Finally,  we  present  a  short  discussion  of  the  problem  of  radiation 
transfer  for  intermediate  optical  depths.  In  view  of  the  complications 
involved,  we  limit  our  considerations  to  isothermal,  uniform-density  conditions. 

2. 1  The  equation  of  radiative  transfer  {without  scattering) 

Consider  a  collimated  beam  of  radiation  of  frequency  v  incident 

on  an  extended  volume  of  gas  which  absorbs  the  radiation,  but  does  not  emit. 

If  is  the  flux  of  radiant  energy  per  unit  frequency  interval,  that  is,  energy 

per  (cm  x  sec  x  unit  frequency  interval)  this  flux  is  assumed  to  be  attenuated 

by  each  thin  slab  of  gas  of  thickness  5x  in  proportion  to  the  product 

of  the  magnitude  F  and  the  thickness  5x  .  This  is  illustrated  in  Fig.  (2-1). 
v 

Thus,  we  can  write 

5  F  =  -  u  F  8x  (2. 1-1) 

V  V  V 
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which  defines  the  constant  of  proportionality  ,  the  linear  or  volume 
absorption  coefficient,  as 

Lim 

uv  6  x-*o  |  6  x  j  ’ 

This  phenomenological  rule,  known  as  Lambert's,  Bouguer's,  or  Beer’s  law, 
leads,  when  integrated,  to  the  exponential  decay  law: 

F  „  F  ~^VX  (2.1- 2a) 

V  vo  ® 

which  is  borne  out  in  many  experimental  circumstances.  From  the  usual  interpre¬ 
tation  of  transport  parameters,  2  uv  1  is  thought  of  as  a  mean  free  path 
for  absorption.  Thus,  Eq.  (2.  l-2a)  can  be  rewritten 

-xA 

F  =  F  b  V  (2.  1— 2  b) 

V  vo 

Experimentally,  re-emission  follows  absorption,  so  that  6F^ 
as  given  in  Eq.  (2.1-1)  must  be  augmented  by  the  radiation  emitted  in  the 
siab  6x  and  the  result  is  the  equation  of  transfer,  Eq.  (2. 1-4).  Further¬ 
more,  the  emitted  flux  will  in  general  not  be  so  well  collimated  as  our  ideal 
parallel  incident  beam,  so  the  definition  of  F^  must  be  generalized  to 
energy  per  unit  solid  angle  across  unit  surface  normal  to  a  specified  direction 
0  ,  #  with  a  unit  vector  H  .  This  is  illustrated  in  Fig.  2-2  which  shows 
an  infinitesimal  pencil  of  beams  within  an  element  of  solid  angle  dQ  about 
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the  direction  3  traversing  a  slab  of  gas  of  thickness  L  which  extends 

to  infinity  in  directions  perpendicular  to  x  .  The  relationship  between  the 

flux  F  ^  of  the  collimated  (or  parallel!  beam  of  radiation  and  the 

vo 

general  Intensify  function  1^(0, $)  which  allows  for  an  angular  distribution 
is  established  through  the  Dirac  6-function  (.  ,'iandrasekhar,  1950,  p.  22): 


K  <9'#)  "  Fvo  6(c0s  9o  "  008  "  *o) 


(2.  l-3a) 


where  0Q  ,  #Q  is  the  direction  of  the  parallel  beam,  and  the  6-functions 


satisfy 


J*  6  (cos  eQ  -  cos  P)  6(#  -  *0)  d3  *  1  (dfl  S  sin  9  <*0  d#) 


(2.  l-3b) 


I  (0,$)  s  I  (3)  is  called  the 

v  v 


and  has  dimensions  of  energy 


per  unit  time  per  unit  frequency  interval  per  unit  solid  angle  per  unit  area  norma! 
to  .  The  resulting  equation  of  radiative  transfer  which  takes  account  of 
absorption  and  emission  in  the  slab  can  then  be  written  as 


dl0) 

“  i 


v(fi)  p  -  dviv(3) 


(2.1-4) 


where  s  denotes  length  measured  in  the  direction  S  .  The  energy  per  unit 
time  radiated  in  the  direction  0  by  a  unit  mass  of  gas  per  unit  frequency 
per  unit  solid  angle  has  been  denoted  by  j^(fi)  /  the  emission  coefficient, 
and  p  is  the  mass  density.  For  convenience,  the  emission  coefficient  is 
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often  replaced  by  the  source  function  defined  as 


jv<«) « pjva>/uv 


(2.  l-5a) 


The  equation  of  radiative  transfer  becomes 


,  dl  (ft) 
_L  v  . . 

U  ds 

v 


-  'v®> 


(2.  l-5b) 


The  decrease  in  beam  intensity  (-61^)  can  be  expressed  in  a  number 
of  equivalent  ways,  each  of  which  defines  a  different  absorption  coefficient. 

All  of  the  resulting  equations  are  derived  from  Eq.  (2. 1-1)  which  invokes 
simple  proportionality  to  beam  intensity  ^  (by  virtue  Of  Eq.  (2.  l-3a)) 
and  the  increment  of  path  length  6x  .  Eq.  (2.1-1)  thereby  defines  the 
linear  (or  volume  for  unit  cross  section)  absorption  coefficient  whose 

dimensions  are  (length)  *  . 

The  effect  of  mass  density  p  or  number  density  Ny  of  absorbing 
particles  is  seen  in  Eqs.  (2.1-6a)  and  (2.1-6b)  below  which  define,  respectively, 
the  mass  absorption  coefficient  and  atomic  absorption  coefficient  c . 

hv  has  dimensions  of  (length)  (mass)  .  av  has  dimensions  (length)  . 

It  is  thus  often  treated  as  an  absorption  cross-section  which  interpretation 
is  pursued  further  in  the  next  section. 

61^  =  -  (p6x)  (2.  l-6a) 


<Nv6x) 


(2. 1— 6  b) 
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We  note  that  p6x  Is  the  mass  Increment  6m  per  unit  area,  and 
similarly  Ny6x  Is  the  number  Increment  6Nv  per  unit  area.  Com¬ 
parison  between  Eqs.  (2.1-1),  (2.1-6a),  and  (2.1~6b)  lead  to 

U  =  H  0  =  a  N  =  jr~  ( 

which  relates  most  of  the  absorption  coefficient  parameters  in  common  use. 

One  absorption  coefficient  parameter  not  previously  discussed  Is  the 
dimensionless  quantity,  the  optical  depth  .  Its  infinitesimal  Increment 
is  defined  by 


dT„  *  (2.1-7) 

and,  therefore,  the  total  optical  depth  between  points  s'  and  s  is 

s 

7^(8', 8)  *  f  nv  ds  (2.  l-8a) 

8* 

(One  should  note  that  it  is  customary  in  astrophysics  to  measure  optical  depth 
backwards  along  the  line  ss'  .  This  would  require  a  minus  sign  in  the  above 
definitions.)  The  foregoing  definitions  of  radiative  transfer  quantities  along 
with  others  which  we  do  not  consider  here,  have  been  conveniently  summarized 
by  Aller  (1963). 

The  equation  of  transfer  (2. 1— 5b)  may  now  be  written 

dl 

=  J  (fl)  -  I  (8)  (2.  l-8b) 

u  y  v  V 
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Eq.  (2  ,  l-8b) ,  which  governs  the  transport  of  electromagnetic  energy  through  an  atmos¬ 
phere,  is  often  difficult  to  solve.  An  extensive  literature  pertaining  to  it  has  accrued 
over  the  years,  principally  in  the  fields  of  astrophysics  and  meteorology 
(Goody,  1964;  Kourganoff,  1952;  Chandrasekhar,  1939,  1950;  Mayer,  1947; 

Aller,  1963;  Elsasser,  1942;  Milne,  1930;  Bond,  Watson  and  Welch,  1965). 

Exact  solutions  can  be  obtained  for  only  a  very  limited  number  of  model 
problems  so  that  approximate  methods  of  solution  are  of  paramount  importance. 

As  stated  by  Goody  (1964),  the  physical  content  of  the  equation  of  transfer 
is  very  meager.  Under  the  conditions  of  local  thermodynamic  equilibrium, 
most  of  the  physics  of  the  situation  is  in  fact  contained  in  the  absorption 
coefficient  uv  ,  the  discussion  of  wh.ch  constitutes  the  primary  subject  of 
this  book. 

A  general  solution  to  Eq.  (2.  l-8b)  can  be  obtained  formally  as  follows 

(Goody,  1964).  Consider  a  beam  along  the  direction  ft  as  indicated  in 

t  (s  * ,  s ") 

Fig.  2-2.  Multiply  Eq.  (2.1-8b)  by  e  v  to  obtain 


_d_  V8’- 

dr*  r 


s") 


r  _ 


(2. 1-9) 


Integrating  this  equation  along  the  direction  Q  from  s"  =  s'  to  s"  *  s  , 
we  obtain 


T  (S’,S)  _ 

e  *'  ys.o)  «  ys'.o)  + 


o 

l 


ys*,  s") 


y»'\n>  drv 


15 


Thus  using  Eq.  (2.  l-8a) 


I„(8.0) 


«  y«'.n)  + 


O 

/ 


-T  <S",S) 

e  O  )  dr, 


(2.1-10) 


Thus  the  intensity  y$,B)  at  s  is  equal  to  the  intensity  ys’,0) 
incident  at  some  previous  point  (s')  exponentially  diminished  by  absorption, 
plus  the  integrated  intensity  emitted  between  s "  and  s'<  each  element 
again  diminished  by  the  absorption  which  takes  place  ahead  of  s''  .  In  the 
limiting  case  of  an  optlcally-deep  medium,  we  can  take  s'  at  -  »  and 
set  the  incident  Intensity  term  equal  to  zero.  Eq.  (2. 1-10)  then  becomes 


ys.O)  =  j  e  "  y8",0)  dr^ 


(2.1-11) 


which  shows  how  the  radiation  emerging  from  an  emitting  gas  is  limited  by 
absorption  In  the  gas. 

2.2  Local  thermodynamic  equilibrium 

One  of  the  most  common  situations  in  which  a  solution  to  the  equation 
of  radiative  transfer  is  sought  is  that  in  which  local  thermodynamic  equilibrium 
(LTE)  is  assumed.  This  assumption  is  often  Introduced  through  the  assertion 
that  Kirchoff's  law 


KvBv(T) 


(2.2-1) 
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holds  point-wise.  This  Implies  that  at  each  point  in  the  system  a  local 
temperature  T  is  defined.  However,  it  may  vary  from  point  to  point  over 
the  system  (Kc^rganoff ,  1952;  Chandrasekhar,  1939,  1950;  Aller,  1963).  In 
this  formula  J  is  the  radiant  energy  emitted  per  unit  mass  per  unit  time 
per  unit  solid  angle  per  unit  frequency  interval  and  is  the  similarly 

defined  mass  absorption  coefficient.  We  recall  from  Section  2.1  that  *vp  is 
defined  such  that 

dIv  "  "  W*  (2.2-2) 

is  the  change  in  the  emerging  radiation  intensity  after  traversal  of  a  distance 
ds  in  the  medium  to  which  *v  pertains,  assuming  there  is  no  emission. 

B^(T)  is  the  usual  Planck  function  2hv^  e  hv//^T  /c2(l  -  e  ^vATj  ,  v 
the  frequency,  and  T  is  the  absolute  temperature. 

Complications  arise  through  the  neglect  of  Induced  emission  effects 
(which  cause  Jv  to  depend  somewhat  on  incident  intensities)  in  these 
equations.  Chandrasekhar  (1939,  Chap.  5,  section  3)  points  out  that 
incorrect  results  are  obtained  if  of  Eq.  (2.2-1)  is  substituted  directly 
into  the  transfer  equation  (2. 1-4).  Ad-hoc  corrections  are  then  necessary 
to  compensate  for  the  neglect  of  Induced  emission  effects. 

These  problems  may  be  avoided  and  natural  allowance  be  made  for  the 
effect  of  induced  emission  if  a  local  temperature  (and  thus  LTE)  is  defined 
through  a  Boltzmann  equation  relating  the  occupation  numbers  Nr  and 
of  two  quantum  states  involved*in  absorption  or  emission  (Chandrasekhar,  1939, 

Eq.  108ff  and  discussion  following  Eq.  118,  Mayer,  1947) 

N 

U®  =  exp  (hvnmAT)  (2.2-3) 

_ _  17 

* 

In  any  real  physical  situation  there  will  usually  be  mai  /  absorbing  and 
emitting  states,  and  often  many  different  atomic  and  molecular  species* 

Since  the  transitions  and  species  can  be  treated  one  at  a  time  and  then 
added,  we  limit  ourselves  to  single  events  and  single  species  in  this 
chapter.  This  is  conceptually  much  simpler,  and  involves  no  loss  of 
generality  if  the  reader  bears  in  mind  that  the  appropriate  sums  must 
ultimately  be  carried  out. 


where  hv  *  E„  -  E^,  is  the  energy  separation  between  the  states.  For 
nm  n  m 

simplicity  statistical  weights  have  been  assumed  to  be  unity  in  this  discussion. 
LTE  so  defined  makes  no  assumption  about  the  radiation  field  which  need  not 
be  in  equilibrium  with  matter.  In  practice  it  is  often  not  in  equilibrium 
except  at  the  center  of  strong  spectral  features.  Eq.  (2.2-1)  implicitly 
includes  the  radiation  field  but  Eq.  (2.2-3)  does  not. 

To  follow  the  consequences  of  this  definition  it  is  necessary  to 

it 

introduce  the  Einstein  coefficients  A  _  and  B _  for  spontaneous  and 

nm  nm 

induced  emisslonf  respectively.  We  define  these  coefficients  as  follows. 

is  the  probability  per  unit  time,  per  unit  frequency  interval, 
per  unit  solid  angle  that  an  atomic  or  molecule  in  excited  state  n  emits  a 
photon  with  energy  centered  about  hvnm  =  En  ~  Em  •  The  line- shape  factor 
b(v)  has  been  included  so  that  our  results  can  be  expressed  per  unit  frequency 
interval .  The  K  ;1,ap»  the  probability  distribution  in  frequency  for  the 
photon,  and  represents  the  probability  per  unit  frequency  interval  that  the 

photon  produced  in  the  tran;  '  '  ?n  n  -  m  has  the  frequency  v  • 

The  usual  definitions  of  the  Einstein  coefficients  (see,  e.g. 

Chandrasekhar,  1939;  also  Sec.  3.1  of  the  sequel)  which  assume  infinitesimally 

sharp  lines  do  not  incorporate  this  factor  and  consequently  require  cumbersome 

double  definitions  of  emission  and  absorption  coefficients  and  of  intensities. 

00 

The  normalization  condition  J  o(v)dv  =1  is  satisfied  by  b(v)  ,  and  it  will 

o 

be  further  discussed  in  .he  next  section  (2.3).  By  using  this  factor  in  our 
definitions  at  this  point,  all  quantities  can  be  expressed  as  functions  of 
frequency,  rather  than  some  appearing  integrated  over  the  line  profile. 

From  the  foregoing  definitions  we  see  that  the  energy  emitted  spontaneously 

* 

The  Einstein  B-coefficient  and  the  Planck  function  B  (T)  should 

nm  \i 

not  be  confused. 
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in  a  time  dt  into  the  solid  angle  dft  and  the  frequency  interval  dv  by 
the  excited  atom  or  molecule  is 


dEs(v) 


hv  torn  bM 

4tT 


dt  d(l  dv 


(2. 2-4a) 


Since  the  spontaneous  emission  is  isotropic,  the  total  number  of  photons 

spontaneously  emitted  per  second  per  unit  frequency  interval  per  atom  into  all 

angles  is  A  b(v)  .  Now  it  turns  out  that  the  probability  of  the  emission  of 
nm 

a  photon  hv  is  augmented  by  stimulated  emission  if  the  atom  is  Immersed 
nm 

in  a  field  of  radiation  containing  a  distribution  of  frequencies  about  vnm  . 

Thus,  Bnm  is  defined  so  that  c^B^I^)  dfl  dv  dt  is  the  probability  that 
an  excited  atom  or  molecule  in  state  n  is  stimulated  by  an  external  Intensity 
of  radiation  1^(3)  to  emit  a  photon  with  energy  centered  about  hvnm  in  the 
direction  H  ,  the  frequency  interval  dv  and  time  dt  .  Thus  the  stimulated 
or  induced  energy  emitted  by  the  single  system  into  the  various  differential  intervals  is 


dEj(v)  =  (hv)  c  1  Bnm  (to  dv  dt 


(2.  2-4b) 


The  coefficients  A  and  B„„  are  properties  of  the  individual 
nm  nm 

atomic  or  molecular  systems,  and  their  evaluation  is  a  problem  in  the  quantum 
theory  of  radiation  which  will  be  discussed  in  Chapter  3.  We  assume,  while 
discussing  radiation  transport,  that  they  are  known  quantities.  Eqs.  (2.2-4a) 
and  (2 -  2— 4b)  are  respectively  the  spontaneous  and  stimulated  radiant  energy 
contributions  emitted  per  atom  or  molecule.  The  total  radiant 


energy  emitted  by  an  element  of  volume  dv  'with  mass  dm  =  p  dv)  will 
then  be  obtained  by  adding  these  two  terms  and  multiplying  by  the  number  of 
particles  within  the  element  dv  that  .are  In  rho  quantum  state  n  .  Thus, 
if  nR  is  the  number  density  of  particles  in  the  state  n  , 

b(v)n  dv[  A  4n  +  c  1  3  I  (01 J  hv  dO  dv  dt  (2.2-5) 

n  no.  nn  v 

is  the  energy  emitted  by  the  volume  element  dv  in  time  dt  into  the 
element  of  solid  angle  dO  and  frequency  interval  dv  about  v 

nm 

The  energy  emitted  per  unit  mass  of  material  will  be  this  quantity  divided 
by  the  mass  p  dv  of  the  element.  The  energy  per  unit  mass  per  unit  solid 
angle,  frequency  interval  and  time  is  called  the  emission  coefficient  J  . 

Thus 


(2.2-6) 


It  is  shown  in  Chapter  3  that  if  A  _  ,  and  B_  are  the 

nm  nm  mn 

Einstein  coefficients  for  spontaneous  emission,  stimulated  emission  and 
(stimulated)  absorption  for  transitions  between  levels  n(upper)  and 
m(lower)  ,  each  assumed  for  simplicity  to  be  of  unit  statistical  weight,  then 


nm 


8nhv3 


B  =  B 
nm 


mn 


(2.2-7a) 


(2. 2- 7b) 
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The  B-coefficients  are  defined  here  relative  to  radiation  energy  density 

rather  than  to  radiation  Intensity  (Aller,  1963;  Allen,  1963).  We  may 

further  relate  the  absorption  coefficients  u  and  r  to  13  by 

v  v  mn 

appeal  to  Eqs.  (2.1-1),  (2.1-3a),  and  (2.1-6a).  Thus 

~  6  K  =  uv  rv  6X  *  DXv  !v  6x  “  nm  rv  Sx  Bmn  hv  b(v)c_1 


or 


uv  =  °*v  "  nm  Bmn  hv  b(v)  c"1 


(2.  2- 7c) 


From  Eqs.  (2.2-6)  and  (2.2-7a,b,c) 


»  (h^  biv) 


and 


j  «  ^ 

v  p 


ini  it  ♦ 

c2  nm  % hv 


Jin. 


hv 


(2.2-8) 


This  may  be  rewritten  in  a  more  compact  form  using  the  definitions  of  LTE 
(Eq.  (2.2-3))  and  the  Planck  function: 


a  M  m  - 1 - 

Bv™  2  tot 

c  e  kT-1 


(2.2-9) 


Thus 


.tot 

kT 


tot 


uv  BV(T)  (e  kT  -  1)  +  M%1  iJ) 


V  V 
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which  reduces  to 


pJv  "  V  BVW  4  •  kT  Wv  ^(0) 


(2.2-10) 


where 


,(1  .  e-hvAT} 


(2. 2- 11a) 


k'  may  similarly  be  defined  by 


Xv  (1  -  e'1""*1) 


(2. 2- lib) 


<v  ■  »v  Bvm  +  e'hvAT  "v  ’v(n) 


(2. 2- 11c) 


Eq.  (2. 2-  11c)  explicitly  shows  how  the  augmented  emission  coefficient 
Jv  depends  on  Iy  as  a  result  of  stimulated  emission.  In  this  the  expression 
for  ,  which  should  be  used  when  a  change  of  quantum  state  occurs,  the 
first  term  is  the  contribution  to  the  emission  coefficient  from  spontaneous 
emission  and  the  second  term  Is  the  contribution  from  stimulated  emission. 


That  Is 


.  (spontaneous)  _  „ ,  n 


(2.  2- 12a) 


j  (stimulated)  _  R  e~hvAT  j  ^ 


(2. 2- 12b) 


I 


There  are  therefore  two  equivalent  way3  of  formulating  the  principle 
of  local  thermodynamic  equilibrium,  viz.. 


(2. 2~  13a) 


,  (spontaneous)  ,  -  (T*  (2. 2- 13b) 

V  vv 


Eq.  (2.  2- 13b)  is  more  useful  here  since  it  allows  the  transfer  equation 
without  allowance  for  scattering  to  be  written  in  similar  form  to  Eq.  (2. 1-4). 
Thus 


1  ,  (spontaneous)  .  .  (induced) 

p  ds  Jv  Jv 


(2.2-14) 


Eqs.  (2. 2- lib),  (2. 2- 12a, b)  and  (2.2-14)  lead  to  the  following  form  for  the 
transfer  equation  which  also  implies  existence  of  LTE: 

,  dl  , 

•*  ■—  V.  m  „i  fa  t  l  (2.2~ 15a/ 

P  ds  %  '  V  V 


or 


dl 

df  =  U‘v  <BV  '  V  (2. 2- 15b) 


it 

Note  that  we  have  not  included  scattering  in  this  definition;  this  is 
sometimes  done  in  Astrophysics  by  means  of  a  generalization  of  Eq.  (2. 2- 13b). 
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Eq.  (2.2-15b)  is  very  similar  to  Eq,  (2 . 1—  5b)  and  Its  formal 
solution  may  thus  be  written  down  from  inspection  of  Eq.  (2. 1-10) 
replacing  J  by  and  by  u‘v  respectively.  The  formal 

general  solution  of  Eq.  (2.2- 15b)  is  therefore 


(2.2-16) 


(2.2-17) 


2 . 3  Scattering 

The  type  of  scattering  of  primary  interest  in  the  study  of  high- 
temperature  plasmas  is  coherent  scattering  from  the  ground  and  low-lying 
states  of  atoms  and/or  molecules  and  their  iens,  (Bv  coherent  scattering 
is  meant  scattering  that:  occurs  without  a  change  in  frequency  of  the  photon 
involved,  and  without  a  change  of  state  cf  the  atomic  system  involved.) 
Therefore,  we  will  confine  ourselves  here  to  a  few  remarks  concerning  coherent, 
non-relativistic  scattering  which  are  intended  to  point  out  the  difference 
between  transfer  by  (coherent)  scattering  and  transfer  by  absorption/emission. 
For  more  extensive  discussions  of  the  general  subject  of  scattering,  see,  e.g., 
Chandrasekhar,  (19 5(J,  and  Van  de  Hulst  (1957).  Explicit  forms  of  the  cross 
sections  involved  for  coherent  scattering  from  hydrogen,  and  for  Compton 


2k 


scattering,  will  be  considered  in  the  next  chapter,  along  with  mention  of 
the  relativistic  corrections  required  for  Compton  scattering  at  sufficiently 
high  temperatures. 

Once  the  assumption  of  LTE  is  made,  and  the  emission  and  absorption 
terms  in  the  transfer  equation  appropriately  simplified,  these  terms  will 
differ  from  the  scattering  terms  which  appear  in  the  transfer  equation.  The 
reason  is  that  emission  into  a  beam  by  scattering  is  not  accompanied  by  a 
transition  of  the  atom  or  molecule  and  is  thus  not  directly  affected  by 
excited  states  of  the  system  other  than  the  one  which  the  system  is  in  at 
the  moment  of  scattering.  That  is  to  say,  absorption  and  emission  occur 
with  a  change  of  state  of  the  system,  whereas  scattering  does  not.  The 
two  types  of  processes,  i.e.,  scattering  and  absorption/emission  will  be 
related  and  pass  one  into  the  other  for  short-lived  excited  states.  For 
such  states,  scattering  cannot  be  distinguished  from  a  real  absorption  followed 
almost  simultaneously  by  a  real  emission  with  the  emitting  system  reverting 
to  its  initial  state  (Heitler,  1954).  This  happens  near  a  resonance  line  and 
is  further  complicated  by  .he  fact  that  a  photon  with  energy  near  enough  to 
a  real  excitation  energy  can  produce  the  real  axcitation,  or  transition, 
with  the  help  of  a  transfer  of  energy  from  or  to  a  nearby  electron  or  ion. 

(cf.  Baranger,  1962;  "The  One- Electron  Approximation".)  Thus,  if  we 
compute  all  real  absorption  and  emission  transitions,  including  those  which 
need  an  outside  interaction  of  energy  0  to  AE  to  occur,  we  will  have 
included  the  scattering  produced  by  virtual  states  which  fail  to  conserve 
energy  by  an  amount  between  0  and  AE  . 


25 


Mayer  (1947)  has  shown  that  there  Is  no  correction  of  the  form 
1  -  e  u  to  be  applied  to  non-relativistic  scattering.  Actually,  one  should 
not  expect  It,  since  the  atom  does  not  change  state  and  hence,  there  is  no 
upper  state  to  re- emit  back  into  the  beam,  but  it  can  be  demonstrated 
rigorously.  Mayer  does  this  by  showing  that  the  induced  scattering  into 
the  beam  is  exactly  cancelled  by  induced  scattering  out  of  the  beam. 
Plctorially  what  he  demonstrates  is  as  shown  in  Fig.  2-3.  Emission  into 
the  direction  O'  depends  on  an  integral  of  the  form 


/ 


da  (iMl1) 

S3 


i(n)  do 


(2.3-1) 


over  all  other  directions  H  ,  which  is  the  ordinary  scattering  term,  and 
an  induced  scattering  term  proportional  to 


J  dcidn1'1  x#»  i<&')  dfl 


That  is  to  say,  this  second  term  depends  on  the  beam  intensity  in  the 
scattered  direction,  which  is  why  it  is  called  induced  scattering.  However, 
the  scattering  out  of  the  beam  contains  a  term 


|  W)  i(n)  do* 


(2.3-3) 


26 


which,  with  the  proper  proportionality  factors  eactly  cancels  the  previous 
term.  The  implication  apparently  is  that  since  induced  scattering  does  occur, 
one  might  expect  a  correction  analogous  to  the  1  -  e  u  correction  obtained 
in  the  case  of  absorption  and  emission  to  appear.  However,  it  is  not  Just 
induced  emission  that  leads  to  this  correction  (if  this  were  the  case  we  would 
need  only  to  correct  the  absorption  term  in  the  transfer  equation  and  no  distinct 
emission  term  correction  would  appear  (since  both  absorption  and  induced 
emission  are  proportional  to  the  intensity  I  ,  they  can  always  be  lumped 
together). 

The  existence  of  spontaneous  emission  is  also  required  —  an  emission 
term  independent  of  the  incident  intensity.  This  is  what  is  lacking  in  the 
case  of  scattering.  There  is  no  spontaneous  scattering.  As  Mayer  (1947) 
points  out,  the  scattering  terms  in  the  transfer  equation  are  proportional  to 
nb ( 1  +  nfa)  (n^  =  number  of  "radiation  oscillators").  Thus,  there  is  no 
term  independent  of  as  there  is  in  the  case  of  emission  (which  is 

proportional  to  1  +  nfa)  . 

The  diminuition  of  the  beam  1^0)  due  to  scattering  within  the 
element  of  distance  ds  can  thus  be  written 

6Iv(sc)(n)  =  -  Nvagc  Iv(H)  ds  (2.3-4) 

where  a  is  the  total  cross  section  for  scattering  by  the  particles  with 
sc  - 

number  density  Ny  .  In  addition  to  this  depletion,  the  beam  will  be 
augmented  by  the  amount 


O' 
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dgfl'-fi) 


is  the  differential  cross  section  for  scattering  from  the 


direction  O'  into  the  direction  0  .  If  we  add  the  above  terms  to  the 
transfer  SQUaUon,  ^  *  z—  i 5 ,  we  obtain 


TS-  ■  %'<VV  *  Nv  f  '“‘W’  Iv»' 1  d0  -  “v<S=)  'v  (2-3-6) 


where  we  have  defined  (i^v  '  by: 


W  =  N  o 

v  sc 


(2.3-7) 


2.4  Emission  from  a  gas  sample  in  the  optically  thin  limit 


iHtT  MMiJaH3EMb Eal a t-i-J mwMuI 


Before  defining  the  Planck  mean  absorption  coefficient,  let  us 
investigate  the  flux  emitted  by  a  plane-parallel  slab  of  gas  in  order  to 
define  the  optically  thin  limit  in  several  more  or  less  equivalent  ways. 
Consider  the  radiation  from  an  isolated  slab  of  gas  at  temperature  T  ,  as 
in  Fig.  2-2.  The  total  monochromatic  radiation  flax  per  unit  area  leaving 
one  face  of  the  slab  within  the  solid  angle  Afi  is 


•! 


Iv  cos  0  dfi 


(2.4-1) 


where  0  is  measured  from  the  x-direction  normal  to  the  slab.  Multiplying  the 
transfer  equation,  Eq.  (2.2-15),  on  both  sides  by  dfi  using  dx  =  ds  cos  0  , 
and  integrating  over  the  hemisphere  of  outward  directions,  yields  the  equation 


J  * 


cos  0  dn  = 


Aft  p'  b 
rv  v 


\  dn 


(2.4-2) 
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From  Eq.  (2.4-1)  arc  the  definition  of  the  mean  (partial)  outward  intensity 


v+ 


I...  s  -ri-  f  t  an 

y~T  nil  J  u 

AO  v 


(2.4-3) 


we  can  rewrite  Eq.  (2.4-2)  as 


dF 


v+ 


dx 


- 1^) 


(2.4-4) 


The  optically  thin  approximation  now  consists  in  neglecting*  fv+  relative 

to  B  ,  and  taking  the  derivative  dF  . /dx  as  the  ratio  of  finite  increments 
v  v+ 

of  emitted  flux  6FV  and  slab  thickness  f  x  .  With  these  approximations 
we  obtain  from  Eq.  (2.4-4)  the  integrated  flux  or  total  radiant  energy  emitted 
within  the  solid  angle  Afl  , 


6F+  a  AH  fix  /V  B  (T)  Av 


(2.4-5) 


The  same  result  could  be  obtained  by  integrating  Eq.  (2.2-10)  for  the  emission 
coefficient  upon  neglect  of  (a)  self-absorption,  and  (b)  induced  emission. 

The  flux  from  a  volume  element  6  V  *  6A6s  cut  out  by  the  walls  of  an 
infinitesimal  slab  is  (see  Fig  2-4) 


$F  a  f  J  j  p6V  cos  Q  d^dn/fiA 
+  v  Q  v 


(2.4-6) 


But  6s  =  6x/cos  8  and  pj^  =  u^B^(T)  .  Thus 

6F+  3  6x  /^/p^B^T)  di'dfl  =  AO  fix  d» 


Recall  that  we  are  considering  an  isolated  slab;  hence,  there  is  no 
incident  intensity  at  the  boundary. 
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If  AO  Is  the  entire  hemisphere,  then  Eq.  (2.4-6)  becomes 
6F  ■  [2rr  J  u*  B  (T)  dv]  fix  .  The  result  can  also  be  obtained  as  follows 
from  the  general  solution  to  the  transfer  equation,  Eq.  (2.2-16),  using  the 
approximation  u^6x«  1  .  With  the  additional  assumption  that  the  incident 
intensity  vanishes,  Eq.  (2.2-16)  yields  the  total  outward  flax  from  one  side 
of  an  Isothermal  slab  as 


F 


COS  0 


\ 

) 


cos  6  sir  6  dfl 


(2.4-7) 


We  wish  to  show  that  the  correct  result  -  to  first  order  In  fix  -  is  obtained 
by  expanding  the  exponential  in  spite  of  the  fact  that  cos  9-0  within  the 
range  of  the  Integration.  With  a  change  of  variables  Eq.  (2  =  4-7)  becomes 


F  =  2x/d^B(/(T)[|-E3(p;ax)] 


(2.4-8) 


where 


En(y) 


00 


(2.4-9) 


are  the  usual  exponential  integrals  (Chandrasekhar,  1950).  By  use  of  the 
relations 


nEn+i(y)  =  e~y  -  yER(y) 


Ei<y)  =  -  y  -  log  y  +  y  (-  i)n_1  — JiL- 

m  *  n  •  n! 

n  ~  1 


(2.4-10) 
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as  given  by  Chandrasekhar  (19  50)  (y  =  Euler's  constant),  we  find 


F  -  2jt  f  dv  B^(T)  |^6x  +  O  [(pj/x)2  log  p^fixj  +  O  [(p^fix)2]  |  (2.4-11) 

which  agrees  with  Eq.  (2.4-5)  to  first  order  in  u‘5x  (with  <10=  2tt), 

This  result  shows  that  radiation  in  the  angles  near  9  =  n/2  ,  which  are 
not  involved  in  many  practical  cases,  does  not  contribute  to  F  in  first 

order.  There  is  contribution  in  first  order  to  I  where  the  result 

v 

corresponding  to  Eq.  (2.4-11)  is 


Iv  -  (1  +  y)  pj/x  +  (p^«x)  log  +  O  [(m>02] 

The  radiative  energy  emitted  by  one  face  of  a  slab  of  perfect  radiator 
in  thermal  equilibrium  at  temperature  T  can  be  obtained  from  Eq.  (2.4-7) 
by  letting  6x  -  «  .  The  result  is,  for  the  energy  emitted  per  unit  area, 

I  /BJT )  cos  0  do  dv  =  f  B(T )  cos  0  da  =  f cos  0  dfl  =  oT4  (2.4-12) 

v  2ir  *r  *  27r 

where 


B(T) 


( T )  dv 


cT4/tt 


(2.4-13) 
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We  can  define  the  (flux)  emisslvity  e  of  a  slab  relative  to  this  standard 
as  the  ratio  of  ths  total  radiant  enoryy  one  face  of  the  slab  emits  to  that 
emitted  by  one  face  of  a  blackbody  slab  at  the  same  temperature.  Thus  for 
a  thin  slab,  €  is  given  by  the  ratio 


c  * 


2tt&c  /pj,  B^Tldv 


oT 


(2.4-14) 


Since  this  quantity  depends  on  the  slab  thickness,  it  is  somewhat  more 
satisfactory  to  define  e/6x  as  the  emissivltv  per  unit  length.  Tf  we  define 
the  Planck  mean  absorption  coefficient  (or  emission  mean)  jjp(T)  as 


Pp(T) 


/^BV(T)  to  _  it  [y'v By(T)  dr 
f  Bp(T  )d»>  oT4 


(2.4-15) 


then  the  emisslvity  per  unit  length  of  an  optically  thin  slab  becomes 


e/fix  =  2*tp(T)  (2.4-16) 

A  similar  quantity,  the  "hemispherical  emisslvity"  is  sometimes 
used  (Penner,  1959).  It  is  defined  as  the  ratio  of  the  radiant  flux  emitted 
by  a  hemispherical  volume  (with  radius  6R  )  of  gas  into  a  "point"  collector 
at  the  center  of  its  base.  We  will  show  that  e^R  *s  one_^a^  the  thin- 
slab  emisslvity  per  unit  length; 

ch/<5B  =  Pp(T)  (2.4-17) 
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In  general,  the  relation  between  the  emlssivlty  and  the  mean  absorption 
coefficient  depends  on  the  geometry  of  the  emitting  sample  through  a  numerical 
factor  (Bond,  Watson,  and  Welch,  1965).  We  can  illustrate  this  directly 
the  thin- slab  limit  with  reference  to  Fig.  2-5.  The  radiation  arriving  at  0 
from  the  shaded  volume  H  within  the  hemispherical  shell  contributes  to  the 
hemispherical  emlssivlty.  The  radiation  arriving  at  0  from  the  remainder 
of  the  slab,  S  ,  is  the  additional  contribution  which  arises  in  the  thin-slab 
definition.  We  shall  show  that  these  two  contributions  are  equal  in  the  limit 
of  small  optical  depth. 

Consider  the  isothermal  solution  to  the  transfer  equation  (Eq.  (2. 1-11)) 

divided  into  the  contributions  from  regions  H  and  S: 


T 


-T» 


Bj,(T )  e 


dr’ 


T 

■/ 


-T' 


B„(T)e 


dr* 


■r 


B„(T)e 


dr'. 


>1 


-TV,] 

BV(T) 

1  -  e  1 

+  B„(T) 

where 


(2.4-18) 


= 

tv2  =  *CR/c°8  6 


(2.4-19) 


33 


We  obtain  the  flux  crossing  the  surface  at  0  by  multiplying  Ip  of  Eq.  (2.4-18)  by 
cos  9  dfl  dv  ,  and  integrating  over  dfl  and  dv  .  The  result  is 


F  -  Fx  *  F2 


(2.4-20) 


where 


'i  -  '/vT» 


d  v 


(2.4-21) 


is  the  contribution  from  the  hemispherical  region  H  and 


F2  ’  /iVT|  ('^  -  8  T''2) 


cos  f  dfl  dv 


(2.4-22) 


v  2ir 


is  the  contribution  from  the  remainder  of  the  slab,  region  S  . 

We  make  the  approximation  of  smell  optical  depth,  viz. ,  <c  1  ,  and  expand  the 
exponentials.  The  justification  of  this  expansion  has  been  given  in  Eq.  (2.4-11). 


This  leads  to 


and 


B„(T>  p;  dv 


Fx  =  irR  Jl 

F2  =  /  /  B^(T )  l-  +  pJ,R/cos  flj  cos  9  do  dv 


(2.4-23) 


v  2ir 


(2.4-24) 


=  / B„(T) 


3U 
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From  Eas.  (2.4-23)  and  (2,4-24) 


From  the  definition  of  the  Planck  mean  absorption  coefficient,  (Eq.  (2.4-15)) 
the  thin-slab  emissivity  is 


(T) 

aT 

while  the  hemispherical  emissivity  is 


(2.4-25) 


(2.4-26} 


2.5  Emission  from  a  gas  sample  in  the  optically  thick  limit 
The  Rosseland  or  "Diffusion  Mean"  Absorption  Coefficient 

Whereas  the  Planck  mean  is  of  interest  when  the  intensity  I  «  B  ^  , 
another  mean  becomes  of  importance  in  the  ''opposite"  limit,  namely, 

I  =  B  (2.5-1) 

v  v 

We  have  previously  noted  that  when  I  «  B^  and  LTE  prevails  ,  the  radiation 
is  far  from  being  in  equilibrium  with  the  matter.  On  the  other  hand,  Eq.  (2.5-1) 
will  be  satisfied  when  the  radiation  is  nearly  in  equilibrium  with  the  matter. 


3? 


Inserting  Eq.  (2.5-i)  ?s  a  zeroth-order  approximation  into  the  transfer  equation, 
Eq.  (2.2-15)  we  obtain 


h  * 


B. 


(2.5-2) 


* 

for  a  first  order  approximation.  With  Eq.  (2.4-1)  the  integrated  net  flux 
in  the  x.-direction  can  be  given,  as  illustrated  in  Fig.  2-6,  by 


ds 


coa  B  dfl  d^  , 


(2.5-3) 


since  the  first  term  of  Eq.  (2.5-2)  is  isotropic  and  thus  does  not  contribute 
to  the  net  flux.  Substituting  s  *  x/coe  6  , 


~/4 


dF 


dx 


v  cos2  6  dn  d v 


4  tt  f  1 

"  '  3  V* 


dB 

_ v 

dx 


dy 


(2.5-4) 


with  similar  expressions  for  F  and  F  .  Thus, 

y  z 


•-(* /££*)* 


(2.5-5) 


If  the  Rosseland  mean  absorption  coefficient  is  now  defined  as 


■  A 


i  dvT> .  /7<® 


p'  dT 


dy 


,(T) 


dT 


dy 


(2.5-6) 


36 


We  ar^s  here  considering  angular  integrations  over  the  complete  sphere. 


Eq.  (2.5-5)  becomes 


f  ±  (/w  *) 


7T  =  -  jr  V  B(T ) 
**R 


(2.5-7) 


In  terms  of  the  Rosseland  mean  free  path  AR  =  ,  and  the  radiation  density 

u  =  ±2.  Jbv(T)^  ,  Eq.  (2.5-7)  can  be  written 


cA 


F  = 


—  Vu 


(2.5-8) 


This  equation  is  the  basis  of  the  definition  of  the  Rosseland  mean  free  path 

»  ,  the  Rosseland  mean  absoiption  coefficient  pR  ,  and  the  Rosseland 

R 

mean  opacity  hr  where 


(2.5-9) 


Note  that  in  contrast  to  the  Planck  mean,  the  Rosseland  mean  is  an  inverse, 
mean  and  thus  emphasizes  small  values  of  the  aosorption  coefficient.  The 
Planck  mean  emphasizes  large  values  of  absorption  coefficient. 

Eq.  (2.5-8)  is  analogous  to  that  of  the  diffusion  equation  (Kennard,  1938) 


T  *  EVn 


(2.5-10) 


where  J  is  a  cur.ent,  n  is  a  particle  density  and  D  is  the  diffusion 
coefficient.  Thus  AR  is  an  effective  diffusion  length  and  cAR/3  is  the 
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diffusion  coefficient.  Eq.  (2.5-7)  describes  the  diffusion  of  the  photons 
through  the  gas. 

The  limits  of  validity  of  Eq.  (2.5-7)  can  be  obtained  by  examining 
the  approximations  Implicit  in  Eqs.  (2.5-1)  and  (2,5-2)  as  follows.  The 
transfer  equation  (Eq.  (2.2-15))  i  ay  be  written 


.  dl 

I  =  B  -  1  y 
v  ~  v  u’  ds 
rv 


(2.5-11) 


Also 


ds  dT  ds 

If  Iy  *  By  ,  (Eq.  (2.5-1))  then  l/p^  dl^/ds  must  be  small  compared 
to  ,  thus  from  Eqs.  (2,5-1)  and  (2.5-11) 


1  ^  dT  _ 

H'  dT  ds  Bk(T) 


(2.5-12) 


which  is  the  basic  requirement  of  the  approximation.  But  as  1^  =  B^ 


1  ^.Dm/dVT) 

ds  *  VTy  dT 


(2.5-13) 


But  the  Planck  function  B^(T)  is  given  by 


B  (T)  =  26|-/^AT  j 


thus 


B„(T)/ 


dB^T) 

dT 


11 


e-to/kT)kT2 

hy 


(2.5-14) 


Therefore  from  Eqs.  (2.5-13)  and  (2.5-14), 


1_ 
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dJjL 

dS 

T 


« 


1  -  e~ht,/kT 

hp/kT 


(2.5-15) 


which  expresses  the  limit  of  validity  of  the  diffusion  approximation. 

A  derivation  of  the  Rosseland  diffusion  theory  can  also  be  given  by 

analogy  to  simple  kinetic  diffusion  theory  (Kennard,  1938,  p.  188  ff)  if  one 

notes  that  the  specific  intensity  I  has  the  nature  of  an  energy  distri- 

v 

button  function  (cf  2.4  of  Morse  and  Feshbach,  1953),  or  that  I^/hv 
has  the  nature  of  a  particle  distribution  function.  With  reference  to  Fig.  2-7, 
let  n  be  the  density  of  particles  (in  this  case  photons) at  the  surface  S  . 
We  assume  that  the  density  varies  only  with  x  so  that  the  density  at  dT 
is  n  +  dx  *  **  *s  we^  known  from  elementary  kinetic  theory  that  the 
particle  flux  r  across  a  given  surface  within  a  gas  is  given  by 


r  = 


(2.5-16) 
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whs  re  v  is  the  average  velocity  of  the  particles  (Xennard ,  1336,  p.  62).  If  one 

retraces  this  derivation  giving  all  the  particles  the  some  velocity  c  the  same  result  is  obtained. 

In  view  of  the  change  in  density  along  x  ,  the  rate  at.  which  particles  collide  within 

dT  and  thereafter  cross  S  [  i.e. ,  photons  are  absorbed  and  re-emitted  to  cross  S] 

will  be  increased  by  the  amount  |ax^c  .  Thus,  the  flow  of  photons  towards  -  x 

will  be 

T_  =  j  nc  +  -  (Ax  )  c  jj*  (2.5-17) 

where  Ax  is  the  average  value  of  Ax  at  the  last  point  of  collision  for  each  particle. 

_  2  _  2 

With  a  similar  expression  for  r+  ,  and  by  use  of  Ax_  =  ji  ,  Ax+  =  -  ^  L , where  I 

is  the  mean  free  path  between  collisions  (Kennard,  1938  ,  p.  140),  we  obtain  the  net  particle 

flow  across  the  surface  S  : 

r  "  r+  +  r_  -  j  c<  (2.5-18) 

Generalizing  this  expression  to  three  dimensions  and  setting  the  mean  free  path  i 
for  photons  of  frequency  v  equal  to  1/p^  ,  we  obtain  the  photon  number 

flux  per  unit  frequency  interval: 


rv  = 


(2.5-19) 


This  result  can  be  compared  directly  with  the  standard  form  of  the  diffusion  equation 
Eq.  (2.5-10),  to  yield  c/3^  as  the  effective  photon  diffusion  coefficient. 
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For  photons  in  equilibrium  [or  approximate  equilibrium  according  to 
Eq.  (  2.5-1)]  the  particle  density  per  unit  frequency  interval  n^  is  given  by 


=  4^VT>  (2.5-21) 

in  agreement  with  Eq.  (2.5-5)  «  Performing  the  frequency  integration  leads 
again  to  the  definition  of  the  Rosseland  mean  free  path  of  Eq.  (2.5-6). 


The  foregoing  derivations  of  the  Rosseland  diffusion  theory  have  been 
given  for  the  physical  insight  which  they  convey.  The  more  rigorous  standard 
derivation  (Goody,  1964;  Chandrasekhar,  1939)  is  to  set  the  source  function 
Jv(s*,fi)  ^3  Jv(Tv^s*'sy)  in  Eq.  (2.  1-11)  equal  to  Bv[tv(s *, s)]  and  expand 
B  (t  )  in  the  Taylor  series 

M  V 


By  (Ty(s",s)]  =  By( s )  + 


d T  Vs"’s)  + 

V  S 


rv(  s”,s) 


(2.5-22) 


The  integration  indicated  in  Eq.  (2. 1-11)  can  now  be  carried  out  and  the  flux 
computed  to  obtain  the  result  given  in  Eq.  (2.5-7). 


Ul 
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Emission  from  a  gas  sample  of  intermediate  optical  depth 
Radiative  transfer  in  the  realistic  general  case  of  intermediate,  or 
finite,  optical  depth,  where  one  cannot  make  the  approximation  that  the 
radiating  gas  sample  is  optically  thin  or  optically  thick,  is  quite  difficult 
to  handle  mathematically.  Resort  is  usually  made  to  numerical  integrations 
of  the  transfer  equation  (Hillendahl,  1964)  involving  elaborate  approximation 
techniques  or  to  alternative  methods  as  the  Invariant  Imbedding  techniques 
of  Ambartsumian  and  Chandrasekhar  (Goody,  1964;  Chandrasekhar,  1950). 

Mean  absorption  coefficients  are  no  longer  so  useful  in  expressions  for 
che  net  radiative  flux,  since  the  coefficients  become  dependent  on  path  length 
and  on  the  geometrical  configuration  of  the  sample.  Intensities  and  fluxes 
are  thus  computed  directly. 

A  formal  simplicity  can  be  given  to  certain  of  the  intensity  and  flux 
expressions  however,  by  defining  mean  absorption  coefficients,  which  are 
of  convenience  in  calculation.  The  mathematics  for  the  general  case  of 
intermediate  optical  depth  is  sufficiently  complex  that  the  only  situations 
for  which  closed  analytic  solutions  exist  are  those  for  gas  samples  with 
extremely  simple  geometric  configurations  at  constant  density  and  temperature. 
We  will  therefore,  consider  explicitly  only  these  conditions  and  configurations. 
Consideration  of  more  general  cases  can  be  facilitated  by  means  of  "trans¬ 
mission  functions"  which  we  will  also  define  and  discuss  briefly. 

Consider  an  isotheimal,  plane-parallel  slab  of  gas  of  uniform  density, 
of  thickness  L  ,  and  of  infinite  extent  perpendicular  to  the  x-axis  (Fig.  2-2). 
Now  select  an  infinitesimal  pencil  of  radiation  through  the  slab  at  an  angle  9  to 
the  x-axis.  The  outward  intensity  I^+  along  such  a  pencil  can  readily  be 
obtained  from  first  principles.  (See,  for  example,  Penner,  1959,  pp.  13-15.) 

k2 


F 
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constant,  and  there  is  azimuthal  symmetry  in  l  ,  we  can  write  Eq.  (2.2-16) 
as 


u^L/cos  0 


^(L.e)  -  BJT)  f 


e  ~u's  dtu's) 


(2.6-1) 


The  integration  can  be  performed  immediately,  leading  to  the  result 


-  u ' L/cos  0 

I  (L,e)  -  B  (T)  (1  -  e  v  ) 


(2.6-2) 


A 

In  terms  of  the  normal  optical  depth  *  J  dx  ,  where  x  ,  as  in 
Fig  2-2,  is  measured  normal  to  the  slab,  ortn  terms  of  our  original  path-length 
variable  s  ,  this  result  has  the  equivalent  forms: 


I  r 

XV  V 


M  ■ 


,  r  -T£/co*e  1 


(2.6-3) 


IJs,  n)  = 


B^T) 


1*3 


Penner  (1959,  p.  14)  calls  the  last  of  these  expressions  the  "basic  law  for 
uniformly  distributed  radiators".  We  note  that  for  s  *  R  the  last  of  these 
expressions  is  also  appropriate  for  the  Intensity  observed  at  the  center  of 
the  base  of  a  hemisphere  of  radius  R  . 

If  we  multiply  the  intensity  as  given  by  Eq.  (2.6-3)  by  cos  0  and 

Integrate  over  solid  angle  in  order  to  compute  the  flux  from  one  face  of  the  slab 
we  find 

-Mjx/co*  e\ 

1-e  )co$9*tn0d0  (2.6-4) 

CD 

r  -yt 

This  is  usually  expressed  in  terms  of  the  exponential  Integrals  E  (y)  3  I  ^ —  dt 

n  J  tn 

previously  Introduced  In  Section  2.4  ,  by  use  of  the  transformation  * 
t "  l/cos  0  .  With  these  substitutions  Eq.  (2.6-4)  becomes  (cf. ,  Eq.  (2.4-8) 


*/2 

F„  -  2*t„(T)  J 


Fv  =  ^(T)  [l  “  (2.6-5) 

The  total  flux  over  all  frequencies  is  obtained  from  this  expression  by 
integration  over  v  t 


dv]  !?-6'6) 

This  expression  has  been  used  with  the  assumption  of  a  constart  absorption 
coefficient  to  obtain  a  simple  estimate  of  the  effects  of  finite  optical 

f  __ 

thickness  (Davis,  1964).  If  uv  is  assumed  t -  be  a  constant  jj'  indepen¬ 
dent  of  v  ,  Eq.  (2.6-6)  becomes 


*  -  "T4  [l  -  2E3(3*)] 

uu 


(2.6-7) 


Computations  of  F/F  by  Strack  (1962)  using  j3‘*  up  ,  the  Planck  mean, 
Indicate  that  this  is  a  useful  approximation  only  under  certain  rather  limited 
circumstances.  For  further  calculations  of  F  see  Davis  (1964).  The 
correct  value  of  |U 1  that  m  ikes  this  expression  exact  is 


M* s 


-M'  x/cot  e 

dp 


(2.6-  7a) 


as  can  be  readily  verified  by  substitution  in  Eq.  (2.6-7)  (where  B(T)  is 
defined  as  in  Eq.  (2.4-13)). 

-us 

Because  of  the  frequent  appearance  of  the  exponential  function  e 

involving  the  absorption  coefficient  and  path  length,  it  is  convenient  to 

★ 

define  and  name  it  as  an  Independent  quantity.  The  customary  name  applied 
is  intensity  transmission  function  (Elsasser.  1942;  Chandrasekhar,  la 50) 
since  it  is  the  ratio  of  the  diminished  intensity  to  the  original  intensity  under 
isothermal,  homogeneous  conditions,  i.e., 

-us  Its) 

e  =  s  Tr(u  s)  ,  (2.6-8) 
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(cf.  Eq.  (2.1-2))  in  the  presence  of  pure  absorption  alone.  Although,  strictly 
speaking,  one  can  have  pure  absorption  alone  only  under  non-equilibrium 
circumstances,  under  more  general  circumstances  this  exponential  function  still 
constitutes  an  integrating  factor  for  the  transfer  equation  (cf.  Eqs.  (2. 1-9  and 

2.1- 10))  as  long  as  induced  emission  can  be  neglected.  From  Eq:j.  (2.2-11  and 

2.2- 12),  one  sees  that  this  is  possible  as  long  as  hv/kT»  l.  This  is 

generally  true  for  optical  or  infrared  radiation  at  atmospheric  temperatures, 

-d  s 

so  that  the  transmission  function  e  is  customarily  used  in  such  low- 

temperature  applications  (cf. ,  e.g..  Goody,  1964).  At  higher  temperatures 
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We  define  and  use  herein  only  this  intensity  transmission  function.  A  flux 
transmission  function  is  often  also  defined  and  used;  cf. ,  e.g. ,  Elsasser  (1942). 


one  cannot  generally  neglect  Induced  ro-emlssion  Into  the  beam,  so  that 

Eq.  (2.6-8)  no  longer  constitutes  the  most  useful  definition  of  a  function 

from  which  radiative  intensities  and  fluxes  can  be  more  or  less  directly  obtained. 

Under  conditions  of  LTE,  the  function  which  most  effectively 
“U  s 

replaces  e  as  an  integrating  factor  for  the  transfer  equation 

~u  's 

is  e  where  m  '  (as  before)  is  the  modified  absorption 

V  K 

coefficient  4v(i  -  e~hv'  “)  .  It  is  also  called  a  transmission  function 

even  though,  strictly  speaking,  it  is  not  the  simple  ratio  of  two  intensities. 

1i,'s 

For  gases  In  LTE,  a  direct  connection  of  e  with  observation  is 

afforded  by  the  definition  of  emissivity  for  a  non-thln  slab.  Let  us  define  the 

spectral  emissivity  of  an  Isothermal  gas  sample  as  the  ratio  of  the  flux  it 

emits  per  unit  frequency  interval  to  the  flux  per  unit  frequency  interval  which 

a  blackbody  emits.  Then  from  Eq.  (2.6-3)  we  find  for  the  spectral  emissivity 

c  of  an  infinitesimal  pencil  of  gas  of  length  s  the  result 
vc 


iv(s,n> 

I  -  TKm’  9) 


(2.6-9a) 


For  such  an  infinitesimal  pencil  the  Intensity  will  all  be  in  the  direction 

of  the  pencil;  hence,  the  flux  and  intensity  are  the  same.  Approximately 

the  same  result  would  be  obtained  for  a  long,  narrow  cylinder  or  column  of 

gas.  Hence,  the  emissivity  given  by  Eq.  (2.6-9a)  is  also  known  as  the  beam 

or  column  (spectral)  emissivity  and  has  been  given  a  subscript  c  .  It  can 

also  be  called  the  hemlspherlcal*emisslvltv.  since  by  holding  s  constant 

and  integrating  F^  and  cos  0  over  a  hemisphere  we  obtain  the 

emissivity  that  would  be  observed  at  the  center  of  the  base  of  a  hemisphere 
~ -  U6 

All  these  names  are  somewhat  confusing,  but  we  mention  them  since  they 
are  in  the  literature.  In  view  of  the  defining  equation,  Eq.  (2.6-9a),  it 
would  probably  be  most  straight  forward  to  call  this  quantity  the  intensity 
emissivity. 
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as  at  0  in  Fig.  2-5.  Of  course,  this  "high-temperature"  definition 

— JJL  's 

s  v  can  still  oe  used  at  iow  temperatures  as  long  as  LTE  prevails  or 

-|i  s 

hv  »  kT  ,  whereas  the  reverse  is  not  true,  viz.,  e  v  is  no  longer 
appropriate  at  high  temperatures.  The  definition  of  emlsslvlty  given  by 
Eg.  (2.6-9)  is  vary  similar  to  the  definition  of  absorption  function 
A^s)  often  employed  in  low-temperature  radiation  studies.  If  there 
is  negligible  re-emission  into  the  beam,  the  fraction  of  the  original  beam 
intensity  ^(o)  which  is  absorbed  (under  isothermal,  homogeneous  conditions) 
is  given  by 


A(uvs) 


■(v°>  -  va>y  k 


(o)  -  1  -  exp(-uvs) 


A(avs)  =  1  -  Tr(uvs) 


(2 . 6—9  b) 


Although  this  definition  is  formally  almost  identical  to  that  given  in 
Eq.  (2.6-9a)  ,  the  difference  in  interpretation  and  validity  should  be 
noted.  If  there  is  appreciable  re-emission  into  the  beam,  Eq.  (2.6-9b) 
loses  its  direct  significance. 

To  define  a  total  emlsslvlty,  we  need  to  take  the  ratio  of  the  total 
(frequency-integrated)  intensity  to  the  integrated  Planck  function  as  in 
Section  2.4  .  Thus  the  total  (isothermal)  column  emlsslvlty  can  be 
written  as 


Jdj,  (l  -e"^]  By(T) 
jB^Wdv 

_  JdP  [l  -  TKM' s)jB^D 


(2.6-10) 
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Experimentally,  one  would  expect  to  observe  Intensities  that  are  effecti/ely 
averages  over  small  frequency  Interval  $  .  such  3S  line  or  bsnd  c rr.issiviti.es  * 
The  frequency  Intervals  of  concern  here  for  defining  and  computing  such 
emisslvltles  are  those  which  contain  from  a  frac,ion  of  a  spectrum  line  to 
perhaps  a  few  lines.  Under  most  conditions  the  Planck  functions  will 
normally  not  vary  substantially  over  such  an  Interval  and  the  average  of 
the  Intensity  over  AVj  can  be  written  as 


-%r ['-WklTi 


(-  6-11) 


where 


‘cl  =  '‘W 


and 
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dv 


(2.6- 12a) 


(2. 6- 12b) 


with  the  result  that  the  total  column  emlssivity  becomes  (cf.  Goody,  1964), 
If  we  choose  equal  intervals  Av^  , 

^FciV« 


e  = 


(2.6-13) 


C  ItyT) 

where  i  rather  than  v.  is  used  to  label  the  frequency  intervals  and 
f  B  (T)  dv  1 

Bl(T)  =  I  -  .  The  column  (or  intensity)  emlssivity  can  be  converted 

AVi 


to 


h& 


over  a 


a  slab  (or  flux)  emisslvity  eg  by  integration  of  and 

hemisphere  of  outward  directions  as  in  the  preceding  Eq.  (2.6-4).  Thus, 
we  can  write 


e 


s 


/dn/dv|i-.-u,X“*6)  UTlce 

2ii  '  '  •  v 

s/o  & 


(2.6-14) 


which  is,  of  course,  Just  the  ratio  F/aT^  as  given  by  Eq.  (2.6-6), 

Although,  as  mentioned  previously,  mean  absorption  coefficients  are 
rot  as  significant  for  finite  optical  depth  as  in  the  limiting  cases,  it  is  still 
instructive  to  define  them.  This  amounts  merely  to  a  re-expression  of  the 
formulas  for  flux  and  intensity  that  one  obtains  directly  from  the  transfer 
equation,  but  it  provides  a  certain  amount  of  conceptual  continuity  between 
the  limiting  cases.  Also,  because  of  the  rapid,  violently-fluctuating  frequency 
dependence  of  the  spectral  absorption,  it  is  often  essential  to  define  mean 
absorption  coefficients  to  make  a  given  calculation  tractable,  as 
well  as  physically  meaningful. 

Tho  froquoncy  integrated  intensity  of  Eq.  (2.6-3)  which  is 


Ite.x).  ((l  - .-‘C*''”' 8  l(T>* 
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(2.6-15) 


can  he  expressed  in  the  same  form  as  the  spectral  intensity  by  the  proper 
definition  cf  a  mean  absorption  coefficient  which  we  will  call  (IT  .  Thus, 
w r  can  write 

1(6,,)-  (l-.-V'“*8j  Mfl 
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Although  this  Is  an  exact  expression,  It  Is  not  of  great  practical  value 
because  of  the  labor  Involved  In  obtaining  u^(x,ft)  . 

The  connection  between  u(s)  and  Q^(x,0)  can  be  seen  by 
considering  averages  over  limited  spectral  regions  across  which 
does  not  vary  appreciably  (viz.,  regions  over  which  the  transmission  function 
may  be  averaged  as  in  Eq.  (2.6-11)).  For  such  a  region  Av  ,  which  we  label 
with  the  index  1  we  have: 


Rearranging  and  talcing  the  exponential  of  both  sides  yields 


-u_(x, e)x/cos  0  B.Av,  -u'(x,0),(x/cos  8) 

■  -  ZJ  ~Wr  '  1  •  (2-6-J3> 

i 
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For  the  hemispherical  or  column  emlssivlty,  one  obtains  from  Eq.  (2.6-20) 
and  Eq.  (2.6-23) 


c 


c 


-u'te^s 


(2.6-24) 


Eqs.  (2.6-16)  -  (2.6-24)  are  primarily  of  computational  interest.  In  this 

respect  they  are  not  trivial  since  they  (together  with  Eqs.  (2.6-11)  and  (2.6-12) 

for  the  transmission  function  average)  assist  in  determining  the  type  of 

spectral  average  one  should  use  in  order  to  avoid  specifying  any  more 

spectral  detail  than  is  essential  for  a  given  calculation*  They  provide 

criteria  for  ascertaining  which  spectral  features  of  the  absorption  coefficient 

are  most  Important  under  a  given  set  of  circumstances.  Thus,  we  can  see 

that  the  spectral  average  needed  for  a  geometry  which  is  neither  optically 

thin  noroptlcally  thick  is  that  of  the  absorption  coefficient  in  the  exponential 
•V's 

e  v  .  Spectral  regions  within  Av  for  which 


(2.6-25) 


will  contribute  zeros  to  the  average 


_L 

Av 


I 


dv 


and  to  an  emisslvity  such  as  given  by  Eq.  (2.6-10)  or  Eq*  (2.6-20).  Thus, 
one  only  needs  to  know  accurately  the  width  of  such  regions.  Much  less 
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accuracy  is  needed  for  the  strength  of  uv  since  one  only  has  to  ascertain 
that  u^,s  »  1  .  On  the  other  hand,  for  very  weak  regions  where 

u^s  «1  (2.6-26) 

— ia*  s 

the  Integrand  e  v  is  near  unity.  In  this  case  one  can  expand  the 
exponential  and  the  contribution  to  an  emlsslvlty  such  as  Eq.  (2.6-24)  is 
proportional  to  u^s  ;  therefore,  the  strengths  of  these  regions  are  of  greatest 
importance  and  their  widths  are  relatively  unimportant. 

The  relative  importance  of  the  widths  and  strengths 
of  small  spectral  regions  (particularly  lines),  show  up  even  more  distinctly 
in  the  calculation  of  Rosseland  and  Planck  mean  absorption  coefficients  and 
will  be  discussed  in  more  detail  when  we  consider  the  calculation  of  these 
quantities  later  (see  Part  B  )  .  The  geometric  parameter  or  length  s 
does  not  enter  their  calculation  so  that  the  relative  importance  of  different 
spectral  features  is  fixed  once  and  for  all  by  the  basic  assumptions.  For 
the  intermediate  optical  depths  now  being  considered,  the  appearance  of  the 
parameter  s  provides  another  variable  which  affects  the  Importance  of  a 
given  spectral  feature  in  the  absorption  coefficient  as  a  function  of  optical 
depth.  Similar  considerations  are  applicable  to  the  gross  contributions 

I 

“P^Wx  to  the  ernissivity  ag  giVen  by  Eq.  (2.6-24)  for  different  i  . 

i! _ 

B  The  only  difference  is  that  the  gross  contributions  given  by 

Eq.  (2.6-24)  have  the  Planck  function  8^  as  an  additional  weighting 

factor  compared  to  the  fine  contributions  (for  which  B  is  constant) 

v 
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which  make  up 


Thus*  If  on*  is  calculating  an  integrated  flux  or  total  emlsslvlty  away  from 
the  Planck  funcuon  maximum,  where  B^  is  small,  much  less  accuracy  is 
required  In  the  specification  of  ^  than  for  regions  near  the  Planck  maximum. 

Spectrum  lines  usually  constitute  a  large  fraction  of  the  detail  which 
must  be  accounted  for  in  a  radiation  transport  or  absorption  coefficient 
calculation.  Since  they  often  exhibit  common  features  and  regularities 
which  can  be  used  to  simplify  their  treatment,  it  is  worthwhile  to  consider 
briefly  the  transport  of  radiation  within  the  profile  of  an  individual  spectrum 
line.  Furthermore,  since  lines,  as  opposed  to  more  continuous  spectral 
features  (such  as  Ionization  and  dissociation)  occur  in  virtually  infinite 
number  and  with  a  wide  variety  of  shapes  and  features ,  It  Is  preferable  to 
group  such  lines  whenever  possible  into  classes  which  can  be  treated  as 
units.  For  this  reason,  we  will  also  touch  upon  the  subject  of  band  models. 

By  this  Is  meant  a  relatively  simple  analytic  or  stochastic  representation  of 
a  large  number  of  actual  lines . 

Before  considering  band  models  per  se,  we  give  a  brief  exposition  of 
absorption  or  emission  for  a  single  line  designated  by  the  Index  a  .  The 
absorption  coefficient  for  a  line  can  be  written  as 

•  Sa‘k(v-',o)  ,2-6-27> 

where  S  Is  the  Intensity  of  the  line  and  b  (v  -  v„)  Is  a  shape  factor. 
d  a  o 

& 


The  line  shape  factor  Is  to  be  normalized  to  unity: 


r 

j 


b(v  -  v  J  d{v  -  v _)  ~ 


(2.6-28) 


over  the  profile  of  a  line.-  so  that  the  frequency  Integral  of  the  absorption 

coefficient  Is  equal  to  S 

a 


00 


d(v  -  v  )  -  S 
o  o 


(2.6-29) 


Wo  can  apply  the  definition  of  the  absorption  function  A(usjs)  or  the 

column  emissivlty  c  to  a  single  line  using  Eqs  .  (2.6-9a,b).  These 

v  c 

definitions  for  the  line  a  ,  become 


W>  '  ’-w 

(2.6-30) 

A  (p  .1  ;  1  -  Tr  L'i)  ■  e  (») 
avvV'  crir'  vca 

• 

The  approximate  equality  symbol  *  has  been  used  for  the  absorption  function 
to  remind  us  that  this  quantity  represents  an  observable  net  attenuation  only 
approximately,  and  this  notation  will  be  retained  in  the  sequel  where  this 
latter  interpretation  is  implied.  The  approximation  is,  of  course,  very  good  at 
low  temperatures  where  the  re-emission  into  the  incident  beam  is  negligible. 

Another  useful  definition  is  that  of  average  absorption  A  ,  of  a  single 
line,  which  is  for  the  line  a  that  is  a  member  of  a  group  of  lines. 


f"  (2.6-31) 

(l  -  sxp  (-M^i)}*/  | 

i 
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where  A  it  the  average  spacing  between  Unas.  This  is  related  to  the 
so-called  equivalent  width  Wa(s)  by 

W  (s)  •  X  A  (2.6-32) 

a  a 

where  the  basic  definition  of  W^Cs)  Is  given  by 


+• 


(2.6-33) 


By  use  of  Eq.  (2.6-30)  ,  the  equivalent  width  is  seen  to  satisfy  the  exact 


relation 


W  (.) 
a 


*  (»)<*/ 
pea 


(2.6-34) 


The  origin  of  the  name  "equivalent  width"  lies  in  the  fact  that  Wa(s)  1b 

the  width  of  a  totally  absorbing  line  (ti  ■  »)  having  the  same  Integrated 

vet  /. 


absorption  function.  viz.,  the  same  value  of 


dv  as  the  given  line. 


The  relation  between  W(s)  and  s  is  known,  for  historical  reasons  In  astro¬ 
physics,  as  the  "curve  of  growth.  "  As  stated  in  Eq,  (2.6-34),  W(s)  is  alsoequal  to 
the  frequency  Integral  of  the  column  emissivity.  We  note,  however,  that  this 
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is  not  the  total  column  emisslvity  as  we  defined  this  letter  quantity  In 
Eq.  (2.6-10).  since  the  Planck  function  appears  as  a  weighting  factor  In 
the  total  emlssivlty  definition. 

Experimental  observations  of  the  intensity  of  a  line  profile  as  a 
function  of  absorbing  thickness  (in  a  cold  gas)  are  often  reduced  to  curves 
of  growth  for  comparison  with  theory.  The  theoretical  prediction  for  such  a 
curve  for  lines  with  a  Lorentz  shaper 


b(v  -  \>a) 


w. 


K 


"  <v  -  VQ)2  +  wL2 
Is  the  Lorentz  half- width) 


can  be  obtained  by  inserting  Eq.  (2.6-35)  into  the  definition  of  WQ(s) 
as  given  in  Eq.  (2.6-33)  and  performing  the  integration.  Tne  result  one 
obtains  (due  originally  to  Ladanburg  and  Reiche,  1913)  is 


(2.6-35) 


W(u)  ■  2tt  w^  ut  U  |lc(u)  +  *1^}  (2.6-3  6) 

where  u  ■  S  s/2tt  w.  ,  and  I  and  I,  are  Bessel  functions,  for 

(X  L  O  1 

imaginary  argument,  of  the  zeroth  and  first  order,  respectively  (Whittaker 
and  Watson,  1952).  These  considerations  of  a  single  line  are  applicable 
to  a  band  of  isolated  lines  of  equal  intensity  either  by  summation 
over  the  band  or  by  reduction  of  the  band  to  a  single  average  line.  For  bands 
of  isolated  lines  of  unequal  intensities,  a  generalization  can  readily  be  made 
to  N  lines  if  a  distribution  function  can  be  specified  for  the  N  line  strengths. 
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The  average  equivalent  width  of  the  lines  is 


*(»> 


i 

TT 


N 

I 


W«w 


(2.6-37) 


In  order  to  compute  W  ,  some  assumption  must  be  made  regarding  the 
distribution  of  line  intensities.  For  example/  for  exponential  and  lnverse- 
flrst-power  distributions  of  the  line  strength  S  it  can  be  shown  (Goody,  1964) 
that,  for  the  Lorentz  line  shape, 

2jt  wtu 

W  (exp)  -  - ^/2  (2.6-38) 

(2u+  1)1/Z 

and 

"W  (inverse)  ■  2ttwl|c”u  I0(u)  +  2  ue~u|l0(u)  +  I^(u)^.  -  lj  (2.6-39) 

respectively.  The  definition  of  u  as  given  following  Eq.  (2,6-36)  must 
be  modified  in  each  case  by  replacing  S  by  the  average  line  strength  S 
for  the  exponential  distribution,  and  by  the  maximum  line  strength  S  for 
the  inverse  first  power  distribution. 

Although  the  above  models  may  be  modified  to  Include  overlapping  lines , 
more  elegant  and  powerful  techniques  are  available  through  the  formulation 
of  regular  and  random  models  based  on  a  statistical  approach.  Both  regular 
and  random  models  depend  on  an  assumed  “multiplication  property"  of 
transmission  functions.  That  is  to  say,  suppose  there  are  two  non-reacting 
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components  (1)  and  (2)  of  a  mixture  so  that 


Tr  (1,  1)  «  Tr  (1)  x  Tr  (2)  (2,6-40) 

v  v  v  ’  ' -  ' 

Then  if  the  Interval  Av  over  which  averaging  takes  place  is  sufficiently 
large,  we  can  also  write 

Trv  (1,2)-  ftv(l)  x  Trv(2)  (2.6-41) 

If  the  transmission  for  component  (1)  and  component  (2)  are  uncorrelated. 

The  conditions  under  which  this  Is  valid  are  discussed  by  Goody  (1964). 

The  regular  model  was  first  developed  by  Elsasser  (1942).  The  model 
consists  of  an  infinite  number  of  lines  of  equal  intensity  with  equal  spacing 
between  lines,  which  may  be  allowed  to  overlap.  The  absorption  coefficient 
for  Lorentz  lines  may  then  be  written  as 

i  *  +•  w 

^  -  (2.6-42) 

v  - 3  2 

i  =  -<*>  iy  -  i«r  +  WL 

where  6  is  the  frequency  spacing  between  lines  and  the  average  absorption 
can  then  be  shown  to  be 

A  -  1  -  E  (y,  u)  (2.6-43) 


(2.6-44) 

■H 


The  function  E(y ,  u)  cannot  be  written  explicitly  in  terms  of  known  functions 
end  must  be  numerically  integrated  or  treated  in  limiting  cases. 

The  random  model  was  first  considered  by  Mayer  (1947)  and  Goody  (1952). 
In  its  most  general  form,  it  refers  to  N  overlapping  lines  of  unequal 
intensity  randomly  spaced  in  an  interval  Av  *  N6  for  which  it  can  be  shown 
that 


exp 


(2.6-45) 


£q.  (2.6-45)  has  recently  been  applied  by  Churchill.  Hagstrom,  and 
Landshoff  (1964)  to  a  computation  for  heated  air.  The  integral  is  approximated 
by  evaluating  the  argument  at  many  points  in  Av1  and  utilizing  a  trapezoidal 
integration  scheme.  The  final  results  show  that  an  average  T  over  AVj 
may  be  fitted  to  the  following  simple  empirical  form 


Tr(«) 


1 


|exp  (-Hj  *)  +  exp  (-Mj*) 


(2.6-46) 


where  ui  and  i_ii>  are  mean  absorption  coefficients  for  two  groupings  of 
lines.  Tables  of  and  as  wel1  a&  graphs  of  the  behavior  of  Tr^ 

are  given  for  temperatures  between  1000°K  and  12,000°K  and  densities  from 
atmospheric  normal  to  10  normal. 

In  considering  lines  superimposed  upon  a  background  continuum,  it 
Is  of  Interest  to  inquire  into  the  degree  of  separability  that  exists  between 
the  two  types  of  emission.  What  we  can  show*is  that  the  total  energy 


*  The  method  is  due  to  S.  A.  Hagstrom. 
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radiated  by  aa  atmosphere  equals  the  energy  of  the  continuum  emission 

plus  the  energy  of  the  line  emission  diminished  by  the  factor  exp  (-pa), 

c 

where  uc  Is  the  continuum  absorption  coefficient  which  is  assumed  to 
be  essentially  constant  over  some  frequency  interval  Av  .  The  Intensity 
^  (s,ft)  in  the  direction  ft  due  to  an  emitting  column  of  gas  of  length 
s  is  given  by 


\,(s,ft) 


B  (T) 

v 


(1  - 


-  fij*  ♦ 


(2.6-47) 


where  p'  and  p!  are  the  continuum  and  line  contributions  to  the 

C  L 

absorption  coefficient,  respectively.  Integrating  Eq.  (2.6*47)  over  the 
interval  Av  we  get 

r  -  (p*  +  pi)s 

IAv(s,fi)  -  |dvBvCTMl-e  c  L  ) 

Av 

f  -U*  S  f  -  Pr'  s 

-  I  dv  ^(T)  -  e  c  1  Bv(T)  e  ”  dv  (2.6-48) 

Av  Av 


where  we  have  assumed  p^.  Is  constant  over  Av  . 
The  Intensity  due  to  lines  alone  Is 


t  -  C  "Wi 

I^Cs.ft)  -  Idv  B^(T)  (1  -  e  L 

Av 

-  |  dv  ^(T)  -  |  dv  ^(T ) 
Av  Av 


p^s 


(2.6-49) 
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4 


or,  rearranging , 


f 


dv  Bv<T)  e 


-w£s 


-J 


Av 


*>  -  L 


Substituting  Eq.  (2.6-50)  Into  Eq.  (2.6-48)  ,  ws  get 


VT)  "  •_WC*  fdv  +  ^v(s'a) 

Av  Av 


X8 


c  x  -»c« 
Ic  +  r*  a  c 
*Av  V  0 


where  the  continuum  intensity  I®  Is  given  by 


l£v  (s,fi)  -  y*dv  ^(T)  (1  -  e"4 c 

Av 


(2.6-50) 


(2.6-51; 


(2.6-52 


Note  that  Eq.  (2.6-51)  holds  regardless  of  whether  the  lines  overlap  or  not. 

The  Importance  of  Eq.  (2.6-51)  Is  that  it  gives  us  a  ready  Idea  as  to 
the  relative  Importance  of  continuum  versus  line  effects.  Thus,  If,  for  example. 


u^s  >  0.1 


the  continuum  spectrum  will  cause  an  apparent  reduction  in  the  line  contrl- 
|  button ,and  in  regions  where 


»ca  »  1 
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I 


the  iines  may  be  disregarded  entirely/  for  most  practical  purposes. 

The  relation  (Eq.  (2.6-51))  may  be  put  Into  an  equivalent  form  in 
terms  of  partial  (intensity)  emlsslvities: 


i 

i 

i 

i 


c 


Av 


IC 

_ r  + 


i 


-  1 


T  "Ula 

<‘-*Av>*  ° 


or 


(2.6-53) 


L  .  c  L  c 
€Av  “  *Av  ®Av  "  *Av  cAv 


where 


A  v  “  J  ^T)  dv 
Av 


and 


Av 


f  \tr]  dv 


Av 


1  -  e 


are  the  line  and  continuum  partial  emlsslvities /  respectively. 
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(2.6-54) 


M 


FIG.  2-1  ILLUSTRATION  OF  A 

COLLIMATED  BEAM  OF  RADIATION  F 
INCIDENT  ON  A  PLANE- PARALLEL  v 
SLAB  OF  GAS  (SHADED  SECTION). 


FIG.  2-2  ILLUSTRATION  OF  AN 

INFINITESIMAL  CONE  OF  RADIATION 
IN  A  SLAB  OF  GAS  OF  THICKNESS  L. 


BEAM 


FIG.  2-3  ILLUSTRATION  OF  INDUCED  SCATTERING.  1(0*) 

REPRESENTS  THE  BEAM  INTENSITY  IN  THE  PARTICULAR 
DIRECTION  O';  SCATTERING  INDUCED  BY  THE  INTENSITY 
1(0)  DIVERTS  PART  OF  THIS  BEAM  INTO  THE  DIRECTION 
0  .  THE  EFFECT  IS  SYMMETRIC  BETWEEN  THE  DIRECTIONS 
0  AND  fl*  . 


(6A  IS  MEASURED  NORMAL  TO  THE  DIRECTION 
OF  THE  BEAM) 


FIG.  2-4  FLUX  EMISSION  FROM  AN  ELEMENT  OF 
VOLUME  IN  A  SLAB  OF  THICKNESS  fix  . 
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0 


FIG.  2-5  THIN-SLAB  AND  HEMISPHERICAL  GEOMETRIES 


FIG.  2-6  INTENSITY  ^  AND  x- COMPONENT  OF  FLUX  Fx  . 


FIG.  2-7  TRANSPORT  ACROSS  A  SURFACE  AREA  ,  S  . 
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Chapter  3.  THEORY  OF  RADIATION 


In  Chapter  2  we  reviewed  the  Influence  of  absorption  coefficients 
and  related  experimentally  measurable  quantities  on  the  transport  of 
radiation  through  gases.  The  absorption  coefficients  and  related  quantities 
were  introduced  as  atomic  constants,  and  no  discussion  was  made  of  the 
factors  which  determine  them.  In  this  chapter  we  therefore  review  the 
classical  and  quantum  models  of  radiation  theory  which  are  used  to 
determine  the  absorption  coefficients  and  other  transition  parameters  of 
atoms  and  molecules. 

3.1  Classical  Lorentz  formulation 

The  Lorentz  theory  (an  excellent  discussion  is  given  In  Stone,  1963) 
based  on  the  classical  model  of  interaction  between  electromagnetic 
radiation  and  matter  Is  well  known.  It  involves  the  examination  of  the 
behavior  of  an  ensemble  of  damped  linear.simple  harmonic  electron  oscillators 
(called  “atoms  ")  driven  by  the  electric  vector  of  the  electromagnetic  wave . 
The  theory  has  been  spectacularly  successful  in  discussing  dispersion,  and 
many  other  phenomena  of  physical  optics.  In  spite  of  its  limitations,  and 
the  apparently  arbitrary  assumptions  which  have  to  be  applied  to  overcome 
them,  much  physical  insight  can  be  obtained  by  study  of  the  Lorentz  model. 

In  the  discussion  of  the  anomalous  dispersion,  the  equation  of  motion 
of  a  typical  damped,  driven,  oscillating  electron  is 


where 


mJf+b£  +  kx~eE  exp  (iuit) 


Y  =  b/m 


(3.1-1) 


(3.  1-2) 
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is  called  the  damping  constant.  The  characteristic  angular  frequency  of 
the  electron  is 

=  (k/m)1//2  (3.1- 3a) 

v/ 

U)0  =  2n  vQ  (3. 1-3 b) 

and  the  angular  frequency  of  the  driving  E-vector  Is  <u  =  2Ilv  .  Straight¬ 
forward  and  well-known  analysis  leads  to  the  following  expression  for  the 
frequency  dependence  of  the  absorption  coefficients 


(3.  l-4a) 


(3.  l-4b) 


(3.  l-4c) 


3 

where  N  is  the  number  of  absorbing  atoms  per  cm  . 

These  equations  represent  the  'Lorentz'  radiation-damping  natural 
line  profile  and,  apart  from  a  redefinition  of  y  in  the  quantum  formulation, 
retain  the  same  form  of  a  tuned,  damped  oscillator  in  this  case  as  a  typical 
Lorentz  line  is  illustrated  in  Fig.  3-1 ,  where  the  width  W  at  'half  power  point' 
is  seen  to  be  the  distance  between  the  two  frequencies  at  which  the  two  terms 
in  the  denominator  of  Eqs.  (3.  l-4a,b,c)  are  equal.  Thus  we  have 


W  = 


(3.1-5) 
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From  a  consideration  of  the  decay  of  the  oscillation  due  to  clas<?lcal 
dipole  radiation,  it  is  easy  to  show  that  when  the  driving  field  is  removed, 
if  t  is  the  time  for  the  power  to  decay  to  1/e  of  its  Initial  value,  the 
damping  constant  has  the  value 

Y  *  i.  *  St  v  g_  Qt232.  gec-1  (x  in  cm) 

1  3  me  X 

°r  2 

t  =  4.50  \  (sac) 

Integration  by  elementary  methods  of  £q.  (3.1-4a)  with  respect  to 
a  spectral  line  leads  to  the  Important  result  (see  Aller,  1963) 

fa  dv  “  — 

J  v  me 

In  order  to  compare  such  an  equation  with  experiment  the  model  has 
to  be  refined  somewhat.  Atoms  exhibit  more  than  one  spectrum  line  and  it 
is  thus  assumed  that  the  electron  is  so  bound  that  it  can  oscillate  at  one  of 
a  number  of  characteristic  frequencies  vQ  .  The  'fraction1  of  the  electron 
associated  with  any  one  characteristic  frequency  is  designate  1  f  and  is 
called  the  classical  oscillator  strength  at  that  frequency.  This  requires 
that  the  right  hand  side  of  £q„  (3,  l-7a)  be  multiplied  by  f  ,  and  thus 

fa  dv  *  f 

The  similar  expressions  for  the  other  integrated  absorption  coefficients 
become 

Nf  (3.1- 7c) 

M 

P 


r  u  dv = 

j  uv  me 

f  K  dv  ■ 

Iv  me 

J  70 


(3.  l-7a) 


(3.1- 7b) 


(3.  l-6a) 

(3.  l-6b) 
v  over  a 


(3.  l-7d) 


\ 


When  v  Is  measured  in  cm  1  rather  than  sec-1  Eq.  (3.  l-7b)  takes  the  form 

k  dv  -  ^  f  (3.1-7e) 

J  me 

and  a  similar  change  occurs  in  the  denominator  of  Eq.  (3.  l-7c  and  d). 

The  equivalent  width  W  (Section  2. 5)  of  an  optically  thin  line 
may  be  written  as 


W 


1  j*Tv  dv  -  Nxja^ 


dv 


nfti 

me 


Nfx 


(3.1-8) 


Thus  for  optically  thin  lines.  W  can  be  used  to  measure  N,  f  or  x  . 

The  application  of  Eq.  (3. 1-8)  to  the  optically  thick  case  involves 
a  discussion  of  the  cutve  of  growth  (see  Aller,  1933  and  Section  2.5). 

A  few  properties  of  classical  oscillator  strengths  are  noted  briefly. 

a)  The  'sum  rule' 

*  1  (3.1-9) 

is  obeyed. 

b)  For  continuous  spectra  Eq.  (3,1- 7b)  is  written 


av  dv 


nai  di¬ 
me  dv 


dv 


(3.1-10) 


where  df  is  the  element  of  oscillator  strength  associated  with  the 
frequency  increment  dv  . 
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c)  In  the  classical  formulation,  the  oscillator  strength  of  a  line  is  a  good 
parameter  with  which  to  specify  the  Integrated  absorption  coefficient  of  the  line. 

Finally  we  make  brief  mention  from  a  classical  standpoint  of 
scattering  processes  and  of  the  .Einstein  A  and  B  coefficients. 

Light  Scattering.  Suppose  a  classical  oscillator  with  frequency  vQ 
is  hit  by  a  photon  of  frequency  v  .  It  can  then  be  shown  (Heltler,  1954) 
that  the  total  cross  section  is 


<P 


jBE  ,  2 
3  ro 


vV 


2.2 


+  v  y 


(3.  1-11) 


where 


rQ  «  e2/mc2 


(3.1-12) 


is  the  classical  electron  radius,  and  y  is  the  natural  line  breadth,  given  as 

..  2 


y*3  c  ro 


(3.1-13) 


From  Eq.  (3. 1-11)  one  can  discuss  three  cases  of  interest: 

1)  for  vQ  «  v  and  y  «  v  ,  we  obtain  Thomson  scattering  cross  section 


_  ,  SSL  r  2 
*  "  3  ro 


(3.1-14) 


2)  when  vQ  »  v  ,  we  have  Rayleigh  scattering  cross  section 


8rr  2  V4 
*  3  ro  ~4 


(3. 1-15) 
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3) 
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Similarly,  In  the  L-U  absorption  transition  stimulated  by  a  beam 

of  radiation  with  specific  intensity  ^  ,  and  hence,  energy  density  per 

.  * 
unit  solid  anale  l./c  ,  the  number  of  absorption  transitions  per  second  is 

V 

I 

Nl  B^  -2-  dQ  (3.1-18) 


The  coefficient  hu  is  called  the  Einstein  B-coefficient  for  absorption  or 
for  stimulated  (induced)  emission.  Thus,  the  energy  per  unit  area  per  unit 
time  absorbed  out  of  the  beam  ^  within  a  path  length  dx  is 

dE(l^  =  dx  Nl  j  Bj^j  ^  — —  dft  (3.1-19) 

However,  from  the  definition  ol  the  absorption  coefficient  ,  we  know 
that  this  absorbed  energy  should  be 


N, 


dx lh 

U  v 


I  dv  di 'i 
v 


(3.1-20) 


where  the  frequency  integration  is  earned  out  over  the  width  of  the  line  U-L  . 
By  comparing  these  two  formulas  for  the  case  of  a  line  over  whose  width  1^ 
does  not  vary  appreciably,  we  find  the  relationship  between  a  ,  B^y  , 
and  the  line  oscillator  strength: 


/a  dv  = 
V 


me 


LU 


(3.1-21) 


The  B-coefficient  is  sometimes  defined  relative  to  the  intensity  alone, 
rather  than  relative  to  the  energy  density.  In  this  event,  no  factor  c 
appears  in  this  expression. 


7lt 


The  lest  equality  follows  from  Eq.  (3.1- 7b). 
We  can  therefore  write 

fLU  =  ^  hvLU  ®LU 
rre 


When  U  is  g^-fold  degenerate  and  L  is  gj -fold  degenerate,  the 
B-coefficlents  of  the  component  transitions  may  be  summed  to  give  an 
overall  B- coefficient  which  will  apply  when  the  levels  all  lie  at  the  same 
energy  (Davidson,  1962). 

e 

^  BU1L1  (v)  “  «U  ®UL-  ®L\U 


Similarly,  by  a  detailed  balancing  argument  the  following  relation  can 
be  shown  to  exist  between  the  A-  and  B-coefflcients  in  the  general  case 
of  degeneracy  (Davidson,  1962): 

9U  \lL  “  gL  8,1  h3  "  °U  ®UL  ^  h3  ' 

c  c 

The  intensities  are  however,  still  controlled  by  Eqs.  (3.1-17)  and  (3.1-20). 


.1-22) 


. 1-23) 


.  1-24) 
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I 


ine  energy  absorbed  per  unit  time,  E^  .  by  a  (single)  classical 
oscillator  (corresponding  to  Eq.  (3.1-19))  is  given  by 


hi!  [ 
me  J 


E  .  *  I  I  dCJ 

cv  me  f  v 


(cf.  Heltler,  1954,  p.  38,  Eq,  19, ) 

In  terms  of  the  specific  Intensity  1^  .  The  quantum-mechanical  result 
(which  we  will  derive  in  the  next  section*)  is 


),M.  =  v  1 r 3cJ  Jk® 


d  0 


in  terms  of  the  matrix  element  rQ  . 

POL 

The  two  results  can  be  connected  by  the  definition  of  the  quantum- 
mechanical  f-number: 

,  =  4rrm  I  -  |  ^ 

a3  3ft  va3  ra8' 

(see  Eq.  (3.2-62),  following.) 

Witt,  is  definition,  Eq.  (3. 1-26)  yields 


"Q.M.  =  "me  fa6  j K 


in  analogy  to  Eq.  (3.1-25).  That  is  to  say,  we  obtain 


£Q.M.  “  fa3  Lcl 


*  See  Eq.  (3.2-43).  By  multiplying  Wga  of  this  equation  by  ft* 
the  tesult  used  here  can  be  obtained. 


electron 


(3.1-25) 


(3. 1-26) 


(3.  1-27) 


(3.  1-28) 


(3. 1-29) 
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Thus,  the  oscillator  strength,  which  in  classical  terms  is  associated 
with  the  fraction  of  the  electron  responsible  for  the  radiative  transition, 
may  also  be  thought  of  as  the  fraction  or  factor  which  converts  the 
classical  energy  absorbed  or  radiated  per  unit  time  to  the  correct  quantal 
value. 

A  classical  derivation  of  photoelectric  absorption  has  been  given 
by  Thompson  and  an  Improved  semlclasslcal  derivation  has  been  given  by 
Kramers.  These  are  described  by  Compton  (1926)  in  Chapters  6  and  12, 
respectively. 
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3.2  Quantum  formulation  of  radiation  theory 
3.2.1  Formal  theory 

We  will  not  attempt  to  expound  or  review  the  basic  principles 
of  the  quantum  theory  of  radiation.  Rather,  in  the  spirit  of  the  applied 
investigator,  we  shall  derive  the  working  formulas  needed  for  applications 
of  the  theory  from  its  basic  formal  results.  In  this  spirit  we  will  also 
tabulate  some  of  the  parameters  needed  for  applications  to  the  radiative 
properties  of  heated  air.  We  will  also  attempt,  where  it  appears  useful, 
to  correlate  the  results  of  several  more  or  less  standard  texts  or  references 
(Bates  and  Oamgaard,  1949;  Bethe  and  Salpeter,  1957;  Dirac,  P.A. M.,  1947; 
Griem,  H.R.,  1964;  Heltler,  W. ,  1954;  Mayer,  H. ,  1947;  Schlff,  L.I. ,  1955; 
Slater,  1960)  where  their  authors  employ  different  conventions ,  and  to 
include  some  of  the  details  of  the  reduction  of  the  general  formulas  that  are 
normally  glossed  over  or  left  to  the  reader  in  these  texts. 

The  basic  formulas  that  we  need,  called  "Golden  Rules"  by  Fermi  (1950), 
are 


w 


U 


(3.2-1) 


and 


U  “ 


(3.2-2) 


These  formulas  give  the  transition  probability  per  unit  time  for  a  transition 
from  state  i  to  state  J  induced  by  a  perturbation  with  matrix  element 


(second-order 


I 

Hjj  (first-crdsr  perturbation ,  Sq . 
perturbation,  Eq.  (3.2-2)). 


The  indices  1  and  j  are  symbolic  for  ail  the  quantum  numbers 

needed  to  define  the  system  (atom  +  radiation)  before  and  after  the  transition, 

respectively.  The  factor  ^  is  the  number  density  of  final  states  In  the 

cases  where  there  is  a  continuous  range  of  final  states  (e.g.,  spontaneous 

emission,  photoelectric  absorption),  or  the  density  of  Initial  states  In  the 

cases  where  there  is  a  single  final  state  but  a  continuous  range  of  Initial 

states  (e.g.,  line  absorption).  These  formulas  are  derived  by  Schlff  (195$) 

and  are  derived  and  Justified  in  detail  by  Heltler  (1954).  Although  they  can 

be  derived  heurlstlcally  for  radiative  transitions  within  the  framework  of 

ordinary  quantum  mechanics  and  semi-classical  radiation  theory,  they  cannot 

** 

be  rigorously  Justified  except  by  appeal  to  quantum  field  theory. 

Although  in  principle  one  is  Interested  in  all  processes  which  result 
in  the  absorption  or  emission  of  a  photon  from  nr  into  an  incident  beam,  In 
practice  one  usually  confines  oneself  to  the  processes  which  dominate  the 
absorption  and  emission  in  the  temperature-density  regime  of  Interest.  In 
this  spirit,  we  will  limit  our  attention  to  discrete  atomic  transitions,  photo¬ 
electric  and  free-free  transitions,  and  simple  scattering  processes.  We  will 
net  concern  ourselves  with  radiative  corrections  or  relativistic  effects. 

The  first  three  of  these  processes,  viz. ,  discrete  atomic  transitions, 
photoelectric,  and  free-free  transitions,  termed  "simple  absorption"  by 
Mayer  (1947),  are  usually  the  most  Important  and  we  will  emphasize  them 


For  the  existence  of  a  transition  probability  per  unit  time,  a  continuous 
range  of  states  must  exist  In  either  the  Initial  or  final  state.  For  a 
discussion  of  this  point  see  Heltler  (1954),  or  Schlff  (1955). 

Or  to  the  rules  of  Quantum  Electrodynamics,  see  Feynman  (1962),  p.  4* 
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accordingly.  We  will  first  reduce  Eqs.  (3.2-1)  and  (3.2-2)  to  the 
specific  transitions  listed  above  that  we  wish  to  treat.  This  can  be  done 
without  reference  to  the  type  of  atomic  system  because  the  nature  of  the 
atomic  system  is  concealed  in  the  wave  functions  used  to  compute  the  matrix 
elements  .  After  deriving  the  formulas  specific  to  the  various 

transitions,  we  will  proceed  to  specify  the  atomic  systems.  In  applying 
Eqs.  13.2-1)  and  (3.2-2)  for  the  transition  probability  to  different  situations, 
one  usually  must  deal  with  degenerate  states  (l.e. ,  states  with  the  seme 
energy,  but  differing  in  some  other  quantum  number  or  numbers).  In  view 
of  the  principle  of  equal  a  priori  probabilities  in  phase  space  one  should,  in 
the  absence  of  additional  information,  average  over  degenerate  initial  states 
and  sum  over  degenerate  final  states  (Tolman,  R.C.,  1938,  Sections  98  and 
99).  This  degeneracy  must  arise  from  different  spatial  orientations  or  from 
degeneracy  on  quantum  numbers  other  than  the  energy,  as  the  sum  over  the 
energy  states  lying  in  a  small  region  AE  allowed  by  the  uncertainty  principle 
(and  therefore  effectively  degenerate)  has  already  been  carried  out  In  the 
derivation  of  Eq.  (3.2-1)  .  it  is  this  sum  that  leads  to  the  appearance  of  the 
“number  density  of  states"  dn/dE  .  With  this  prescription,  the  transition 
probability  per  unit  time  becomes 


w 


11 


in  _L 

A  gt 


EE 


a(i)  e(J) 


2  dn 
d£ 


for  first-order  processes,  where  the  index  a(i)  labels  the 
degenerate  family  of  gA  states  (1)  and  the  index  8(J)  labels 
the  family  of  g^  states  (J)  .  That  is  to  say,  1  and  J 

uniquely  specify  the  energy  of  two  degenerate  states  and  a  and 


(3.2-3) 


8o 


8  run  over  the  remaining  quantum  numbers.  For  simplicity  In  the  derivations 

which  we  now  undertake,  we  will  compute  transition  probabilities,  cross 

sections,  etc.  for  a  pair  of  distinct,  non-degenerate  substates  a  and  B 

of  a  single  atomic  electron,  and  after  doing  this  return  to  the  general  situation, 

3.2.2  Reduction  of  the  general  formula  to  formulae  for 
specific  processes 

For  radiative  processes,  the  perturbation  term  that  enters 
the  Hamiltonian  for  the  Interaction  between  the  radiation  field  and  an  atomic 

it 

electron  is 


I 

H 


X 


(3.2-4) 


where  p  Is  the  momentum  operator  o *  the  atomic  electron  and  A  is  the 

electromagnetic  vector  potential.  The  normalization  of  A  and  the  density 

dnR 

of  states  of  the  radiation  field  ~r£~  are  related  so  that  a  consistent  choice 

dnR 

of  the  two  must  be  made  when  ~jj£-  is  the  appropriate  density  of  states 

to  use.  For  emission  of  a  photon  by  an  atomic  system  which  makes  a 

transition  between  two  bound  states,  the  necessary  continuous  range  of 

states  Is  provided  by  the  radiation  field  which  is  produced  in  the  final 

state.  Similarly  for  absorption  accompanied  by  a  transition  between  two 

bound  states,  the  conti  mous  range  oc  states  Is  provided  by  the  presence 

dnR 

of  the  radiation  Held  In  the  Initial  state.  A  consistent  choice  of 

and  the  matrix  element  of  the  Interaction  term  given  by  Eq.  (3.2-4)  is  given 

This  arises,  of  course,  from  expanding  the  term  7j“  (p  - -^X)  in  the 
Hamiltonian.  See  Schlff  (1955),  Sec.  35.  It  also  can  be  interpreted 
as  the  interaction  energy  -  —  j  •  X  between  the  atomic  electron 
current  J  *  ev  and  the  vector  potential  X  .  See  also  Power,  E.A. 
(1964),  p.  101. 
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by  Heltler  (1954)  as 


IE 


■uL&l 

(2ttc)^ 


(3 . 2-  5) 


xl0a  “  A*up 


,  1/2  (  .  -Ik  *-r 

I"/1)  J  *8  p  ‘  €  e  *a  dv 


(3.2-6) 


In  these  equations  dnn  is  the  number  of  photon  states  oer  ur.lt  volume  of 

K\ 

a  given  polarization  in  the  energy  range  E  to  E  +  dE  and  In  the  solid 
angle  element  dfl  about  the  propagation  vector  k^  .  The  polarization  is 
specified  by  the  unit  vector  e  and  there  are  two  independent  directions 
of  polarization.  The  matrix  element  given  in  £q.  (3.2-6)  is  appropriate  for 
the  state  a  to  contain  n^  photons  per  radiation  oscillator  (cell  in 
the  phase  space  of  the  radiation  field)  and  the  state  6  to  contain  +  1 
photons  per  oscillator.  Hence,  we  can  use  o  and  0  as  initial  and 
final  states,  respectively,  for  emission,  or  0  and  a.  as  initial  and 
final  states,  respectively ,  for  absorption.  In  this  latter  instance,  however, 
it  will  be  necessary  to  replace  n  bv  n  -  1  and  n  +  1  by  n  . 

The  matrix  element  of  Eq.  (3.2-6)  depends  on  a  particular  radiation 
oscillator  within  the  infinitesimal  range  dn^  =  ur  dfl  dE/(2ficrft  only 
through  the  "occupation  number"  of  the  cell,  ni>(  .  Since,  as  stated 
previously,  the  square  of  the  matrix  element  appearing  in  Eq.  (3.2-1)  (or 
Eq.  (3.2-3)  has  been  summed  over  this  infinitesimal  volume  of  phase  space, 
when  we  make  use  of  Eq.  (3.2-5)  as  the  density  of  final  states  and  Eq.  (3.2-6) 
as  the  matrix  element  in  Eq.  (3.2-1)  ,  n^  should  be  replaced  by  n^  ,  the 
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average  number  of  photons  per  radiation  osciiiator  in  the  range  dnR  • 

3.2.2.)  Bound-State  Emission 

We  now  insert  Eqs.  (3.2-5)  and  (3.2-6)  into 
Eq.  (3.2-1)  (a  =  i.  B  s  J)  to  obtain 

2  -  2 
e  m  a  -ik  *  r 

dw  „  * -  |p*ee  Y  |  (n  +  1)  dO  (3.2- 

ae  2iTftm  cJ  a0  " 

for  the  transition  probability  per  unit  time  for  emission  into  the  solid 

I  -i*Y 

angle  element  df)  .  The  matrix  element  of  p  •  c  e  ’  indicated 

by  the  subscripts  a  ,  3  after  the  absolute  value  brackets  is  defined 

by  the  integral  appearing  in  Eq.  (3.2-6), 

We  now  need  to  relate  the  occupation  number  of  the  raulatlon 

oscillators  to  the  intensity  of  a  beam  of  photons.  Since  the  number  of 

radiation  oscillators  (cells  in  phase  space)  per  unit  volume  in  an  energy 

range  dE  is  given  by  Eq.  (3.2-5)  ,  we  can  from  this  equation  compute  the 

intensity  of  radiation  corresponding  to  the  presence  of  some  average  number 

n^  ,  of  photons  per  radiation  oscillator.  The  physical  properties  of  photons 

within  the  infinitesimal  range  dn„  =  ® — diLdfi  Df  oscillator  states  are  the 

(2ttc)  j  h 

same;  hence ,  a  measurement  of  the  intensity  would  not  discriminate  among 
them  and  would  therefore  constitute  a  measure  of  the  average  occupation  of 
these  dnR  states.  Since  1^  (n)  df)  dui  is  the  number  of  photons 

per  cm  in  the  (angular)  frequency  range  dm  and  in  the  element  of  solid 
angle  dfi  ,  it  must  be  equal  to  n^  times  the  number  of  radiation 
oscillators  per  cm^  in  the  same  differential  ranges  dQ  and  dm  . 
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Hence,  we  have 


I  <Bl  dadtl- 

*wc  "  J'  (2ttc)°  ft) 


Add) 


(3.2-8) 


which  can  be  solved  for  1  (ft)  In  terms  of  fi  : 

ui  * 


I  (H)  = 

ui 


(3.2-9) 


or  vice  versa.  The  intensity  function  1^(0)  has  been  defined  previously 
in  Sec.  .2.1. 

We  will  generally  make  use  of  the  dipole-length  approximation  wherein 
the  exponential  in  the  matrW  element  is  taken  to  be  unity  and  the  electron 
momentum  operator  p  is  replaced  by  the  coordinate  operator  r  through 
use  of  the  relation  (Schiff,  1955,  p.  253) 


pa8  =  1  m  raP 


(3.2-10) 


Making  use  of  Eq.  (3.2-10)  ,  we  obtain  from  Eq.  (3.2-7) 


ir&L  =Ljak  1- .7  ,2(5  + 1} 

dn  2n*c3  1  tt0‘  “ 


(3.2-11) 


which  by  use  of  Eq.  (3.2-9)  becomes: 


dw 


2  3 

e  ,2 


dfl 


zL  ...  r-  a.3 


2tt  f»  c 


3  <c  *  raS ' 


(n)  8rr3  c2 


ft  til 


(3.2-12) 


The  first  term  in  this  expression  is  the  spontaneous  transition  probability 
end  the  second  is  the  induced  transition  probability.  The  total  transition 
probability  (with  emission  into  any  solid  angle  element  dO),  is  of  course, 
obtained  by  integrating  Eq.  (3.2-12)  over  all  angles.  However,  except  for 
isotropic  radiation,  this  Is  not  interesting  as  an  atomic  parameter,  as  it 
will  depend  on  the  intensity  1^  .  The  total  spontaneous  transition  probability 
is  an  atomic  parameter  in  any  event,  and  can  be  obtained  from  Eq.  (3.2-12) 
by  integrating  the  first  term  over  all  angles.  This  parameter  is  also  known 
as  the  Einstein  A- coefficient: 


wap(spont) 


aP 


■J 


dw  fspont) 

dn 


2  3 


dn 


2tt*  c* 


ap 


|  dn 


(3.2 


The  indicated  summation  (t)  over  the  two  independent  polarization 
directions  must  be  carried  out  be  fore  following  the  usual  procedure  of  taking  an 
average  over  the  random  orientations  of  the  dipole  moment  of  the  atom,  since  the 
contribution  of  a  given  polarization  depends  on  the  dipole-moment  orientation 
which  is  specified  by  the  vector  irag  ■  T  +  y^g  J  +  zag  1c  .  The 
summation  can  be  earned  out  with  reference  to  Fig. 3-2  by  taking  r*ag  as 
the  direction  of  the  Z-axis. 


13) 


With  this  convention,  and  taking  « ^  and  C2  as  two  mutually  perpendicular 

* 

but  otherwise  arbitrary  polarization  vectors,  we  obtain,  since  dfl  Is  an 
element  of  solid  angle  about  the  direction  ,  and  since 


F 

I  sin2  0dn  -  2tt  I  sin"  0d0 


3  Arffl  «  5n 


3  ' 


the  result  (valid  for  a  fixed  direction  ?Q^)  : 


Vs  ■  \ 1  Vs1 2  [co'2,  +  s,n2  *']  dn 


2  3 

A  «  Co  _  0 

1 - _Ofl_  I?  I  2 

3  3  |raB' 

ft  c 


(a)  ,  or  , 


(3.2 


Sirr4  e 2  if  1 2 
3  _  ' raS* 


(b) 


3  h\^ 

It  Is  not  necessary  now  to  average  over  orientations  of  the  dipole  moment, 
as  no  directional  dependence  on  r^  remains,  due  to  the  Integration  over 
solid  angle.  Eq.(3.2-  Ma)  is  in  the  form  given  by  Bethe  and  Salpeter  (1957), 

Eq.  59.11,  and  Eq.  (3.2-14b)is  in  the  form  given  by  Bates  and  Damgaard  (1949), 
with  the  added  provision  that  j  g  |  ^  be  summed  and  averaged  over  final 
and  Initial  states. 

** 

Because  of  the  Isotropic  nature  of  the  emission  given  by  Eq.  (3.2-14), 

the  emission  per  unit  solid  angle  Is  just  A_b/4tt  .  We  now  compute  the 

ap 

transition  probability  for  Induced  emission  from  the  second  term  of  Eq.  (3.2-12). 


** 


Note  that  we  might  as  well  have  taken  a  single  unit  polarization  vector 
lying  In  the  plane  of  ? ’  g  and  £  ,  since  the  components  perpendicular 
to  this  plane  do  not  comflbute. 

On  account  of  our  dipole  approximation,  |  rL g I  does  not  depend  on 
the  propagation  vector  lc^  .  p 


14) 
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Thus 


2  3 

dw  B  e  ui 

■  .■  fl» »  (lnd)  *  - 1 

da  una'  ,  .  3 

2rr  fiC 


x 


8lL 


3  2  ( 

tt-ir  i 

ft  U)  t 


•l-  ?apl 


+  It, 


lae* 


il)  (S) 


2  r(2) 


(3.2-15) 


where  the  superscripts  on  the  two  1^(8)  factors  Indicate  the  polarisation. 

We  assume  that  the  radiation  1$  unpolarized  so  that  1^  0)  *  (R)“  I^(fl) 

and  obtain 


dw 


nS 


dn 


(ind) 


I'as'2  *ln2  e 


„2c 


(3.2-16) 


Now  a  iS  the  angle  between  the  propagation  vector  and  the  atom 


dipole  moment  vector  r 


a8 


Thus,  we  can  simplify  Eq.  (3.2-16)  by  now 


averaging  over  random  orientations  of  the  dipole  moment.  To  do  this  we 
multiply  Eq.(3.2-I6i  ty  where  dn  is  an  element  of  solid  angle 


about  r 


aB 


Since 


4tt 


f 


sin  edn  ■  j  ,  we  obtain 


"So5  (lnd)  "  4tt?7  * 


(3.2-17) 


The  total  induced  or  stimulated  emission  can  now  be  calculated  from 
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* -res,  .] ft  Skagi 


this  result  by  integration  over  all  angles  of  emission: 


wafJ(ind)  -  4^-  |7ap|2Jyff)dfi  (3.2-18) 

The  induced  or  stimulated  transition  probability  given  by  Eg.  (3.2-18)  is 
related  to  the  Einstein  B-coefficient.  The  B-coefficient  is  defined  here  so 
that 

1st*  (ind)-  :,<«>)  (3.2-19) 

which  is  the  radiation  density  (□  )  rather  than  radiation  flux  (I  ) 

v  v 

definition  as  *  I^/c.  (Compare  with  Eqs.(2.2-4b)  and  (2. 2-7a,b, c)) 

Comparing  this  with  Eq.  (3.2-17)  and  noting  that 

tv®  -  !»«!)£  -  2"I»«S> 

we  obtain 


2m.  q 

c  Ba8 


^T2.fl_.  •  ?  i 2 

3*  2c 


or 


aP 


MiLJL 

3  h2 


SmLaL  17  | 2 

3  h  2  1 


(3.2-20) 


The  last  form  agrees  with  the  result  given  by  Slater  (1960a,  p.  142),  whereas 
Eq.  (3.2-18)  is  the  form  given  by  Schlff  (1955,  p,  253).  Griem  (1964,  p.  28) 
employs  a  quantity  £  0  defined  such  that  the  total  transition  probability 

ap  c 

wa0  is  expressed  in  terms  of  the  average  Intensity  : 
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w  -A+B  -^2- 
afl  a9  aB  c 


f  8h  2  B  a 

J‘»dn  -  ^  f, 


Thus,  his  formula  for  A^g  Is  the  same  as  ours  (recalling  that  for  the  time 
being  we  are  assuming  our  states  to  be  non-degenerate,  so  that  the  statistical 
weights  are  gll  unity)  but  his  formula  for  £  .  differs  from  ours  by  the 


factor 


It  Is  perhaps  appropriate  to  observe  at  this  point  that  the  ratio 
A^g/B^g  as  given  by  Eqs.  (3.2-14)  and  (3.2-20)  has  the  value 


iUL  .  ‘rc  hVaa 


(3.2-21) 


which,  as  stated  In  Eq.  (3. 1-24)  of  Section  3.1,  Is  required  by  general 
considerations  of  detailed  balance  (see,  e.g.,  Slater,  1960,  p.  21). 

Although  the  more  or  less  heuristic  method  of  "averaging  over  atom  orientations'*, 

(performing  an  average  ovtr  the  angle  between  r  „  and  It  )  is  the 

Cl  9  Y 

simplest  method  of  eliminating  the  direct  dependence  of  the  transition 
probability  on  the  coordinate  system  chosen,  It  Is  not  necessarily  the  most 
perspicuous ,  and  Is  In  fact  somewhat  redundant.  The  final  result  will  still 
have  to  be  summed  and  averaged  over  the  magnetic  quantum  numbers  of  the 
final  and  Initial  states,  respectively.  This  redundancy  can  be  removed, 
at  the  expense  of  somewhat  more  algebra.  In  the  following  fashion. 


Grlem  uses  MKS  units;  hence,  to  convert  to  cgs  units  the  factor 
4ttCq  should  be  removed  from  his  formulas  (specifically  his 
Eqs.  2-48  and  2-54). 

In  the  absence  of  an  external  field,  different,  orientations  of  the  atom 
correspond  to  different  superpositions  over  degenerate  sublevels,  which 
are  to  be  summed  over  and/or  averaged,  anyway. 


4 


By  use  of  the  spheiical  harmonics  addition  theorem  (Rose,  1957; 
Eq.  4.28),  we  can  write  r  «  e  ,  where  c  is  a  unit  vector,  as 


I  •  c 


’  r]L  Y in*  {9>i)  YW 

m' 


where  8,4,8,$  specify  t!  «  orientation  of  r  and  c  ,  respectively 
with  respect  to  son*'-  fixed  .  .  We  can  then  write  for  the  relevant  matrix 

element 


jV9  7  •  I  *a  -(*t)  Jr,  r  ^  r;  (8.#) 


(3.2-22) 


«M)YW 

in' 

Now  the  Integral  over  the  product  of  three  spherical  harmonics  has  the  value 
(Rose,  1957,  pp.  61-62) 


f  + 

(2^1+l)(2t2+l) 

Idfl  Y.  Y.  Y  .  =■ 

j  Sm3  ^2m2  ^lml 

4n(2t3+l) 

m  - 

1/2 


°^lt2't3;mlm2m3^  x  Ctt^tjiOOO) 

(3.2-23) 


where  the  C(i are  Ciebsch-Gordan  coefficients *(we  fellow  Rose's 
notation).  Using  this  result  and  t 
the  matrix  element  (Eq.  (3.2-22)) 


notation).  Using  this  result  and  the  fact  that  m3  “  mi  +  m2  ,  we  obtain  for 


*  For  the  definition  of  these  quantities,  see  Section  3.2.3. 
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I 


r  +  -  -  ...  A-Vl/2  C  , 

]V  JW  dr 


"I  l/2 
(24  +1)  I 

(24g+lj  G(ta  Up '  ma ' ®B“b^  '  "V 


x  C(taH0<OOO)  Y  (  , 

P  Cl 


Vma'V  Ctta  lV000) 


3.2-24) 


x  Y,, 


mg-n^  («,<*>) 


where  we  have  defined  /? 


aB 


■  j  R0  Ra  r3  dr  .  We 
(b)  and  average  It 


We  now  wish  to  sum  this 

expression  over  final  states  (S)  and  average  It  over  Initial  states  (a)  . 
First  we  carry  out  sum  over  final  states  by  summing  over  m0  and  noting 
that  can  take  on  only  the  values  0,  ♦  1  .  Denoting  the  matrix 


element 


J 1 0  r  •  c  *a  dv  by  ,  we  can  now  write 


25) 


1]  |  MBa| 2  c2<t°  ‘V0001  [°X  >W°'V  Y1,0  <3-2* 

♦  c\  Y2^  +  CJ<*a  Y2  .J  . 


In  order  to  perform  the  average  ever  ,  we  make  use  of  £q.  3. 16c  of  Rose  (1957): 


C  (J 


/2J3+l\  2 

"lijjrrl0  0iJ3j2;«ni<- 


m3' "m2) 


(3.2-26) 
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4 


1 


By  interchanging  the  indices  according  to  this  relation,. 

needed  becomes 


tho  cum 

■■■"**  uvom^o 


V1 


M 


Ba 


m  m. 


|  a 8  j^tj^+lj  c2*la 


It,  ;000)  x 

D 


(3.2-2  7) 


3“  o!Vi‘i,I'A'«(i,o*T 


2  2V*  2  3  ' 


Each  of  the  sums  over  the  squares  of  the  C- coefficients  can  now  be  carried 
out  by  means  of  the  orthonormality  relations  satisfied  by  these  coefficients 
(Rose,  1957,  Eq.  3.7),  with  the  result  that  each  sum  is  unity.  Eq.  (3.2-27) 
thus  becomes 


2^+1  ^L?  JL?  |MSa|  "  ^^Z<x3  C 
ma  m8 


\  m  / 


(3.2-28) 


By  use  of  the  formula  (Bethe  and  Salpeter,  1957,  Eq.  A. 42) 

2 


ElwH  ■ 
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1  1 


\ 


we  can  finally  write  this  result  for  one  polarization  vector  t  ^  as 


_ i _ 

21  +1 
a 


3  *  2„B  C2(talt(!000) 


mO 

a  p 

Since  this  result  no  longer  depends  on  the  polarization  vector  we  need  only 
multiply  by  2  to  account  for  the  two  independent  polarization  vectors. 

For  spontaneous  emission,  we  found  previously 


(3 


2  3 


III 


ra8  *  C1 


+  ra$  ‘  *2 


dO 


If  we  make  use  of  the  sum  and  average  we  have  Just  found,  we  can  evaluate 
this  as 


w(spont) 


21  +1 
a 


wa0(spont) 


r 

-  *^3  ^2(Vb)  C^VV000* 

3tt  Ac  J 


2  3 

-  C2(t  14,;G00> 

3Ac3  a  3  a  9 


(3 


with  an  analogous  lesult  for  induced  emission.  We  have  changed  notation 
on  fL  iron-  a  to  Ml.)  since  this  quantity  doas  not  depend  on 

ma  or  m9  .  From  the  properties  of  the  Clebsch-Gordan  coefficients 


.2-29) 


.2-30) 
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t  +  1  .  The  values  of 
a  ~ 


we  know  that  C(t  lia,*000)  vanishes  unless  t0  « 

OB  P 

the  particular  Clebsch-Gordan  coefficients  C(C ,  1,1+1:000)  may  be  found 

3 

In  a  number  of  places.  Condon  and  Shortly  (1935,  Table  2  ),  3. g., give 


C2(t  1,  1+ljOOQ) 
C2(l  1,  l- 1,000)  - 


(3.2-31) 


These  are  the  coefficients  (for  the  single,  non-equivalent  electron  case) 

2  2 

called  ,  and  by  Bates  (1946,  see  Table  J  for  s  S  and  p  P 

electron),  and  called  C(t-*t+l)  and  C(C-i-l;  by  Burgess  and  Seaton  (1960). 
With  these  values  of  the  C-coefficients  we  now  obtain  for  the  spontaneous- 
emission  transition  probability 


wf,,t+i^spont^  *  3*^3  2i+\ 

wi,f,-l'spont^  =  3  21+ 1  ^  ('f'.-t'-l) 


(3.2-32) 


In  orde.  to  demonstrate  that  this  result  is  indeed  the  same  as  the  result  obtained 
by  averaging  over  "atom  orientations"  and  then  averaging  and  summlny  over 
initial  and  final  states,  we  must  show  that 


2  *  C2(taR8;000) 


(3.2-33) 


9h 


since  if  this  is  true,  Eq.  {3.2-30)  and  Eq.  (2.2-14)  will  agree. 


To  show  this. 


first  we  note  that  (cf,  e.g.,Rose,  1957,  Eq.  III.  22) 


(3.2-34) 


With  these  relations  and  over  previous  definition  of 
we  can  write  the  matrix  elements  of  x,  y,  and  z  as 


dr 


*Ba  *  j*B  x*a  dv 

(3.2-35) 

y6a  -  JYS  «l(l  ♦  Yl.-I>  Ya  « 

JYS  Y10  Ya  " 


By  Eq ,(3.2-23), the  angular  Integration  over  the  three  spherical  harmonics 
can  be  performed,  yielding, 


T3a 


r3a 


> 

OD 

P 

3(2ta+l) 

4ff(2? +l) 

\/ 

P 

L.  . 

,4V2 

3(2t  +1) 
a 

l  3  J  *Pa 

4tt(2*8+1) 

-  m 

1/2 


Cfc.  Uo;000) 

It  P 


C^a  U  P  ;rV_1'  me'~G^a  liB'n,a  inV 


1/2 


ifc 


C(ta  UyOOO)  |C(ta  ,  —  1  ,  rrig)+C(t^  ICg^in^  lnip  j 


i 


.  .fcV* 

3(2tft+l) 

Ba  l  3  J  ^0o 

4TT(2tp+l) 

11/2 


C(t  ltB;000>  C(t  lL;m  Om.) 
a  p  a  p  a  p 


If  now  we  square  and  add  these  components,  the  cross  terms  in  lxgal 
2 

and  |  y0a  j  cancel  yielding 

I  -*  i  2  i 

•  r0a 1  *  x6a 

-«S. 


(3.2-36) 


+  ^dJ2  *  lz8a!2 


(3.2-37) 


C2(l  Ufl;000)  C2(t  .-1, 

a  p  a  p  a. 


V  +  c  W  W 


i 


*  c  iWW 

But  we  have  that  (Rose,  1957,  Eq.  3.16b) 

c2^2J3;mlm2m3^  =  C2(J2J1j3;m2m1m3);  hence,  we  obtain  from  Eq.  (3.2-37) 

C2(c„  lta;000)  [c2(Hat0,-l,ma,m3)+C2(ltatg;ln^mg) 


L 


ap 


+  °  < V* 


(3.2-38) 


1 


9  6 


I 


and  hence,  equals  unity  {Rose,  1957,  Eq.  3.7).  Thus,  we  finally  a;Tive  at 


arn  EE  '4J2  -<a  o\u.f:0oo) 

m  ma 
a  p 

which  was  to  be  demonstrated  (Eq.  {3.2-33)).  In  what  follows,  we  v/ill 
continue  the  tradition  of  averaging  over  "atom  orientations"  because 
of  its  simplicity,  with  the  understanding,  however,  that  it  can  be  replaced 
by  the  foregoing  more  detailed  considerations  if  necessary. 
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3. 2. 2. 2  Bound- State  Absorption 
To  obtain  the  transition  probability  per  unit  time  for  absorption  we 
want  the  initial  state  0  to  contain  n^  photons  per  radiation  oscillator 
(to  correspond  to  the  intensity  1^(0)  through  the  relation,  Eq.  (3.2-9), 
and  the  final  state  a  to  contain  n^  -  1  photons  per  oscillator.  In 
addition,  we  need  to  specify  that  the  density  of  states  given  by  Eq.  (3.2-5) 
now  pertnlns  to  the  initial  state.  The  matrix  element  given  by  Eq.  (3.2-6) 
becomes 


m  v  U) 


|P 


(3.2-39) 


dn„ 

With  — rir  as  given  by  Eq.  (3.2-5)  ,  the  transition  probability  per  unit  time 
u£ 

(Eq.  (3.2-1))  for  absorption  of  radiation  from  an  element  of  solid  angle  dtl 
becomes,  using  Eq.  (3.2-10) 


dw 


0a 


2  .,3 
8  JXfi 
2tt  c^ft 


l*  •  rcSl2  nil>  *> 


for  a  given  polarization  c  .  By  use  of  Eq.  (3,2-9)  this  can  also  be 
expressed  as 


dw 


0a 


inLfil 

*2= 


^6 1  2 


(3.2-40) 


If  now  we  average  this  over  polarizations  we  obtain  in  the  same  manner 
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as  before 


dw0a  "  2R~f~  I'apl2  I^)  8ln2  6dfl 

A  c 


(3.2-41) 


Again  we  average  ovor  atom  dipole-moment  orientatlonsl 
produces  a  factor  2/3.  The  net  result  is 

.2  2 


0's) 


and  this 


or,  the  total  transition  probability  per  unit  time  for  absorption  becomes, 


(3.2-42) 


w 


0a 


.22 

3A2c 


lr  I2 
1  a0' 


I1* 


(5)  dn 


(3 . 2-43) 


These  results  (Eqs.  (3.2-42)  and  (3.2-43)  are  seen  to  be  Identical  with  the  differential 
and  total  transition  probabilities  for  induced  or  stimulated  emission,  Eqs  .(3.2-17) 
and  (3.2-18),  respectively.  These  results  can  be  correlated  with  those  of  Schiff  (Eq.  3  5. 23, 
1955)  by  noting  that  the  intensity  I(ui)  as  defined  by  Schiff  is  the  total 
intensity  integrated  over  all  angles,  viz,  our  dCl  . 

As  in  the  case  of  induced  emission  the  total  transition  probability  per 
unit  time  given  by  Eq.  (3.2-43)  is  not  solely  a  atomic  parameter  except  in  the 
case  of  isotropic  radiation.  Since  we  do  not,  in  general,  wish  to  be  restricted  to 
isotropic  radiation  it  is  convenient  for  us  to  define  a  purely  atomic  parameter  which 
can  be  called  an  absorption  coefficient  per  atom  which  is  a  cross  section.  In 
order  to  define  such  a  parameter,  we  first  must  take  into  account  the  fact 
that  a  line  is  not  infinitesimally  sharp.  In  any  actual  physical  system  this  is 
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true,  as  the  absorption  will  cover  a  finite  (even  If  small)  range  of 

frequencies  (Heltler,  1954,  pp.  181-186;  Mayer,  1947,  p.  8)  about 

the  resonance  frequency  ur  *  (Ea  -  E  )/h  .  We  can  define  the  transition 

ap  p  a 

probability  per  unit  frequency  interval  w^  by  the  relation 


w. 


o 


■  Lim 
Aur-O 


Aw 

AO 


where  Aw  Is  that  contribution  to  the  total  transition  probability  which 
occurs  In  the  angular  frequency  range  All)  •  Then  we  must  have 

w  *  |  w#  do  (3.2-44) 

where  tha  Integration  Is  taken  over  the  entire  profile  of  the  line  in  order 
that  the  total  transition  probability  be  equal  to  the  sum  of  its  parts.  In 
view  of  Eq.  (3.2-44)  it  is  convenient  to  account  for  the  line  shape  phenomeno¬ 
logically  by  assigning  a  line  shape  factor  b(o)  to  the  line  such  that 


w^  »  w  b(o)  (3.2-45) 

Eq.  (3.2-45)  will  be  valid  if  we  normalize  b(o)  according  to 

00 

J"b(o)  dll)  -  1  .  (3.2-46) 

Thus,  w^  as  given  by  Eq.  (3.2-45)  is  the  number  of  transitions  per  unit 
time  per  unit  frequency  Interval.  For  the  Idealized  infinitely  sharp 


lOO 


transition,  we  have 


b(u>)  »  6(oi  -  aia0) 


(3.2-47) 


whereas ,  for  real  transitions ,  b(u>)  will  be  a  finite  (but  usually  still 

sharp}  function. 

We  now  recall  that  I^Gl)  bQ  refers  to  the  incident  beam  intensity 
in  the  direction  S  ,  A  cross  section  for  absorption  can  be  defined  by 
reducing  this  angularly  distributed  beam  intensity  to  a  plane-parallel 
Incident  beam  through 

dO  I^CI)  -  l0(oi)  6(3)  dfl  (3.2-48) 


where  IQ  (photons  per  cm  /sec  per  unit  frequency  interval)  is  the  parallel 


incident  beam  intensity.  Since 


dfi«  1  ,  we  can  substitute  Eq.  13.2-48} 
into  Eq.  (3. 2-43)  together  with  Eqs .  (3 . 2-44)  and  (3 . 2-45) .  The  result 
after  carrying  out  the  integration  over  is 

► 

(3.2-49) 


w9o  "  ^rt~  l?a@|2  fIo(*)  b(tt,) 

C  I 


w 

for  the  total  transition  probability  per  unit  time,  and  by  dropping  the 
integration,  we  obtain 


wBa  W  "  ta,2®'  '  l^agl  10W  *>(«»> 
3A  c 


(3.2-50) 


for  the  transition  probability  per  unit  time  per  unit  frequency  interval. 
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A  cross  section  can  now  be  defined  by 


<V*,> 


(is)  aw 


x0-W 


(3.2-51) 


which,  according  to  £q,  (3.2-50) ,  will  havu  the  value 

a6a(u,)  "  l?aS^  b(tu)  (3.2-52) 

The  frequency  integral  of  this  quantity 

| a8a{u,)  dUJ  "  Ira8l2  (3.2-53) 

is  Just  the  ratio  S/I0(u>)  as  given  by  Heitler  (1954,  p.  180,  Eq.  19) 
where  S  is  the  energy  absorbed  per  unit  time  as  he  defines  it.  Since  (as 
noted  after  Eq.  (3.2-43))  the  transition  probabilities  per  unit  time  for  absorption 
and  Induced  emission  are  identical,  it  can  be  seen  that  the  cross  sections 

for  these  two  processes  are  also  equal.  This  requires  that  the  shape  of  an 

# 

absorption  line  be  the  same  as  an  emission  line  which  must  be  true  from 

general  equilibrium  considerations  (Heitler,  1954,  p.  186). 

Just  as  in  the  discussion  by  Bethe  and  Salpeter  (1957,  p,  296)  of 

photoelectric  absorption,  the  cross  section  we  have  defined  here  has  the 

f  I  (w) 

physical  interpretation  that  I  g(m)'  dui  ■  w  is  the  probability  per 

* 

When  emitted  or  absorbed  at  the  atom  —  not  after  transfer  through 
a  medium. 
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\ 


second  that  an  atom  upon  which  the  flux  IQ\Ui) 
Also, 


is  incident  wiii  be  exoited. 


t  "  Nv  ct(ui) 


(3,2-54) 


Is  the  probability  per  centimeter  that  a  photon  of  angular  frequency  ill 

3 

will  be  absorbed  in  a  medium  consisting  of  Nv  absorbing  atoms  per  cm  . 
Thus ,  we  can  interpret  the  product  crNvI0dx  as  : 


(crNvdx)  IQ(u>) 


(probability  of  photon  absorption  in  dx) 

Number  of  photons  x  Ajd 
x  2 

cm  -sec-frequency  interval 

2 

energy  absorbed  in  dx  per  cm  per  sec 
per  unit  frequency  interval. 
dl0(ui)  . 


(3.2-55) 


Alternatively,  we  can  Interpret  this  product  as: 


cr  (ill)  I  (ui) 

_ y _  .1  \i...  . 

(Nvdx)tiU)  - 


Probability  of  excitation  ser  atom 

second  x  frequency  interval  (3.2-56) 

2 

x  (number  of  atoms/cm  )  x  energy  of  excitation 

2 

energy  absorbed  in  dx  per  cm 
per  unit  frequency  Interval 
dl0(ui)  . 
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As  far  as  tha  transfer  equation  (Sec.  2.1)  Is  concerned,  it  Is  not 
really  necessary  to  define  a  cross  section.  This  was  done  in  Sec.  2. 1 
for  convenience  of  Interpretation,  hut  all  that  is  needed  is  the  energy  that 
Is  absorbed  (and/or  emitted)  from  the  beam.  The  absorption  can  be  obtained 
directly  from  the  transition  probability  (per  unit  frequency  interval)  since 


dl„.(3)  *  -  N,  Ait)  d\v  ~(ui)  ds 
v  ap 


(3.2-57) 


for  the  beam  intensity  decrement  dl^fS)  in  ®  distance  ds  .  The 
phenomenological  definition  of  the  absorption  coefficient  is  (Sec.  2. 1) 


(3.2-58) 


Inserting  Eq.  (3.2-42J  into  £q.  (3.2-57)  with  the  definitions  Eq.  (3.2-44) 
and  Eq.  (3.2-45)  now  leads  to 


dl  (B) 


*  rw 

U) 


.  4ir*  8i  ir  |  2 
3ftc  1  aS1 


a  **  m*  « 

Thus,  the  quantity  '^"3^“’  |rag|  b(w)  can  also  be  referred  to  as  tht 
absorption  coefficient  per  atom  (u(»)/Nv)  . 

* 


(3.2-59) 


This  result  implicitly  assumes  that  the  absorption  is  due  entirely  to 
the  single  transition  a  -  9  .  This  has  been  done  for  simplicity,  to 
avoid  cumbersome  summation  signs. 


Dirac  (1947,  p.  2d5)  gives 


Mji  17  .  £ 

he  1  rc.p  c 


2 


(3. 


as  an  absorption  coefficient.  Referring  to  p.  24S  of  his  book,  however,  we 
see  that  this  is  the  "probability  per  unit  time  of  an  absorption  taking  place 
with  an  incident  beam  of  one  particle  per  unit  area  per  unit  time  per  unit 
frequency  range".  Hence,  it  is  obtainable  from  our  Eq.  (3.2-40)  First  we 


set  1^(15)  *  Aw  N^(uu)  6(B)  where  N*CJ(w)  d w  is  the  number  of  photons 
of  a  given  polarization  c  in  the  angular  frequency  interval  dui  crossing 
unit  area  per  second,  and  then  Integrate  over  i3  .  We  obtain 


-S?  Is  •  2 


(a. 


Now  we  convert  to  frequency  v  rather  than  angular  frequency  u>  by 

n  (v) 

N  (is)  dts  *  n  (v)  dv  ,  or  N  (is)  51  . ~  .  Dirac's  absorption  coefficient, 

O  O  O 

Eq.  (3 . 2-60)  ,  is  then  equal  to  w^  for  nQ(v)  =  1  . 

Another  quantity  commonly  defined  is  the  oscillator  strength  or  f-number 
(Bethe  and  Salpeter,  1957,  p.  256;  Conuon  and  Shortiey,  1935,  p.  108)  for  a 
transition  from  a  (single)  state  0  to  a  (single)  state  a  : 


£  *  2jil  17  I2 

*aB  3a  *9a  |ra9! 


(3. 


In  terms  of  this  quantity  our  cross  section  (Ed*  (3.2-52)  becomes 


°9a  <«>  *  ^  fafl  bW  ■ 


(3, 


2-60) 


2-61) 


2-62 


2-63) 
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or,  in  terms  of  b(ui)  dui  =  b(2mi)  x  2rrdv  =  b  (v)dv  and  a(u))dtw  *  c(v)dv> 
this  can  be  written. 


a(v)  =1^  f  b^> 

where  we  drop  the  subscripts  for  simplicity. 

The  f-number  definition  is  made,  of  course,  because  of  the  classical 
correspondences  noted  in  Sec.  3.1.  That  is  to  say,  if  we  integrate  the 
definition  (Eq.  (3.2-64))  over  frequency  v  : 


(3. 


1 


o(v)dv  =  f 
me 


we  recover  the  classical  expression,  Eq.  (3 . 1  —  7b)  of  Section  3.1. 


3.2. 2.3  Photoelectric  Absorption  and  Radiative  Recombination 
In  the  case  of  photoelectric  absorption  and  emission  we  must  deal 
with  a  free  electron  in  the  presence  of  a  residua  ion.  Hence,  we  must 
specify  the  type  of  wave  function  (and  its  normalization)  that  is  to  be  used 
to  describe  the  free  electron.  The  simplest  description,  if  applicable,  is 

3 

to  use  a  plane-v/ave  momentum  eigenfunction  normalized  to  the  volume  L  . 
This  is  the  method  Illustrated  by  Schiff  (1955)  and  by  Heitler  (1954),  and 

is  an  appropriate  approximation  for  high-energy  absorption,  and  is 

* 

mathematically  and  conceptually  convenient  as  well. 

*  •  —  — 


For  the  limitations  of  this  approximation  and  improvements  thereon,  see 
Be‘he  and  Salpeter,  1957,  Section  70;  Mott  and  Massey,  1949,  p.  356. 


However,  at  low  energies  the  effect  of  the  potential  in  the  final  state  is 


Important,  the  dipole  approximation  Is  usually  valid,  and  one  Is  usually 
interested  in  a  final  state  that  is  an  angular  momentum  eigenfunction 
rather  than  a  linear  momentum  eigenfunction.  Since  the  questions  involved 
in  passing  from  a  free-state  eigenfunction  of  one  type  to  one  of  another 
type  as  well  as  the  free-state  normalization  methods  are  not  trivial,  we  shall 
attempt  to  give  a  fairly  complete  discussion  of  these  aspects  in  order  to 
facilitate  the  use  and  understanding  of  the  fundamental  formulas. 

Differential  Cross  Section  for  linear  Momentum  Final  Eigenstate 

Although  in  the  calculation  of  the  photoelectric  transition  probability 
our  basic  equation  is  still  Eq.  (3.2-1)  ,  the  calculation  is  somewhat  more 
subtle  on  account  of  the  free  electron  which  appears  in  the  final  state. 

In  order  to  obtain  a  transition  probability  per  unit  time  in  the  case 
of  bound-bound  absorption,  it  was  necessary  to  sum  over  the  continuous 
range  of  initial  (photon)  states.  Hence  in  that  case, the  density  of  states 
^  was  taken  to  be  the  density  of  Initial  photon  states  per  unit,  volume, 
and  was  expressed  in  terms  of  the  incident  intensity  through  Eq.  (3.2-9) 

For  photoelectric  transitions,  there  is  a  continuous  range  of  states  in  the 
final  state  of  the  system  provided  by  the  free  electron,  so  that  the 
derivation  employed  in  the  case  of  bound-bound  transitions  is  no  longer 
appropriate.  The  final  state  sum  employed  in  arriving  at  Eq.  (3.2-1) 
should  now  be  over  a  differential  element  of  the  free  electron  phase  space, 
and  dn/dE  taken  as  the  density  of  final  free  electron  momentum  eigen¬ 
states  in  this  phase  space  which  is 

dn  d3  p  L3  mp  dfi  L3  (3.2-65) 

— £.  - S- — _ £ 

dE  (2ttA  ) 3  dE  (2rrft)3 
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since  dE  ■  (p/m)  dp  .  The  normalization  volume  for  the  free  electron  has 

been  denoted  by  ,  and  the  result  is  for  electrons  of  a  given  spin,  not 

both  spins*  We  will  discuss  the  sums  and  averages  over  degenerate  states 

later.  The  matrix  element  s  obtained  from  £q.  (3.2-6)  just  as  for  bound- 

bound  absorption  except  that  is  not  now  required  to  be  the  average  value 

n.  (we  are  not  summing  over  radiation  oscillators!  but  we  could  take  it  to 

dne 

be  n^  if  convenient,  since  the  rest  of  the  matrix  element  and  is 

Independent  of  the  radiation  oscillator  (within  the  infinitesimal  element  dnR)  . 

As  in  the  case  of  Eq.  (3.2-39),  for  an  absorption  transition  we  want 
the  occupation  numbers  to  go  from  n  to  n  -  1  so  that  our  matrix 
element  for  photoelectric  absorption  becomes 

dn 

and  we  must  bear  in  mind  that  we  have  assumed,  in  specifying  by 

£q.  (3.2-65) ,  that  the  free  electron  is  normalized  within  a  volume  Ir  .  We 

will  return  to  this  point  later.  We  have  also  explicitly  inserted  the  photon 

normalization  volume  V  .  This  was  set  equal  to  unity  previously  since 

dnR/dE  was  expressed  as  the  number  density  per  unit  volume,  and  the 

two  factors  if  included  explicitly  would  cancel  against  each  other  (see 

Heitler,  1954,  p.  57). 

dnR 

Since  -j|r  was  not  used  as  before,  it  seems  advisable  to 
display  it  explicitly  now.  Heitler  (19  54)  evaluates  a  transition  probability 
and  cross  section  in  the  following  manner.  He  assumes  an  initial 

system  of  Just  the  atom  plus  one  photon  .  Then  n  .  in  Eq.  (3.2-66)  is  unity 

That  this  procedure  is  not  possible  in  the  case  of  discrete  absorption 
follows  from  the  requirement  of  a  continuous  range  of  initial  photon 
states  in  order  for  a  transition  probability  per  unit  time  to  exist  for 
discrete  absorption. 


-•  -  -ik  •  r  | 


|p  •  e  e 


(3.2-66) 
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for  some  one  radiation  oscillator  (in  the  initial  state)  and  vanishes  for  all 
others.  In  the  final  state  all  n^  =  0  .  Thus,  with  no  photons  In  the  final 
state,  the  density  of  final  states  per  unit  energy  interval  (of  the  free  electron) 
is  Just  that  given  by  Eq.  (3.2-65).  Inserting  Eqs.  (3.2-65)  and  (3.2-66)  (with 
=  1)  into  £q.  (3.2-1)  ,  we  obtain  (initial  state  0  ,  final  state  a  ): 


dw 


Sa 


(3.2-67) 


for  the  transition  probability  per  unit  time  for  the  absorption  of  a  photon  of 
angular  frequency  uu  with  emission  of  an  electron  of  velocity  v  into  the 
element  of  so'id  angle  d3e  .  If  again,  we  make  use  of  the  dipole  approxi¬ 
mation  and  Eq.  (3.2-10),  this  result  can  be  written  as 

2  2 

m  e  Wq_  _  _2  _  -j 

lr'e|*s  vdS*"  <3'2'681 

We  can  obtain  a  cross  section  from  this  result  by  noting  that  the  intensity 
corresponding  to  one  photon  in  the  volume  V  is 


(not  per  unit  frequency  interval) 

With  this  value  of  the  intensity,  the  formula 


(3.2-69) 


dc 


3a 


dw9a  Wlo 


(3.2-70) 
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for  the  cross  section  (cf.  Eq.  (3.2-51))  becomes, 


da 


8a 


dw8a  V 
c 


(3.2-71) 


so  that,  from  Eq.  (3.2-68) 


do 


8a 


m2e2|<)ga 

2tt  ft3c 


vL3  dfi  • 
e 


(3.2-72) 


For  unpolarlzed  light,  with  reference  to  Fig.  3-2  ,  we  can  now  average  over 
the  two  Independent  polarization  directions: 


da 


Ba 


n'2e2‘*JBa  3  - 
- 3®  vL  dne 


2tt  ftac 


|"2  ^jr  •  e,  !To  +  I  r 


it*  ?  1 2 
l!a8 


-  -  1 2 
'2*aP 


)! 


(3.2-73) 


2  2 
mem. 


Efl 


3 

4tt  ft  c 


2 

vi3  (i?«»i  s,n29} 


where  S  ,  as  noted  in  Fig. 3-2  is  the  angle  between  the  photon  propagation 
direction  k  and  the  vector  rag  . 

Before  proceeding  to  obtain  the  total  cross  section.  It  Is  Interesting 
to  re-derive  the  above  result  without  making  the  assumption  n  ■  1  . 

If  we  wish  to  use  the  matrix  element  Eq.  (3.2-66)  as  it  stands  with 
n  1  ,  then  there  will  be  n^  -  1  photons  present  in  the  final  state. 

For  each  free  electron  state  there  will  now  be  (cf.  Eq.  (3.2-5)) 


dnR  ■  Vo )2  dfiR  dui/(2TTc)3 
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photon  states  {containing  photons  with  the  same  physical  properties). 

Therefore,  we  must  average  the  (square  of  the)  matrix  element  Eg.  (3.2-66) 

over  the  initial  photon  states  which  requires  setting  n  -  , 

dn 

and  using  the  factor  dnR  x  ~jg  for  the  final  state  density.  The  transition 
probability  now  becomes 


2ttV  ui 


-*  -*  -lk 

p  •  e  e 


.  -  2  vd(2  L3  Vuti2  dfl  dui 
r  i  _ e _  ..  _ L _ 


8a 


-aB  ,3 


(2ttc)' 


(3.2-74) 


n  x  ui  dOR  dui 

But,  by  Eq.  (3.2-8),  ~JL—  ~ 


(2rrc)' 


1^(0)  dm  d\ 
h'Jic 


whereby  we  obtain  from  Eq.  (3.2-74) 


5waa-te:Jp-  ce 


-iE-7,2  vdn.1-3  „ 


aB 


fllDC 


From  this  result,  which  can  be  written 
2  2 


(e^ni  uua  2  -  )  I„. 

-TTS4*  I? -!l 

*  4n  n  dp  / 


I  (3)  dui  dfi 


fiUic 


(3.2-75) 


it  is  easy  to  see  the  greater  flexibility  of  die  initial  state  description  in  the 
case  of  photoelectric  absorption  as  opposed  to  the  case  of  discrete 
absorption.  For  a  plane-parallel,  monochromatic  beam 


Eq.  (3.2 -74)  reduces  to 


d"&c 


// 


f  dm  dfl 


2  2 

e  m  uj.  2  ,  I 

vL  dn*v 


(3.2-76) 


A  differential  cross  section  Is  usually  defined  on  the  basis  of  these 
definitions  and  is  (cf.  Eq.  (3.2-70' 


do- 


dO. 


dw/dO  x  Aui_ 

- ...a  _ _ sa 


(3.2-77) 


which  yields,  using  Eq.  (3.2-76) 


^e 


2  2 

e  m  *Ba 


2»t  H3c 


\r 


a3 


This  is,  of  course,  identical  to  Eq.  (3.2-72).  However,  it  can  also  be  defined 
directly  from  Eq.  (3.2-75)  by  means  of 


do.  «  $*y  X  . 

dne  1^(3)  duu  d!lp  d0e 


(3.2-78) 


This  leads  to  the  same  result,  of  course,  but  Is  explicitly  Independent  of 

the  nature  of  the  Incident  beam.  We  can  also  derive  (heurlstlcally)  the 

* 

pnotolonizatlon  cross  section  semlclassically  —  that  Is,  without  the 
* 

This  can  also  be  done,  of  coarse,  for  bound-bound  transitions  (Schiff,  1955), 
We  choose  to  do  It  in  the  photoelectric  case,  instead. 
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use  of  the  fieid-theoretic-matrix  element  Eq.  (3.2-6).  We  follow  the  treatment 
of  Sec.  35  of  Schlff  (1955).  In  this  case,  we  have  the  perturbation  as 
given  by  Eq.  (3.2-4)  ,  but  the  radiation  Is  not  quantized*  Thus,  the  final 
state  density  does  not  Include  photon  states  and  Is  just  as  given  by  Eq.  (3,2-65): 


mp  df$Q  L3 
i2rrf» ) 3 


The  transition  probability  is  still 


w  *= 


da 

dE 


Since  this  formula  comes  from  ordinary  quantum  mechanics  if  the  radiation 

field  Is  not  quantize.!.  Thus  for  a  transition  with  emission  of  an  electron 

into  dO  we  obtain 
e 


dw 


2rr 

ft 


2 


2 

|P  *  *1 


mp  L3  dft 
- a. 

(2nft)3 


(3.2-79) 


* 

Now  classically  we  can  take 


A  =  e  A„ 


-l(5c  •  ?  -  out) 


(3.2-80) 


*  The  conditions  under  which  this  is  valid  and  the  matrix  element  Eq.  (3.2-4) 

Is  the  only  required  perturbing  term  are  discussed  by  Schlff  (19E  )  in  Sec.  35. 
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for  the  vector  potential.  The  Poynting  vector  (£xn)  averaged  over 

w  2 

a  period  2n/m  of  the  oscillation  has  the  magnitude  •£—  I A  I  2  . 

Zttc  o' 

This  is  the  Intensity  IQ  of  the  classical  wave  given  by  Eq.  (3.2-80). 

(I o  not  Per  unit  frequency  Interval.) 

The  cross  section  is  again  given  by 

do  - 

o 

With  the  above  expression  for  the  intensity  and  Sq.  (3.2-80)  we  obtain  from 
Eq.  (3.2-79)  (using  pafl  =  lmt>;aQ  rQg) 

da  ,  _L  fi-JQ  W  |?  .  -|  vL3 
A  c 

in  agreement  with  our  previous  result  (Eq.  (3.2-72)). 

Unfortunately  this  simple  form  of  the  differential  cross  section  (or  the 
more  explicit  form  averaged  over  polarizations,  Eq.  (3. 2-73})  is  not  a  particularly 
useful  formula,  except  at  high  energies  where  a  plane  wave  final  state  is  a  good 
approximation.  Except  in  this  latter  approximation  the  angle  9  which  appears 
in  Eq.  (3.2-73)  is  not  the  angle  of  physical  interest.  In  radiation  absorption 
studies  of  the  type  we  are  concerned  with  here,  this  is  not  a  disadvantage, 
as  one  is  not  usually  concerned  with  the  differential  cross  section  per  se*, 
but  rather  with  the  total  cross  section  obtainable  from  it  by  a  suitable  integra¬ 
tion  over  angles. 

*  An  extensive  discussion  of  the  differential  cross  section  and  the  angular 
distribution  of  the  photoejected  electrons  is  given  by  Bethe  and  Salpeter 
(1957).  See  especially  Secs.  69,  70,  and  72. 
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Recombination  and  Photoelectric  Total  Cross  Sections  by  Integration 
of  Differential  Cro-s  Sections 

It  is  evident  from  th  •  form  of  Eq.  (3*2-73)  that  it  would  be  conceptually 

simpler  to  integrate  this  equation  over  photon  propagation  directions  (for  a  fixed 

| )  than  over  photoelectron  directions .  We  would  thereby  avoid  having 

to  determine  directly  the  dependence  of  1 7  .1  on  the  direction  of  the 

<1  “ 

photoelectron  in  the  final  state.  We  can  perform  the  integration  of 
Eq.  (3.2-73)  over  photon  propagation  directions  in  lieu  of  photoelectron 
directions  by  relating  the  basic  photoelectric  cross  section  of  Eq.  (3.2-72) 
to  the  cross  section  for  the  inverse  process  of  radiative  recombination.  In 
this  latter  process,  a  free  electron  is  incident,  in  the  initial  state,  on  an 
atom  or  ion.  It  is  captured  with  the  emission  of  a  photon  in  the  transition 
to  the  final  state,  which  therefore  contains  a  photon  and  an  atom  or  on  of 
charge  one  unit  less  than  that  of  the  initial  bound  system. 

If  we  equate  the  squared  matrix  elements  for  the  photoelectric 
process  and  for  the  radiative  recombination  process  by  means  of  Eq.  (3.2-1) 
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* 


we  obtain,  in  an  obvious  notation, 


dw  (P.E.) 

__tl3 _ _ _ 

3 

mpL  dfle 


dw.  (R) 


_2ii_ 


(2rr  A ) ' 


do  v 

_ i— 

(2ttc)\ 


(3.2-81) 


where  the  denominators  are  the  final  state  densities  for  photons  (right  hand  side) 
and  for  electrons  (left  hand  side) ,  discussed  previously,  (cf.  Eqs.  (3.2-5)  and 
(3.2-65).  For  the  photoelectric  process,  Eq.  (3.2-71)  relates  the  transition 
probability  dw  (P.E.)  to  the  differential  cross  section.  For  recombination , 
we  have  from  the  definition  of  cross  section 


d  -  = 


dw 

|S| 


(3.2-82) 


Where  3  (particles  per  crn  per  sec)  is  the  electron  flux.  In  the  photo¬ 
electric  case  we  have  previously  specified  that  the  free  electron  is  normalized 
to  a  volume  L^;  since  3  is  given  by 


5  *  -fe,  *  *  •’*  >  ■ 


(3.2-83) 


we  can  use  a  plane  wave  ^(r)  =  e 


iR 


•T 


3/2 


L “  so  normalized  to  keep 
track  of  the  proper  normalization  factors.  Eq.  (3.2-83)  yields,  for  the  plane 
wave , 


v 

LJ 


11‘ 


(3.2-84) 
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so  that  we  can  write  Eq.  (3.2-82)  as 


L^dWr 


d(TR  = 


(3. 


From  this  result  and  from  Eqs.  (3 . 2- 71)and{3 . 2-81)  we  obtain  the  relation 


do^gtP.E.) 

do 


2  2  2 
n  v  c 

_ £ _ 

2  2 

*  tua9 


d-Bn<R) 

dO 


(3. 


If  now  we  refer  both  differential  cross  sections  to  the  angle  between 
p  and  ,  Eq.  (3,2-86)  can  be  multiplied  by  an  element  of  solid  angle 

d~  taken  about  p  and  referred  to  an  axis  along  k^  on  the  ieft  hand  side 
of  Eq.  (3.2-86)  ,  and  taken  about  k  and  referred  to  an  axis  along  p 

V 

on  the  right  hand  side  of  Eq.  (3,2-86)  .  Both  sides  can  then  be  integrated 
ovoi  the  full  solid  angle  to  yield 


2  2  2 
m  vc 

\b(P*E,)  =  ~TT~ 


*  T 


8a 


(R) 


0.3 


(3. 


Since  both  cross  sections  can  be  defined  physically  only  in  terms  of 
this  angle. 


2-85) 


2-86) 


2-87) 
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Since  the  cross  sections  in  this  expression  in  general  represent  transitions 
between  degenerate  sublevels,  they  are  not  the  physically  observed  quantities. 
The  latter,  which  we  will  call  a(P.E.)  and  .t (R)  can  be  obtained  by 
averaging  and  summing  the  above  relation  over  initial  and  final  states. 

That  is  to  say,  by  definition  we  have 

r(P. £.)  =  , 

1  a  (i ')  (j ') 


and 


(3.?-88) 


where  we  have  used  i‘  to  denote  the  collection  of  degenerate  states  of 
the  bound  system  (ion  plus  active  bound  electron)  and  the  photon.  The 
collection  of  degenerate  states  of  the  residual  ion  (minus  a  bound  electron) 
and  the  free  electron  has  been  denoted  by  j'  .  The  appropriate  statistical 
weights  are,  of  course,  g(i‘)  and  g(j‘)  ,  respectively.  If  we  now  sum 
Eq.  (3.2-87)  according  to  Eqs .  (3.2-88)  ,  we  obtain 

2,  2  2 

g.,  m  v  c 

a(P.E.)  =  -J-  - "00  (3,2-89) 

gi‘  ft 

(We  have  primed  the  state  index  in  order  to  be  able  to  conveniently  differentiate 
between  the  composite  systems  of  atom/ion  plus  photon/electron ,  and  the 
bound  systems--atom  or  ion  alone.  Thus,  and  g 4  will  be  used  to 

represent  the  statistical  weights  of  the  ion  and  atom  alone.) 


lit 


This  is  usually  called  the  "Milne  Relation"  after  E.A.  Milne  (1924)  who 
first  derived  it  (from  more  general  considerations  than  we  have  used  here). 
To  return  to  our  original  argument,  Eq.  (3.2-86)  can  be  written,  by  use  of 
Eq.  (3.2-72),  as 


mVc2  dg„fl(R) 
2  2  dn 

b  Y 


da  A  (P •  E . )  m2e2tii  _  -  2 

-“fe —  -  V  Ivs-  ‘I  (3-2-90> 

e  irt  b  C 


To  obtain  the  physically  observed  photoelectric  cross  section  in  terms  of  the 
matrix  element  we  must  now  average  Eq.  (3.2-90)  over  initial  states  and 
sum  it  over  final  states.  We  can  explicitly  perform  the  sum  over  the  two 
independent  polarization  directions  as  in  Eq.  (3.2-73)  (but  without  the 
factor  1/2  since  we  now  want  a  sum,  not  an  average).  We  obtain  the  result 


222  2  2  .3 

1 V  ±dEL  .  V  V  IF  | 

2  2  do  ,  3  1  oS1 

*  v  2<r*  cgj.  a(l)  8(jl) 


2  ,  2„ 
sin  ° 


(3.2-91) 


(The  prime  on  the  i  has  been  dropped,  since  we  have  now  explicitly 
included  the  sum  over  polarization  directions.) 

For  a  fixed  direction  r  -  ,  this  result  can  be  immediately  integrated 

a5 

over  all  photon  propagation  directions  E  (viz.  ,  =>)  by  use  of 
J  sin  2-^  d°  =  8tt/3  .  Calling  J  dft^  =  -r^  ,  and  setting  g^,  *  2gj 

to  account  explicitly  for  the  sum  over  initial  electron  spins  (j  now  refers  to 


liy 


the  degenerate  states  of  the  ion  only),  we  obtain 


aR 


2  3.3  v-,  ^ 

3»=3vt  S ' 
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(3.2-92) 


for  the  recombination  cross  section. 

For  the  photoelectric  cross  section,  this  yields  by  use  of  Eq.  (3.2-89)  , 
the  result 


„(P.E.)  -  3I-VW-  Z  £  l?aB|2  <3-2-93) 

3*  cgi  a(i)  6(1) 

Analogous  to  the  electron-spin-weight  case,  we  must  set  gt  = 
since  we  are  explicitly  accounting  for  the  two  polarization  directions  as  is 
customarily  done;  g^  is  then,  as  stated  previously,  the  weight  of  the 
atomic  bound  state.  It  is  now  evident  that  !^g|  cannot  actually  depend 
on  the  direction  of  the  photoejected  electron. 

In  the  recombination  process,  the  direction  of  the  incoming  electron 
is,  for  the  differential  cross  section,  a  preferred  direction  as  is  the  direction 
of  the  outgoing  photon.  However,  once  one  integrates  over  all  outgoing 
photon  directions  to  obtain  the  total  cross  section,  and  sums  over  the  (degenerate) 
m-sublevels  of  the  electron  in  the  final  bound  state,  the  "preferred"  nature 
of  the  incoming  electron  direction  disappears.  This  is  so,  since  there  are 
no  longer  any  other  preferred  directions  to  relate  it  to,  and  a  change  in  the 


1J0 


incoming  electron  direction  would  merely  correspond  to  rotating  the  laboratory 
apparatus.  This  is  the  reason  one  can  take  as  the  wave  function  for  the 
total  cross  section  for  recombination,  a  free-electron  function  of  the  form 

Hr)  =  ^  (2 1  +  i)  l*8  R^W  Pj  (cos  fl)  , 

l  =  i 

even  though  this  form  implies  that  the  z-direction  coincides  with  the  beam 

direction.  Then  our  result  above,  based  on  detailed  balance,  Implies  that 

this  same  form  is  valid  for  the  photoelectric  process. 

Another  way  to  view  this  is  as  follows.  Let  us  pick  some  "absolute" 

coordinate  system  unconnected  with  the  atom  and  unconnected  with  the  photo- 

electron  direction,  p  .  Then  our  photoelectric  or  recombination  process 

© 

determines  4  vectors:  7  ,  P  ,  r  a  ,  and  a  ,  where  we  denote  by  a 

y  a 

the  atom  orientation,  and  where  a  and  P^  completely  determine  r  a  . 

0  rto 

2 

We  can  draw  a  diagram  as  shown  in  Fig.  3-3  .  Now  |r^|  cannot  depend 
on  the  absolute  orientation  of  any  of  these  vectors  (i.e.  their  orientation 
relative  to  the  arbitrary  system  we  have  chosen),  because  this  can  be  changed 
at  will  by  merely  rotating  the  axis.  Furthermore*  7  .  does  not  depend  on 
1c  at  all  (recall  that  the  use  of  7  „  means  that  we  are  taking  the  dipole 

V 

approximation)  so  that  the  angle  between  Pe  and  r^q  does  not  depend 

cn  ,  either,  nor  on  the  coordinate  system  chosen.  It  is  fixed  once  and 

for  all  by  the  magnitude  of  p  and  the  nature  of  the  interaction  between  the 

© 

electron  and  the  ion.  Because  of  this  fixed  relationship  between  p  and 

© 


121 


r  „  one  can  obtain  the  correct  total  cross  section  from  Eq.  (3.2-73)  by 

or  H 

replacing  do  by  do-  ,  the  element  of  solid  angle  about  f  _  and 

©  T  rf  0 

Integrating  over  9  (which  is  the  angle  between  and  r^g). 

Once  the  Integration  is  carried  out  over  all  angles  n  the  result  is  equivalent 

to  having  Integrated  over  Pi  (the  angle  between  Jc  and  p  )  in  spite  of 

V  © 

the  fact  that  the  differential  cross  section  expressed  in  terms  of  p  is 
not  the  physically  appropriate  one. 

In  order  to  obtain  the  differential  cross  section  accurately,  considerable 
pains  must  be  taken  in  the  specification  of  the  final  state  wave  function. 

This  is  not  a  trivial  problem  and  we  do  not  wish  to  discuss  it  here,  since 
our  only  Interest  is  in  the  total  cross  section.  For  a  discussion  of  this  problem, 
and  references  to  the  literature,  see  Schiff  (1955)  Sec.  37  and  Bethe  and 
Salpeter  (1957)  Secs.  69,  and  70.  Bethe  and  Salpeter  also  give  a  discussion 
of  the  angular  distribution  of  photoejected  electrons  in  Section  72. 

The  quantity  r  in  the  present  case,  wherein  cue  of  the  states 

n  H 

or ,  <9  is  asymptotically  a  plane  wave,  viz.,  asymptotically  the  momentum 
has  a  definite  direction,  is  an  essentially  different  quantity  than  in  the  case 
of  two  bound  states.  In  the  case  of  two  bound  states,  we  could  consider 
r  .  connected  in  a  one-to-one  correspondence  with  the  orientation  of  the 
atom  (viz. ,  a  system  of  coordinates  fixed  in  the  atom  in  some  prescribed 
fashion).  In  the  present  case,  however,  the  free  wave  function  makes  r^g 
depend  on  a  quantity — the  free  electron  momentum  direction — which  is 
disconnected  from  the  atom,  and  which  asymptotically  has  a  definite  directional 
dependence. 
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(If  we  were  considering  an  angular  momentum  eigenstate  for  the  free  electron, 
the  situation  would  remain  analogous  to  the  bound  case.  But  we  would  then 
pass  directly  to  a  total  cross  section  rather  than  through  the  intermediary  of 
a  differential  cross  section  as  in  the  present  case.  We  will  take  this 
situation  up  presently.) 

Thus,  we  cannot  now  strictly  average  over  orientations  of  the  atom, 

or  employ  the  integral  over  the  three  spherical  harmonics  inside  the  matrix 

element  integration  in  just  the  same  way  as  we  did  in  Eqs.  (3. 2-22)to  (3.2-30). 

However,  the  angle  between  r  „  and  It  as  we  have  seen  is  in  a  one-to- 

nc 1  y 

one  correspondence  with  the  angle  between  the  free  electron  momentum  P 

da  p  e 

and  the  photon  vector  It  .  Therefore,  we  can  also  average  as 

given  in  Eq.  (3.2-73)  over  the  angle  o  between  r  .  and  k  ,  in 

no  y 

analogy  to  the  "average  over  atom  orientations"  carried  out  in  the  discrete 

transition  case.  The  resulting  average  differential  cross  section  is  then 

da  , 

independent  of  £  as  well  as  0  and  equals  averaged  over 

outgoing  momentum  directions.  Although  this  isotropic  average  is  no  longer 

of  any  value  as  a  differential  cross  section,  the  total  cross  section  follows 

★ 

from  it  by  simply  multiplying  by  4-r.  The  result,  of  course,  is  the  same 

as  the  results  obtained  by  the  other  methods  described  above.  We  append 

one  further  observation  to  this  discussion. 

In  a  plane  wave  approximation  for  the  final  state  (which  is  not  very 

accurate  at  low  energies)  the  angle  between  r^0  and  E  is  equal  to  the 

angle  between  p  and  1c  .  We  can  see  this  as  follows.  If  either 
e  y 

★ 

This  was  the  procedure  followed  by  Armstrong,  Holland  and  Meyerott  (1958). 
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state  a  or  0  in  Eq.  (3.2-10.  „  a  plane  wave  (momentum  eigenfunction)  the 
momentum  operator  eigenvalue  can  be  taken  from  under  the  Integral  sign. 

If  a  >  say,  It  the  state  to  be  approximated  by  a  plane  wave,  we  can  write 
Eq.  (3.2-10)  as 

K  ‘  {  "“V7 /  *B  'a  dv  )  ?,3 

Since  the  quantities  In  the  brackets  are  scalars,  this  result  shows  that  the 

momentum  vector  p  In  the  final  state  lies  In  the  same  direction  as  r  _  . 

oi  an 

Hence  the  angle  6  In  Eq.  (3.2-73)  is  approximately  equal  to  the  angle 

between  the  momentum  vector  of  the  ejected  photoelectron  and  the  photon 

propagation  vector  £  .  Also,  in  this  approximation,  It  is  clear  that 

Ir  .1  ot  K  does  not  depend  on  the  direction  of  P  . 
op  a  a 

The  result  we  have  obtained  so  far  (Eq.  3.2-93)  for  the  total  photo¬ 
electric  cross  section  Is  valid  for  a  linear- momentum-eigenfunction  final 
state  (viz. ,  a  final  state  which  Is  asymptotically  a  linear  momentum  eigen¬ 
function).  Since  this  is  not  the  most  generally  useful  form,  we  will 
illustrate  the  passage  from  the  linear  momentum  form  to  a  form  with  angular 
momentum  eigenfunctions  in  the  final  state. 

The  general  solution  for  a  positive-energy  electron  in  any  central 
potential  that  has  the  proper  asymptotic  behavior  appropriate  to  .he  definition 
of  the  differential  cross  section  can  be  written  (Mott  and  Massey,  1949,  p.  46) 


nh 


as 
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u(r,  o  ,fp)  =  /^(24  +  Dl/2  i^e  *  R^fr)  Y^fo.®)  (3.2-94) 

L  1  _  A 
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This  Is  an  expansion  in  angular  momentum  eigenfunctions  of  a  wave  which 
asymptotically  has  a  definite  direction.  In  the  case  of  a  Coulomb  potential 
,  the  phase  shift  *^(Coul.)  is  given  by 

(Coul.)  =  arg  T  0  +  1  +  i  zA)  , 

(r)  is  the  radial  wave  function  computed  in  the  appropriate  potential 
and  has  the  asymptotic  behavior 

sin  (kr  -  rri/2  -  *  ) 

Rj^r)  ~ ^ - *■-  (3.2-95) 


For  phase  shifts  =  0  this  becomes  a  plane  wave  in  the  z-direction 
normalized  to  a  volume  ,  and  Rg^(r)  becomes  1/2^*“)  * 
distorting  effects  of  a  non-vanishing  potential  enter  asymptotically  through 
the  phase  shifts  *.  .  For  the  above  wave  function  u(r,5,v')  ,  Eq.  (3,2-93) 
for  the  photoelectric  cross  section  becomes 


-i(p.e.)  =  2m^v  y* 
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(3.2-96) 
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We  hove  dropped  the  final  state  summation  over  0  Indicated  previously 
as  thu  finai  state  represented  by  u(r,f})  has  no  further  degenerate  sub-levels. 
We  can  carry  out  the  angular  integrations  required  in  £q.  (3.2-96) 

by  means  of  our  previous  Eqs.  (3.2-36).  If  we  set  f.  =  /.  ,  then  non- 

a 

vanishing  terms  occur  only  for  l  =  i  +  l  .  Eq.  (3.2-96)  becomes 
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We  now  note  that  in  the  sum  over  m  only  one  component  contributes  for 

a 

a  given  projection  quantum  number  of  the  free  electron  in  the  final  state. 

Since  we  have  taken  the  free  electron  m-value  to  be  zero,  the  particular 

value  of  m  selected  out  is  determined  by  m  ■  0  -  m„  where  m,  is 
a  a  2  2 

0  or  +  1  .  For  reasons  to  be  discussed  later,  we  do  not  ascribe  this 

numerical  value  to  ma  ,  but  we  designate  the  one  ma  value  which  yields 

a  non-vanishing  term  in  the  sum  over  ma  as  ma,  ma',  or  n^"  ,  depending 

on  »  and  drop  the  ^  .  If  one  now  expands  the  brackets  in  this 

expression,  some  of  the  terms  cancel.  One  then  obtains  by  collecting  the 


remaining  terms  the  result 
2  2 

.  zrr 
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The  orthogonality  relation  (Rose,  1957,  Eq.  3.7) 


Cfj  COjjjj'im, m-m^m)  = 

m. 


along  with  the  relation  (Rose,  1957, Eq.  3.) fib) 


h+J2'J3 

C(j  2) 3' 1  ^ 2 3 )  —  1)  CG^jm^nij) 


can  be  employed  to  simplify  this  complicated  expression.  The  transposition 
of  the  first  two  indices  along  with  the  second  of  the  two  C-equations  above 
shows  that  the  first  two  terms  in  square  brackets  are  again  orthonormal  sums 
over  the  first  m-index  (cf.  Eq. (3, 2-3 8)) and,  hence,  equal  unity.  The  third 
expression  in  square  brackets  corresponds  to  the  orthonormality  relation 
above  for  j  /  j*  and,  hence,  vanishes.  Since  gj  s  Zj+l,  we  obtain  from 
Eg.  (3.2-98)  , 
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(3.2-99) 


This  agrees  with  the  result  first  given  in  this  form  by  Bates  (1946),  when 

2 

account  is  taken  (cf.  Eq.(3 . 2-3 1))  of  the  values  of  the  C  -factors,  and  the 
Monthly  Notices  Roy.  Astro.  Soc.  106,  432  (1946). 
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energy  quantum  numbers  which  we  have  suppressed  in  our  definition  of 
w  •  Because  of  our  transposition  of  the  first  and  second  projection 
quantum  numbers  in  the  C-cocfficients  in  the  square  brackets  of  Eq.(3.2-98)  , 
the  foregoing  derivation  does  not  actually  depend  on  the  m-value  of  the  free 
electron  which  we  took  to  be  zero  (the  derivation  would  have  been  a  little 
simpler  had  we  allowed  it  to  so  depend).  Because  of  this,  our  result  is 
independent  of  which  direction  we  choose  as  our  z-axis  which  is  the  Implied 
momentum  direction  for  the  wave  function  of  Eq.  (3,2-94)  .  We  will  not 
demonstrate  this  in  the  detail  of  the  preceding  derivation,  but  by  noting 
the  following  situation.  Our  result,  Eq.  (3.2-99)  shows  that  we  could 
have  taken  the  t-sum  in  Eq.  (3.2-96)  out  of  the  absolute  value-squared 
brackets,  as  all  the  cross  terms  vanish.  The  reason  must  lie  In  the  fact 
that  Eq.  (3.2-94)  represents  a  superposition  of  degenerate  -t-sublevels , 
and  we  could  have  considered  transitions  into  them  individually  and  summed 
the  resulting  individual  transition  probabilities  in  the  usual  fashion  after 
the  rule  of  "averaging  over  initial  states  and  summing  over  final  states". 

Had  we  done  this,  we  would  not  have  had  to  examine  the  cross  terms  at  all. 
Now  from  the  spherical  harmonics  addition  theorem  (Rose,  1957,  Eq.  4.27) 
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we  can  de-couple  the  electron  coordinate  vector  direction  ,  Cf>  and 

e  e 

the  z-axis  {or  momentum)  direction  0p  ,  cpp  .  To  consider  a  transition  into 
a  single  t,m  sublevel  we  would  use  one  term  of 


00 

u(r,0,cp)  *  —3^2  /3r?(2't+l) 

L  t  =  o 
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i  e  R^fr)  * 


(^r  2 

'  '  M 


WW  Ym11, 


•v} 


0. 


in  the  formula  for  the  cross  section.  Summing  over  all  these  sublevels  as 
final  degenerate  states,  we  would  have 


<4n  R l  C2<i,  1,4-1;000) 

V  -ilL- 
2-r  2t-l 

^-l.M^p'^pj 

M 

1  J 

+  4n  rJ+1  c  C2(4,l,t+1;000) 
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since  the  formulas  are  just  the  same  as  we  used  before  except  for  the  added 
*  {  An  \l/Z 

factor  (0p.4>p)  I  and  the  non-zero  value  of  M  .  If  we 

now  make  use  of  the  formula  (Bethe  and  Saipeter,  1957,  Eq.  A.  42) 
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the  equation  above  reduces  back  to  the  result  Eq.  (3.2-99)  ,  end  we  see 

explicitly  that  our  result  is  independent  of  the  direction  that  the  wave 

function  £q.  (3.2-94)  implies  for  the  asymptotic  momentum  direction.  If 

this  were  not  so,  we  would,  of  course,  be  in  trouble,  for  we  have  already 

integrated  over  the  outgoing  momentum  directions  !  The  foregoing  consider;  tlons, 

however,  afford  an  explicit  substantiation  of  our  statement,  made  previously 

(see  Fig.  3-3  ,  e.g.)  that  |  r ^3 1  is  independent  of  the  direction  of 

♦ 

the  electron  momentum  .  \ 


Ifital  PfrOtoglecttlc  Cross  Section  —  Angular  Momentum  Final  Eigenstate 

It  is  interesting  now  to  back  up  and  rederive  the  photoelectric  cross 
section  making  direct  use  of  an  angular  momentum  eigenfunction  for  the  free 
electron  state,  and  of  spherical-box  normalization  for  the  radial  function. 


The  wave  function  for  a  free  particle  with  a  specific  angular  momentum  l 
and  confined  to  a  sphere  of  radius  R  is**(Goldberger  end  Watson,  1964, 

pp.  18-20) 


kek  Kt)  W6'^ 


(3.2-103) 


when  8  designates  the  asymptotic  linear  momentum  eigenstate,  not 
one  of  the  sublevels  M  defined  above.  When  these  are  considered, 
they  must  be  summed  over  as  above  to  get  all  the  components  of  x  a  , 
•  ©tc.  t  in  the  "rotated*1  coordinate  system, 

,  2 

The  normalization  factor  (4)  k  can  be  obtained  from  the  properties 
of  the  spherical  Bessel  functions  Is  given,  e.g.,  by  Schiff,  1955,  or 
more  simply,  from  the  asymptotic  sinusoidal  form  of  j^(kr)  . 


The  spherical  Bessel  functions  have  the  asymptotic  behavior 
J4(kr)  ~  m-L\; ln/2) 

If  u  short-range  potential  exists  near  the  origin,  the  radial  wave  function 
has  the  asymptotic  form  above  except  that  the  phase  shift  is  no  longer  ln/2  . 
In  general,  we  can  write  the  asymptotic  form  of  the  radial  wave  function  as 
in  Eq.  (3.2-95)  ,  recalling  that  in  the  case  of  a  Coulomb  potential  contribu¬ 
tion,  the  phase  shift  6^  will  be  a  slowly  varying  function  of  r  . 

For  spherical-box  normalization,  we  want  the  wave  function  to  vanish 
at  the  radius  R  .  In  order  for  this  to  occur,  we  must  have 


keR  -  ~t/2  -  <5^  =  nrr  , 


(3.2-104) 


in  view  of  the  asymptotic  behavior,  Eq.  (3.2-95)  ,  of  the  radial  wave  function  . 

Differentiating  this  relation  with  respect  to  n  we  find  (denoting  the  value 

of  k  which  satisfies  (3.2-104)  as  k  ) 

©  n 


or,  since 


we  can  write  this  as 


la 

d£n 


(3.2-105) 


(3.2-106) 
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this  gives  us  the  number  density  of  radial  eigenstates  over  the  wave-number 
range  dkn  or  the  energy  range  dEn  .  The  sum  over  states  in  the  present 

00  00  KI-+1 

case  can  be  indicated  by  V  ^  .  The  asymptotic  form  of  the 

n  ■  0  **  0  mm  -i> 

radial  wave  function  Eq.  (3.2-95)  can  now  be  used  along  with  Eq.  (3.2-103) 
(which  provides  the  normalization)  to  obtain  the  result 
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(3.2-107) 


which  is  Independent  of  R  ,  Just  as  the  corresponding  quantity  is  Independent 
of  L3  in  the  rectangular-box  normalization.  For  this  reason,  we  can  assume 
that  the  limit  R  -  •  will  ultimately  be  taken  so  that  the  index  n  on  k# 
and  E  need  not  be  explicitly  acknowledged.  The  matrix  element  for 
photoelectric  absorption  is  again  as  given  by  Eq.  (3.2-66) ,  and  as  usual 
we  convert  from  jplag  to  |rag|  by  means  of  Eq.  (3.2-10).  For 
simplicity  we  take  n^  in  the  matrix  element  equal  to  1  ,  which  implies 
that  the  cross  section  is  given  by  (cf.  Eq.(3.2-71)) 


aae 


(3.2-108) 


where  V  is  the  photon  normalization  volume .  Combining  Eqs.  (3.2-1), 
(3.2-10),  (3.2-106),  and  (3. 2  - 108}),  we  obtain 
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(3.2-109) 
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In  this  result,  the  matrix  element  rftg  Is  defined  as 


aB  '  j  ^  d3  7 


Using  Eq.  (3.2-103)  we  see  that  this  is  approximately  equal  to 


'ag  IR 


er)  Vm**  r  *rrtm  d  r  * 


(3.2-110) 


Since  J £  (kerj  has  the  asymptotic  behavior  «  we  ctn  use 

this  result  to  pass  to  other  equations  for  7  involving  different  asymptotic 
normalisation  conventions.  For  example,  we  would  have 
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(3.2-111) 


where 


f — TZ — >  /sln  *  r\ 

^  \~n  w 


and  if  we  insert  Eq.  (3.2-111)  into  Eq.  (3.2-109)  we  obtain 


(3.2-112) 
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(3.2-113) 


This  is  the  formula  given  bv  a*th*  c. _ 

_  . . — (i*S/{  m  their  Eq.  71.  U 

he  normalization  of  „„  ttaa  n.e„  c„OSe„  so  J  2  .  ^ 
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%  Eq‘  (3‘2'n3>  can  also  be  written  as 
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(3.2-114) 


in  agreement  wan  Eg.  ,  of  But,.*.  a„d  Seato„  {I960) 

Let  us  now  define  a  matrix  element  ?  bv  . 

nf-m  by  tt}e  relation 

~Wm'  f  r  ,* 
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(3.2-115) 


ere  R£4‘^  is  normalized  according  to  Eq.  (3.2-95) 
this  form  with  Eq.  (3.2-110),  lt  is  c 

be  written  as 


By  compering 
«sy  to  see  that  Eq.  (3.2-109)  can  now 
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It  is  fair  to  do  this  now  t»  tn«  j. 

eigenfunctions.  '  h  discrete  case,  because  of  oir  choice  of 
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where  the  factor  1/3  appears  again  if  we  average  over  atom  orientations , 
end  where  k  has  been  replaced  according  to  k  *  mv/ft  .  If  we  now 

9  “ 

insert  the  explicit  sum  and  average  over  final  and  Initial  states, 
we  obtain  from  Cq.  (3.2-116) 
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Using  the  relation  (Bethe  and  Salpeter,  1957,  Eqs.  60. 12  and  60. 13) 
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(3.2-118) 


and  noting  that  the  sum  over  m  yields  simply  a  factor  24+1  after 
carrying  out  the  sum  over  m'  above,  we  obtain 
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in  agreement  with  Eq.  (3.2-99)  .  Note  that  in  obtaining  this  result  using 
an  angular  momentum  final  state  function  we  did  not  need  to  pass  through  the 
intermediate  step  of  computing  a  differential  cross  section.  The  specification 
of  the  final  state  as  an  angular  momentum  eigenstate  allows  us  to  proceed 
directly  to  a  total  absorption  cross  section. 


*  The  energy  quantum  numbers  suppressed  in  Eq.  (3.2-99)  have  been 
restored  to  the  R- factors  here. 
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Normalisation  of  Free-elactron  Radial  Wave  Functions 


Since  the  traneltlon  probability  depends  on  the  square  of  the  final 
state  wave  function  multiplied  by  the  density  of  final  states  ,  we  oan 

inquire  as  to  what  normalisation  of  the  radial  wave  function  will  permit  us  to 
set  s  1  •  In  the  case  of  angular  momentum  final  eigenstates,  since 

the  angular  states  are  discrete  they  do  not  contribute  to  dn/dE.  Therefore, 
we  need  only  to  incorporate  the  factor  into  (r)  is  the  radial 

eigenfunction*.  From  Eq.  (3.2-107)  we  see  that  the  radial  eigenfunction 
normalised  in  this  fashion  will  have  the  asymptotic  form 


sin  (kr  +  6^) 

~7& 


(3. 


One  further  question  is  of  interest:  the  above  normalisation  permits  us  to 
take  a  unit  density  of  final  states,  but  what  does  it  yield  for  the  quadratic 
integral  of  the  wave  function  Itself  7  In  other  words,  what  is  the  relation¬ 
ship  of  the  asymptotic  normalisation  of  the  free-state  wave  function,  and 
the  square  Integral  normalisation  of  the  same  function  7  To  obtain  this 
relationship,  we  can  compute  the  value  of  the  integral 

/[(sf «,,» 
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For  the  free-state  eigenfunction  of  Eq.  (3.2-103)  this  is  just 
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In  order  to  do  this,  we  consider  the  radial  Schrddlnoer  equation  obeyed  by 


(3.2-121) 


This  equation  is 
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(3.2-122) 


If  we  consider  this  equation  for  two  values  of  E  ,  E  and  E'  ,  say, 
multiply  it  in  each  case  by  the  function  belonging  to  the  other  eigenvalue, 
integrate  both  resulting  equations  from  2ero  to  R  and  subtract  them,  we 


obtain 


R  r  1  r 

j dr  f  D2f '  -  f ' D2f  +  (k‘2  -  k2)  jif'  dr  =  0 

o  L 

The  terms  in  V(r)  and  t  cancel,  and  we  have  set  f(E,-t;r)  s  f  , 
f(E',t;r)  f '  ,  and  -4~  =  D  .  If  we  integrate  by  parts  twice,  we  can 


(3.2-123) 


show  that 
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With  this  result,  we  obtain  from  Eq.  (3.2-123)  the  result 


A 


Now  the  6 -function  can  be  represented  by  (Schiff,  1955) 


tt6  (k)  -  Lim  SiiL!&. 
R  -  °  K 


With  this  representation,  we  obtain  from  Eq.  (3.2-129), 


(3.2-130) 


(3,9-131) 


since  the  first  term  in  Eq.  (3.2-129)  does  not  contribute  if  we  limit  ourselves 
to  k,  k'  >  0  .  Since  6 (k  —  k. *)  =  2k  6(k2  -  (k1)2)  this  result  can  also 
be  written  as 


I(E,  E‘)  6(k2  -  (k*)2) 


(3.2-132) 


or,  since 


6(k2)  =  5(E)  =  5(E) 
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we  can  finally  write  our  result  as 


(d) 

\W  ' 


(3.2-133) 


•/[* 


1/2 


!(£,£  )  I  REilir) 


•i*r  -I 

1  RE.tW  r2dr  =  5(e-E' 


E-E') 

(3.2-134) 


The  asymptotic  behavior  of  the  wave  function  so  normalized  is  given  by  Eq. 
(3.2-119). 
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Therefore,  as  stated  previously,  with  the  use  of  a  wave  function  having  this 
asymptotic  form  we  can  set  ^  *=  1  in  the  equation  for  the  transition 
probability  (£q.(3.2-l)}  ,  as  the  final  state  density  will  have  been  included 
in  the  matrix  element.  We  can  now  correlate  our  results  with  a  formula 
given  by  Bethe  and  Salpeter  (1957).  The  matrix  element  for  photoelectric 
absorption,  Eq.  (3.2-66)  can  be  written  as 
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where 
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and  the  subscript  e  has  been  used  to  denote  the  polarization  direction. 

If  now,  we  agree  to  normalize  the  radial  factor  of  (r )  according  to 
Eq.  (3.2-119)  and  consider  light  of  a  particular  polarization  only,  the  formula 
for  the  photoelectric  cross  section  becomes 


_  2ttV 
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Inserting  Eq.  (3.2-135)  into  Eq.  (3.2-137)  yields  the  result 
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for  a  transition  between  particular  angular  momentum  sublevels  and 

m't'  .  Eq.  (3.2-138)  is  the  result  given  by  Bethe  and  Salpeter  (1957)  in 
their  £q.  69.2. 
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3.2.3  Reduction  of  the  angular  dependence  of  many- electron  matrix 
elements  to  analytic  formulas* 

Before  we  can  apply  the  preceding  formulas  to  real  physical 
problems  in  genera),  we  must  account,  In  some  approximate  fashion,  for  the 
possession  of  more  than  one  electron  per  atom.  In  so  doing,  we  must  indioate 
how  to  average  end  sum  degenerate  many-electron  transition  probabilities  over 
t.he  appropriate  Initial  and  final  states.  For  angular  momentum  eigenstates, 
this  sum  and  average  is  dependent  on  the  angular  quantum  numbers  which 
uniquely  specify  the  angular  wave  functions  that  appear  In  the  matrix  element. 

For  practical  problems  it  is  usually  necessary  to  approximate  "true"  atomic 
wave  functions  by  separable  product  wave  functions  wherein  the  coordinates 
of  a  given  electron  appear  in  only  one  factor  of  the  product.  We  will  follow 
this  procedure,  and,  In  addition,  will  neglect  configuration  interaction. 

For  a  discussion  of  this  topic,  the  reader  may  consult  Hartree  (1957),  pp.  17 
and  159. 

Our  formulas,  therefore,  are  applicable  to  Hartree-Fock  wave  functions, 
for  example,  or  hydrogenic  product  wave  functions,  but  are  not  appropriate 
for  nonseparable  wave  functions  such  as  the  Hylleraas  variational  functions 
often  used  for  helium.  In  the  separable  approximation  to  bound-state  wave 
functions ,  the  angular  dependence  reduces  to  known  spherical  harmonics  so 
that  all  the  angular  integrations  involved  in  the  matrix  elements  with  which 
we  are  concerned  can  be  performed  (Gaunt,  1928).  This  is  by  no  means  a 
trivial  task,  especially  for  equivalent  electrons,  so  we  will  not  go  through 
all  the  details.  Rather,  we  confine  ourselves  to  Indicating  the  procedures  and 
giving  some  results.  By  the  method  i  of  Racah  algebra  (Racah,  1942,  1943,  1949) 
developed  In  the  early  1940's  some  time  after  the  initial  development  period 
of  quantum  mechanics,  end  by  subsequent  developments  thereof  (e.g.,  Kelly, 
1959;  Rohrllch,  1959),  these  angular  Integrations  can  be  reduced  to  analytic 
-  12*3 

*  The  author  is  Indebted  to  Or.  P.  S.  Kelly  for  assistance  In  the  writing  of 
this  section. 


formulas  involving  functions  of  the  angular  momentum  quantum  numbers. 
The  earlier  methods  of  Condon  and  Shortly  (1935)  can  also  be  used  for  this 
purpose,  but  are  more  tedious. 

We  begin  this  procedure  with  the  total  cross  section  for  absorption 
as  given  by  Eq.  (3. 3- 7b)  which  we  can  now  write  formally  as 


c(ju)  - 


4n2e2w 
3*i  c: 


(3.2-139) 


to  indicate  the  required  summation  over  final  states  and  average  over  initial 
states. 

The  number  ot  degenerate  initial  states,  or  the  statistical  weight, 
of  the  initial  level  or  term  is  designated  gA  and  is  equal  to  2J  +  1  for 
an  a  mic  level  or  (2L  +  1)  (2S  +  1)  for  a  term  (see  below).  Referring  to 
Eq.  (3.2-139j,it  is  convenient  to  define  and  consider  the  quantity 
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2 


(3.2-140) 


as  this  quantity  is  symmetric  in  the  initial  and  final  states  and  more  or  less 
independent  of  the  remaining  factors  in  the  formula  for  the  cross  section  a  . 
We  follow  the  usual  notation  and  employ  capital  letters  J  ,  L  ,  and  S 
for  the  total  angular  momentum,  total  orbital  angular  momentum,  and  total 
spin  quantum  numbers,  respectively.  For  the  total  magnetic  quantum  numbers, 
or  z-components  of  J  ,  L  ,  and  S  ,  we  employ  Mj  ,  ,  and  Mg  , 


respectively.  The  corresponding  lower  case  letters  are  employed  for  the 
individual  electron  quantum  numbers.  (For  the  details  of  spectroscopic 
notation  the  reader  is  referred  to  Allen.  1963,  Chapt.  4.)  The  basic 
degeneracy  of  an  atomic  state  when  there  are  no  external  fields  present  (as 
in  the  cases  we  art  considering)  is  the  degeneracy  of  the  2J  +  1  sublevels, 
or  states,  pertaining  to  the  possible  values  of  Mj  .  We  will  limit  ourselves 
to  LS  coupling  (Condon  and  Shortley,  193 5)  which  is  usually  sufficient 
for  light  atoms. 

With  these  limitations  in  mind,  the  angular  integrations  and  sums 
indicated  in  Eq.  (3.2-139  can  be  carried  out.  This  analysis  has  been  performed 
explicitly  by  Rohrlich  (1959)  for  all  cases  of  astrophyslcal  interest.  These 
cases  fall  into  four  categories 


(a)  •  t" 

(b)  ln  ~  ln~l  f  (3.2-141) 

(c)  ln  •  —  ln~l  (l')2 

(d)  tn  f  •  l"  -  in  ft')2 


where  n  ,  or  the  numerical  superscript,  indicates  the  number  of  electrons 
having  the  t-value  to  which  the  superscript  is  attached.  The  first  two 
categories  normally  dominate  problems  of  practical  interest  involving  large 
numbers  of  transitions.  As  examples  of  these  four  categories  of  interest  as 
applied  to  heated-air  problems,  we  cite  the  configurational  transitions: 


(a)  (1»)2  (2*) 2  2p  —  (la)2  (2»)2  3s  (NIII,  OIV) 

l  -  0,  r  -  1,  **-  0,  n-  2 

(b)  (Is)2  (2s)2  (2p)4  —  (la)2  (2s)2  (2p)3  3d  (OI) 

i  -  1,  **  «  2,  n  *  4 

(c)  (la)2  (2s)2  (2p)3  -  (la)2  2a  (2p)4  (Oil,  NI) 

t  ■  1,4' *0,  n  *  4 

(d)  (la)2  (2s)  (2p)  —  (la)2  (2p)2  (OV,  NIV) 

l  «  0,  V  •  1,  V  •  0,  n  -  2 

2  2 

It  is  important  to  note  that  in  case  (a)  there  is  a  well-aeflned  core  (Is  2s  ) 
to  which  the  outer  electron  (2p  or  3s)  couples.  Thus,  the  coupling  of  the 
core  electrons  to  each  other  must  be  specified  in  addition  to  the  final  total 
coupling  of  the  outer  electron  to  this  core.  In  the  other  cases,  various 
par^n.  couplings  occur  so  that  one  has,  effectively,  an  outer  electron  coupling 
to  a  linear  combination  of  cores.  Let  us  take  the  specific  example  under 
case  (a) 


(Is)2  (2s)2  *S  2p  2P  —  (Is)2  (2s)2  *S  3s  2S 

In  each  term  the  core  state  is  a  and  the  outer  (2p,  3s)  electron  couples 

2  2 

to  this  to  yield  a  P  ,  S  term  respectively.  As  another  example,  in 

A 

case  (b),  the  wave  function  of  the  (2p)  combination  can  be  expanded  in 
a  fractional  parentage  coefficient  expansion  (Racah,  1943)  as  (for  the 

llit 

*  , 

The  fractional  parentage  coefficients  can  be  derived  from  Eqs.  19  and  65 
of  Racah  (1943),  using  the  p3  fractional  parentage  coefficients  given  in 
Table  1  of  that  paper. 


2  2  4  3 

specific  case  of  the  Is  2s  2p  P  ground  term  of  Ol): 


Is2  2s2  2p4  3P  «  Is2  2s2  2p3  4S  +  2D  -  2p|  P  3P  (3.2-142) 

We  will  use  the  subscript  p  as  in  1^  to  denote  that  the  quantum  number 
to  which  it  is  appended  belongs  to  a  parent  configuration  (a  core  is  also  a 
parent — with  a  fractional  parentage  coefficient  of  unity — so  the  same  designa¬ 
tion  will  be  used  for  this  case) .  For  the  formal  definition  of  the  fractional 
parentage  coefficients,  see  Eq.  (3.2-144). 

After  summation  over  all  magnetic  quantum  numbers  (viz. ,  all  strictly 
degenerate  sublevels)  the  line  strength  can  be  written  as  (Rohrlich,  1959; 

Bates  and  Damgaard,  1949): 

j.jC))  (3.2-143) 

where  symbolizes  the  triplet,  of  quantum  numbers 

belonging  to  state  i  ,  and  the  set  belonging  to  state  j  .  Ml 

and  designate  for  the  states  i  and  j  the  set  of  all  pertinent 

quantum  numbers  except  J  ,  e.g.,  for  case  (a), 

Mi  *  j-.t.l’.SpLp.LW.S,i)j 

Mi  *  ",SpLp,  ,S(j) 
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where  we  have  taken  the  left  hand  aide  of  Eq.  (3.2-141)  as  the  V 

state  and  the  right  hand  side  as  the  "J"  state.  The  remaining  factor, 
2 

■t4j  ,  is  defined  by 


(3.2-144) 


where  Rj(r)  and  R^(r)  are  the  radial  wave  functions  for  the  two  states 
1  and  J  ,  normalized  so  that 


J  R2(t)  r2dr  =  1  (3.2-145) 

o 

and  t>  is  the  greater  of  the  two  orbital  angular  momentum  values  which 
the  "Jumping",  or  "active",  electron  has  in  states  1  and  J 

Eq.  (3.2-143)  shows  that  the  line  strength  splits  into  two  factors, 
one  of  which  depends  on  the  line  quantum  numbers  (and  not  on  the  parent) 
and  the  other  depends  only  on  the  multiplet  to  which  the  line  belongs.  The 
definition  of  is  constructed  so  that  if  one  sums  it  over  all  the 

lines  of  a  multiplet,  the  result  is  unity: 

=  1  (3.2-146) 

i,J 


| 

1 

i 

i 


lJl3 


I  J 


Thus  &  is  called  th«  relative  line  strength.  The  strength  of  a 

multiplet  then  is  given  by 


all  lines  of  1  and 
for  a  given  multiplet 


-  * 

-  £ 


2 


-  &  a 


2 

U 


(3.2-147) 


2 

The  sum  indicated  in  Eg.  (3.2-147)  can  only  be  performed  if 
is  the  same  for  all  lines  in  a  multiplet.  This  implies  that  the  radial  wave 
functions  are  the  same  for  all  states  in  a  term.  While,  of  course,  this  is 
not  strictly  true,  it  is  a  satisfactory  practical  approximation  for  the  circum¬ 
stances  with  which  we  are  concerned. 

£0i^,ny  is  called  the  relative  multiplet  strength.  Rohrllch  (1959) 
gives  the  value  of  £(Ej,£j)  as 

-  (2J(i)+l)  (21^+1)  W2(L(i)J^L(J,I(j);  S1)/(2S+1)  (3.2-148) 

where  W(abcd;ef)  is  the  Racah  coefficient  (Racah  II,  1942,  Eq'n  36,  also 
Simon,  Vader  Sluls,  and  Bledenharn,  1954,  tables.  See  also  the  discussion 
following  Eq.  (3.2-171), 

We  have  set  *  S  since  here  we  are  interested  only  in 

transitions  which  obey  the  selection  rule  for  ordinary  electric  dipole  radiation 
that  the  spin  does  not  change. 


1 U9 


Condon  and  Shortley  give  the  line  strengths  S,(  in  terms  of  a  factor 

f(siWjW<SL0)j(f)  8UCh  that 

8^-  f(8LWJW,SLWJ°)j  y  WLW?P!y^L^|  2  (3.2-149) 

where  the  raduoad  matrix  elamant  *  (y^lS^  ’P'y^lPh  does  not  depend 
on  the  line  quantum  number  J  .  This  equation  factorizes  the  line 
strengths  into  line  and  multlplat  factors  as  does  Eq.  (3.2-143),  but  f  is 
not  normalized  to  unity  over  all  lines.  Since  Condon  and  Shortley  give  the 
values  of  the  sum  of  the  strengths  over  all  lines,  we  can  easily  relate  f 
to  our  JU^Xj).  The  sums  needed  are 

2 

L-»  L+  1  X*  SiJ  “  t2S+l)Is(41j>2-  1)|  (Y(i)L!PW(j)L+  Dl 

L-  L  ^  -  (2S+1)(2L+1)L(L+1)|  (^LIP'y^Ll  (3.2-150) 

2 

l  -  L- 1  -  (2S+ 1)  (4I*>2- 1)|  (yWL ?P:  y(j)L-  1)| 

where  the  symbol  1^  has  been  used  for  the  greater  of  and  . 


*  Y  represents  the  remaining  quantum  numbers,  of  the  complete  set  of 
commuting  observables,  which  do  not  need  to  be  considered  explicitly, 
but  which  exist  in  principle.  As  an  example,  the  energy  E  could 
belong  to  the  set  y  . 


i5o 


I 


Thus  we  see  that 


1  j  (2S+1)  1^.  (4Ii>Z-l) 


L  -»  L  +  1 


(3.2-151) 


The  relative  multiplet  strengths  at  this  point  would  be  given  by  Eq.  (3.  *-150) 
in  terms  of  the  reduced  matrix  elements*  (y^.L^:  P:y^,L^).  However, 
the  multiplet  strengths  can  be  reduced  further  and  cast  into  a  simpler  form 
and  we  shali  do  this  below.  We  note  here  that  by  comparing  Eqs.  (3. 2- 151) ,(3.2 
an  explicit  expression  for  f(SL^,J^;  SL^,J^)  can  be  obtained  for  the 
case  L  -  L+  1: 

f(SLW,JW;  SL(J),J(j))-  L>(41>2-1)  (2J(i)+l)  (21^+1)  x  W2(L(iJ  SI) 

(3.2-152) 


*  An  explicit  expression  for  the  reduced  matrix  elements 

can  be  obtained  from  the  preceding  formulas. 

We  have  not  done  this  herein  as  we  wish  to  avoid  explicit  use  of  this 

2 

quantity.  We  use  £(n^,lftj)  and  instead,  and  have  only  related 

Condon  and  Shortley's  f  to  so  that  the  reader  who  wishes 

to  can  use  their  tables  of  the  f-factors  (Table  19,  p.  241,  Condon  and 
Shortley,  1935). 


-148) 
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where  again  I>  is  the  greater  of  and  .  We  shall  not  concern 

ourselves  with  applying  Eqs.  (3.2-148)  (3.2-152)  to  spectrum  lines  since 
it  has  so  far  proved  impractical  to  incorporate  the  details  of  actual 
individual  lines  into  a  total  absorption  coefficient  calculation.  We  will 
assume  in  this  chapter  that  all  the  atomic  states  belonging  to  a  term  are 
degenerate  and  deal  with  entire  multiplets  (or  in  some  circumstances  even 
broader  groups  of  lines)  instead  of  the  individual  lines  themselves.  However, 
the  foregoing  formulas  for  the  relative  line  strengths  are  still  of  interest 
because  they  are  closely  related  to  the  formulas  for  the  relative  multipiet 
strengths.  In  fact  in  some  cases  the  formulas  are  the  same  and  one  needs 
only  to  interchange  the  set  of  quantum  numbers  to  obtain  a  multipiet  strength 
from  a  line  strength,  as  will  be  seen  below. 

Returning  now  to  case  (a)  (Eq.  3.2-148)  ,  the  formula  for 
is 

«£(tn ,.m,)  =  g(ini's  L  sL(l),tnrs  l  sL(j)) 

*  )  r  r  r  r* 

*  (2S+ 1)  (2L(i,+  l)  (21^+1)  (44>2-l)  (3.2-153) 

x  W2a,L(i,4,,L(J};  Lp  1) 

where  4>  is  the  greater  of  K '  and  l"  .  If  we  compare  this  equation 
to  Eq.  (3.2-148)  ,  we  see  that  the  correspondence  S  -  L  ,  -4*  , 

j(i)  _  ^Ci)  ,  -  t  "  ,  between  the  line  quantum  numbers 
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\ 


(given  to  the  left  of  the  arrow^  and  the  multlplet  quantum  numbers  (given 
to  the  right  of  the  arrows) carries  the  formula  for  into  the  formula 

for  except  for  factors  which  are  constant  within  a  transition 

array.  These  latter  factors  (4', 4",  ai,d  S)  do  not  affect  the  relative 
multiplet  strengths  within  a  transition  array  so  that  the  relative  multlplet 
strengths  can  be  obtained  from  the  relative  line  strengths  by  the  above 
correspondence.  In  terms  of  the  Condon  and  Shortley  f-factors,  Eq.  (3.2-153) 
becomes 


ifoymj)  «  (2S+ 1)  f(Lp4*L(i);  Lp4"L(j)) 


(3.2-154) 


The  reason  that  the  f-function  of  Condon  and  Shortley  yields  both 
and  the  case  (a)  «£lir..,!Tlj)  values  is  that  in  both  cases  one 

seeks  to  reduce  the  matrix  element  of  an  operator  that  depends  on  only  one 
of  two  coupled  angular  momenta .  In  determining  ^(X^Xj)  one  has  S 
and  coupled  to  (as  well  as  S  and  coupled  to  J^) 


with  the  matrix  element  of  the  dipole  interaction  operator  being  independent 
of  spin  coordinates.  Thus,  the  matrix  element  is  reducible  to  a  function 
of  and  alone.  In  the  case  of  ,  Lp  and  4* 

are  coupled  to  (and  Lp  and  4"  are  coupled  to  l/^).  The 

matrix  element  in  this  case  can  be  reduced  to  a  function  of  4*  and  4" 
alone  since  only  this  element  is  non-vanishing.  The  situation  is  covered 
by  Eq.  44  given  by  Racah  (1942b).  Upon  inserting  the  appropriate  quantum 
numbers  LSJ  or  LpiL  ,  and  summing  over  magnetic  quantum  numbers. 


i 


It  is  possible  to  form  two  functions  which  in  combination  yield  the 
product  Cjj  for  case  (a).  The  functions  are 

|<J(i)|  Pj  IJ^I  ■  (2JW+1)  (21^+ 1)  W2(L(l)J(i)L(j)J(l);Sl) 

x  |<L(1,|  |  P1|  |  L0,>|  2 

and 

l<L^||P1||l/,,>|2«  (2L(i,+  l)  (2L^+1)  W2(t‘L^"L^;Lpl) 


*><4*>2-l)  x  o2 

Going  back  to  Eq.  (3.2-139)  now,  bearing  in  mind  Eqs.  (3.2-143)  , 
(3.2-144)  ,  and  (3.2-147)  ,  we  obtain  for  the  cross  section  for  absorption 

'W  ■  ^  ^  (J.2-155) 

Many  values  of  the  relative  multiplet  strengths  ^(tn^tn.)  are 
tabulated  in  Allen's  (1963)  book,  in  addition  to  the  Condon  and  Shortley 
tabulation  of  f- factors  from  which  the  ^(IU^,IUj)  can  be  obtained  through 
Eq.  (3.2-154).  In  order  to  better  illustrate  the  use  of  the  relative  multiplet 
factors,  let  us  consider  some  examples  in  detail.  Our  original  example 
for  case  (a)  was  the  non-equivalent  electron  transition 

Is2  2s2  2p  2P  -  Is2  2s2  3s  2S 

1 5L 


for  NIII,  say.  Eq.  (3.2-153)  yields 


jOn^ny  =  2-3-1- 1(1)  (3)  w2  (noo,*oi)  -  6 

since  Bledenharn  (1954)  gives  the  value  1/3  for  the  square  of  the  Racah 
coefficient.  This  value  agrees  with  that  listed  by  Allen  (1963)  on  p.  62 
in  the  upper  left  hand  corner  of  the  page. 

The  arguments  of  the  W  coefficients  can  be  permuted  in  a  variety 
of  ways  without  changing  their  values  (Edmonds,  1957,  p.  94). 

For  example, 

W  (4*L(i)4"L(j);  Lpl)  *  W  (t'4"L^L^;  lLp)  (3.2-156) 

The  order  of  the  arguments  on  the  right  hand  side  of  Eq.  (3.2-156)  is  that 
which  is  employed  by  Burgess  and  5eaton  (1960)  and  for  convenience  in 
comparing  our  analysis  with  their  paper  we  shall  employ  it  in  the  sequel. 

For  electric-dipole  transitions,  in  which  +  0,1  ,  the  Racah 

coefficient  reduces  to  a  simple  analytic  form  (see  e.g.,  Condon  and  Shortley, 
p.  238,  for  the  analytic  form  of  the  f-functionsj.  In  Table  3-1  we  give  the 
formulas  for  £(l!ij,ir..)  for  case  (a)  based  on  this  analytic  form.  It  is 
worthy  of  note  that  the  4-4+1  and  4-4-1  cases  are  not  independent, 
but  are  derivable,  one  from  the  other,  by  an  interchange  of  arguments  based  on 
the  invariance 


W2  (4*4"L(i,L(j);  L )  =  W2  (4 ,,4‘L(j)L(l);  1L  )  (3.2-157) 

r  r 
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Table  3-1 


ttS+l)  (2L(i)+l)  (2L^+ 1)  4>  (44>  - 1)  W2  (4  '4  "L(i)L(J);  iy 
-  (2S+ 1)  f(Lp  4 '  L(i);  Lp  4  "L(j> 

(A)  4  -  4  -  1 

j  (IHj  «IHj) 

L  -  L  +  1  (2S+1)  (LD+L-t+l)  (LD-LH)(LD+L-*t+2)(LD-L+t-l) 

B  4(L  +  i)  ““  R 

L  -  L  (2S+1)  (2L+1)  (-LD+L+t)  (LD+L-4+l)  (Ld+L+4+1)  (Lp-L+4) 

L  -  L  -  1  (2S+1)  (L-L  +4-1)  (L-L  +4)  (L+L  +4+1)  (L+L  +4) 

■■■■  <i.  «■  ii  -  ii  —  I.  Mr  i  r  ...  i— »—  „  ■  i.—i.i  .Jtr  — ■ 

4L 

(El)  4-4+1 

L  +  1  -  L  (2S+1)  (L  +L-4)  (L  -L+4+1)  (L  +L-4+1)  (L  -L+4) 

■  .  ■  r  ■  r  .  P.-P. 

4[L  +  l) 

L  -  L  (2S+ 1)  (2L+1)  (-Ld+L+4+1)  (Ld+L-4)  (Ld+L+4+2) 

(Lp-L+4+l)/4L(L  +  1) 

L  -  1  -  L  (2S+ 1)  (L-LD+4)  (L-Ld+4+1)  (L+Ld+4+2)  (L+Ld+4+1) 

4L 


Table  3-1  Relative  Multiplet  Strengths  for 


non-equivalent  electrons 


The  formulas  of  Table  3-1  may  be  summed  over  to  obtain 

the  total  strength  of  the  lines  of  the  array  which  originate  in  the  term 
YpLpSpniSL^  .  The  result  is  (Condon  and  Shortley,  1935,  p.  248): 

4  -  4  -  1 

^.Ihj)  -  (2S+1)  (2L(l,+  l)  4(24-1) 

L«> 

4-4+1 

«  (2S+ 1)  (2L(1)+1)  (4+1)  (24+3) 

LW 

To  return  now  to  our  examples. 

First  let  us  compute  the  line  strength  factor  f(SLJ,SL'J‘)  for 

SLJ  =  323 
S'L'J'  -  323 

'  9 

The  formula,  from  Condon  and  Shortley  (1935,  Eq.  2  2b),  is 

f  =  (2J+  1)  ~4jjj? l/j  *  (3.2-159) 


(3. 2- 158a) 


(3. 2-  158b) 
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Inserting  the  above  values  into  the  formula,  one  obtains  f  *  4  •  This 

is  the  correct  absolute  value. 

Q 

To  find  Condon  and  Shortley's  tabular  entry  in  table  1  this  value 
must  be  normalized  so  that  tho  maximum  f  value  is  100.  That  is 

fTab  =  *4  xa  (3.2-160) 


where  a  is  determined  by 


af  v  m  100  (3.2-161) 

InOX 

9 

Now,  according  to  Table  1  ,  f  occurs  for  the  S  =  3 ,  L  *  2 

max 

to  S*3,  L«2  transition  for  J®5,  J‘»5,  viz. ,  the  325  to  325 

11  x  24 

transition.  We  use  Eq.  (3. 2- 159) again  and  obtain  fmax  *  - 1 -  . 

Again,  this  is  the  c-- .  a  a^  ute  value.  We  determine  a  from  Eqs.  (3.2-160) 
and  (3.2-161): 


-  Iki  500 

3  “  ^m»v  "  H  X  24 
mix 


Inserting  this  value  in  Eq.  (3.2-160)  we  obtain 


fTab  "  9‘94 
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The  tabular  entry  is  9.9.  As  noted  on  page  240  of  Condon  and  Shortley, 

the  entries  have  been  sharply  rounded  off.  The  line  strength 

is  given  by  Eq.  (3.2-151)  in  terms  of  f  and  from  this  relation  we  obtain 

11 

A/n  »  l  f  4  1 

eC(£i'£JJ  *  (2S+1)  L(L+ 1)  (2L+ 1)  K  7-2*3*5  *  40 

This  agrees  with  the  result  obtained  from  Eq.  (3. 2- 148): 

*  Zy-  W2{2323;3 1)  -  7-  ^  . 

Next,  let  us  consider  a  multiplet.  We  take  the  example  quoted  by 
Condon  and  Shortley,  p.  245  : 

Tj  1  d2  4s(4F)  5s  5F-  d2  4s(4F)  4p  5DFG 

for  which: 


L  =  3  3*2 

P 

t '  =  0  L  11  =  1 

L(i)=  3  LU)  ,  2,3,4 


g 

Relative  values  of  can  again  be  obtained  from  Table  1 

of  Condon  and  Shortley  by  the  correspondence  SLJ  -  Lpt'L^  ,  and 
SL'J‘  -*L  t"L^  which  carries  the  line-strength  f (SLJ; SL *1*)  into  the 
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multiplet  strength  fU^t  Lp4  ”LU))  .  Thu#,  the  effective  SLJ  -  SL'J' 
value*  are  303  -  3!2;3;4.  The  3  entries  for  Lw#  (or  J')  -  2,3,4  are 
listed  in  the  box  above  the  "spin  ■  3"  diagonal  which  appears  as; 

dm  AnTmT-j 


In  their  example  >n  p.  ?4S,  Condon  and  Shortley  quote  these  numbers 
as  the  ratios  50:70:90,  ^bich  con  La  obtained  from  the  tabular  entries  by 
multiplying  the  latter  by  0.90.  The  values  of  this  configuration  are  not  listed 
as  such  by  Allen  (1963),  but  do  appear  under  the  transition  sd  -  pd  . 

This  is  so  because  the  only  parent  quantum  number  that  appears  in  Eq.  (3.2-153) 
li  ,  and  therefore,  in  this  transition  all  *F  and  parent  states 

are  equivalent  for  calculating  £  (M)  .  To  obtain  absolute  values  one  may 

use  Eqs.  (3.2-153)  or  Table  3-1.  From  Table  3-1,  for  4-*i+  1  we  find 

a)  L+l-L  (F-D,L-2,*-0) 

$ oviy  -  5 
-  25 

b)  L  -  L  (F-F,L-3,*-0) 

.  5  (21  L-J+ltQ±&  .<3-3t<>tii 

-  35 
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c) 


L  -  1  -  L  (P-G,L*4,v-0) 


«  s  L4-3+OH4-3+Q+U  lj+3+Q+fl  Li+M+M 


45 


These  display  the  ratio  50:70:90  quoted  by  Condon  and  Shortley, 

In  the  case  of  hydrogen,  our  formula  (Eq.  3.2-155)  must,  of 
course,  reduce  back  to  the  same  result  as  is  obtainable  by  elementary  means. 
To  see  that  this  occurs,  we  note  that 


where,  by  Eq.  (3.2-153)  we  obtain 

=  (23+ 1)  (24'+ 1)  (24  "+1)  4>  (44>2-l) 
x  W2  (4  '4  "t  %  10) 


(3.2-162) 


From  the  formula  for  W  for  this  special  case,  given  by  Edmonds  (1957), 
we  have 


=  ( 


V\T  (4  4  "4 10)  =  (24'+l)  (24"+l) 


'  -1 

) 


(3.2-163) 


p.  98,  Eq.  6.3.2. 


4 


Using  this  result  and  Eq.  (3.2-162)  in  £q.  (3.2-155)  we  obtain  for  the  hydrogen 
cross  section: 


,22  4>(4t>  -1)  , 

"  1 3)5 c' '  b(uj)  “Sr+'i — 


We  have  used  the  correspondence  -l’  ,  which  implies  that 
*  (2S+1)  (2£’+l)  .  If  we  insert  the  explicit  form  of  o^,  ^  „  given  in 
Eq.  (3.2-144)  this  becomes 


(3.2-164) 


*  4!3 fr  b(j,)  2 


D®  -l  2 

'  Rn*f<r>  Rn»fW  r3dr  (3*2': 


An  average  f-number  is  often  defined  by  (Bethe  and  Salpeter,  195  7,  Eq.  61.2; 


cf  our  Eq.  (3.3-86)) 


fn,t,,n"t"  a  3(2t ' 


Uo  -.2 

RnV(r)Rnr,(r)rdr  (t) 


(3.2-166) 


(where  Ryd  =  e  /2  aQ  is  the  Rydberg  energy  unit), 


! 


In  terms  of  this  average  f-number,  our  cross  section  as  given  by  £q.  (3.2-165) 
can  be  written 


,_2  2 

mc 


fn’f,n"l"  b(u,) 


in  agreement  with  Eq.  (3.3-87)  (the  averaging  does  not  alter  the  constants 
in  the  formula) . 

Coefficients  of  fractional  Parentage 
Rohrlich's  case  (a),  which  we  have  been  discussing  so  far,  does  not 
materially  involve  equivalent  electrons.  (The  core  may,  of  course,  involve 
them,  but  case  (a)  assumes  that  the  core  electron  quantum  numbers  remain 
unchanged.)  To  proceed  to  the  remaining  cases  which  do  involve  equivalent 
electrons,  we  must  define  the  coefficients  of  fractional  parentage,  or  fpc, 
previously  alluded  to.  These  arise  in  the  problem  of  factoring  a  one-electron 
wave  function  out  of  an  antisymmetrized  product  wave  function  in  such  a 
way  that  the  overall  wave  function  remains  antisymmetric.  They  can  be 
defined  by  the  equation 


*  (4nSL) 


F(tnSL,  SpLp)  * 


(3.2-167) 


where  1  ®pbp]  denotes  the  wave  function  for  a  state  in  which 

n-1  electrons  couple  together  into  a  parent  term  S„L_  ,  and  the  remaining 
electron  couples  to  this  parent  to  yield  the  overall  coupling  SL  .  The  Racah 
notation  for  the  fpc  which  we  have  denoted  by  F(tnSL,  SpLp)  in  Eq.  (3.2-167) 
is 

F(4nSL,  SpLp)  a  ^nSL-Jcn'1(SpLp)  (3.2-168) 


£ 


,* 
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Cq.  (3.2-167)  may  be  lengthened  to  Include  explicitly  the  angular  momentum 
coupling  of  the  substates  distinguished  by  different  magnetic  quantum 
numbers.  The  more  explicit  statement  is: 

♦  (tnSLMgML)  *  r/ftnSL,SpLp)  2  £  c(LptL;M(y,in(t).M(Lj) 

'  SpLp  M(Lp),m(i)  M(Sp),m(s)  V 

(3.2-169) 

•C^Sp^S;  M{Sp),iH(s),M(S))  ^pLpMt  Sp)M(  Lp)^im(t)^(s)J 

The  coefficients  C(  j  J2'^3'ml' mr>  '  m3^  are  Clebsch-Gordan  coefficients 
used  earlier  (cf.  Eq.  3.2-23).  They  are  defined  (Condon  and  Shortiey,  1935, 

Ch.  3)  to  give  the  correct  fraction  of  each  substate  when  coupling  two  angular  * 
momenta  (j^  and  j9)  to  get  a  third  (j?)  .  They  are  also  known  as  Wigner, 
or  vector-coupling  coefficients,  and  are  referred  to  by  Condon  and  Shortiey 
as  transformation  amplitudes  for  vector  addition.  They  are  closely  related 
to  the  3-j  symbols  (Edmonds,  1957,  p.  16). 

Magnetic  quantum  numbers  are  not  usually  included  explicitly  in 
matrix  element  formulas  because  the  results  do  not  depend  on  them  unless 
the  operator  whose  matrix  element  is  under  consideration  is  itself  not  symmetric 
with  respect  to  the  magnetic  angle  9  .  This  occurs,  for  example,  in  the 
case  of  an  atom  perturbed  by  an  external  magnetic  field.  In  the  absence  of 
such  asymmetric  perturbations,  the  factors  of  the  wave  functions  which 
depend  on  m  and  6  integrate  to  one  or  zero,  leaving  only  sums  of 


16JU 


I 


products  of  Clebsch-Gordan  coefficients,  which  also  reduce  to  unity  because 
of  the  sum  rule  (Rose,  1957,  Eq.  3.7): 


^  c0i'J2':13'ml'm2'm3)  C(jl 'W'  mi'm2'm3>  ~  6j  j  *  5m3< 


m. 


ml»  m2 


With  the  foregoing  definition  of  the  fpc,  the  line  strength  for  Rohrlich's  case(b) 
(ln  -  6n  *  t')  may  be  written  as 


&  On  ^ ,  fUj) 


4>(tnSL(l);  tn_1  SpLp  f  SL{J))=  nF2  (tn  SL(l\  SpLp) 
•<S(tn_1  l  S  L  SLW,  f-0"1  V  S  L  SL())) 

r  r  r  r 


(3.2-170) 


To  obtain  a  formula  for  case  (c),  tnl'  -  in  *  (t’)2  ,  we  must  expand 
n  2 

both  l  and  (l')  with  fpc  in  order  to  isolate  the  active  electron. 

2 

However,  the  fpc  for  (f)  are  all  zero  or  one,  since  there  is  only  one 
possible  parent  state.  In  addition,  we  must  recouple  the  expanded  function 
tn  in  the  order  tn  *  l'  K>  to  cause  the  active  electron  (viz. ,  the 

electron  for  which  l  -  l')  to  be  the  last  to  be  coupled  on  in  both  states. 

This  is  accomplished  by  the  use  of  the  Racah  (1943)  equation  (6),  which  in 
our  case  has  the  form 


;(tn_1  SpLp,  tS'LM’SD  u<2  Sp  :  S'S UtlLpLfjL'L") 

S"L" 


x  f(tn_1  SpLp,  ,S"L",<'SL)  x  (phase  factor) 


(3.2-171) 
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In  this  formula ,  the  coefficients  U  are  a  particular  form  of  the  Racah 
coefficients  defined  by  a  sum  of  products  of  four  Clebsch-Gordan  coefficients. 
Their  virtue  is  to  again  relieve  us  of  any  need  to  consider  Clebsch-Gordan 
coefficients  explicitly. 

Tables  of  the  Racah  coefficients  W  and  the  closely  related  6-J 
coefficients  are  now  generally  available  (see  Biedenharn,  1954;  Howell,  1959; 
Rotenberg,  1959).  The  relationship  of  the  3  symbols  to  each  other  is  given 
by  (see  Edmonds,  1957,  Ch.  6): 


U(abcd;ef)  -  /2e+l  J  2f+ 1  W(abcd;ef) 


*  V  2e+ 1  V  2f+ 1 


1) 


a+b+c+d 


(3. 2- 172a) 


and  their  relationship  to  the  Clebcch-Gordan  coefficients  is  given  by 


U(abcd;ef)  = 


E 


rn  mKm  ,m 
a  b  d  e  1 


C(edc;memc|mc)  C(abe;mam^me)  Cfbd^m^m^mj) 

(3. 2-172b) 

x  C(afc;mamjmc) 


Using  Eq.(3.2-171)  and  the  expansion  (3.2-16  7),  we  can  now  write  the 
angular  factor  for  Rohrlich's  case  (c)  as 


5"L"  ■ 


£(,&., m.)  =2  U2(|  Sp  ;  S'S")  *  U2(4LpL  1  ,;L'L")  *  2  n  *  F2(4nS*L\  SpLp) 

(3.2-173) 

•  ^'(•tn'1t,-tS"L"Sl/i),  <,n'1<-,A’S"L"SL(j))  . 
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We  note  that  Sp,Lp(  S  ,L  ,  S  and  L  all  have  fixed  values  determined  by 
the  chosen  initial  and  final  slates,  while  S'*!/'  takes  on  all  the  permitted 
values  for  the  configuration  £n~  *SpLp, 

To  illustrate  the  use  of  Eq.  (3.2-173),  consider  our  example  of 
case  (c): 

Is2  2s  2p4  (4P)  -  is2  2s2  2p3  (4S) 

The  fact  that  this  is  really  t  •**“- 1  can  introduce  no  more  than  a 
Phase  change  into  the  wave  function  and,  therefore,  has  no  effect  upon 

We  find  L  =  0  S  =3/2 

P  p 

L'  *  1  S'  =  1  S"  -  2  or  1 

=1  L"  =  0 

(i)  S  =  3/2 

Lu'  =  0 

K  -  1  t '  ~  0  n  =  4 
F  (p  3P,  4S)  =  ^  (Rohrlich  Table  I) 

From  the  tables: 

if  S"  =  1 
if  S"  =  2, 

and  U2  ( 10L.  1;  10)  =  1  . 


U 


,13  3] 
2  2  2  2 


15")  = 


l 
16 

-  il 
16 


If  7 


Consequently, 


$VV  *  T6  ’  2  *  4'3  (p3sp  3s  4p’  p3-3S  4s) 


+  ’ll  '  2  ‘  4  '  3  (p3sp  4p'  P3ss5s  4s) 


9  +  |  •  15  =  39  . 


where  the  values  of  S  for  the  non-equivalent  electron  transitions  are 
obtained  from  Eq.  (3.2-153) as  before. 

Turning  to  case  (d)  ,  tnt  'l  "  -  ‘‘  may  be  computed  without 

use  of  f.p.c.  since  it  is  not  necessary  to  alter  any  shell  having  more  than 
two  equivalent  electrons.  The  non-equivalent  electron  formulas  of  case  (a) 
may  be  employed  as  before,  after  has  been  recoupled  to  (4nt'){.  ‘  . 

This  is  accomplished  by  using  the  Racah  (1943), Eq.  6, in  the  form 


v(tnStLt,-r2  S'L',  SL(j))  Ut|  ~  SSt;  S'S“)  U(t 't  ‘L(j)Lt;L'L") 

c*»T  •• 

(3.2-174) 

*  l  'S"L",  t  V,SI/^)  *  (phase  factor) 


Non-zero  matrix  elements  can  occur  only  if  S"  and  L"  have 
values  equal  to  those  specified  for  <,n-C  '  in  the  state  t '  Spl^-t  "SL  . 

Therefore,  we  keep  only  that  term  in  our  expansion  for  which  S"  =  Sp  and 

L"  -  Lp  . 
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Then  we  have 


^Ohj.lhj)  =  U2(|  \  SSt;  S'Sp)  u2(4'rL(j)L4;  I'Lp) 


2§  (tnt  l  "SpLpSL(i)  ,lnl  l  ‘SpLp  SL*J)) 


(3.2-175) 


2  3 

We  illustrate  the  use  of  Eq.(3.2-175)  with  the  case  (d)  example,  Is  2s  2p  JP 
2  2  3  2 

-  Is  2p  P  .  Since  Is  is  a  closed  shell  the  U  coefficients  are 
both  equal  to  one.  On  this  account  the  transition  might  also  be  seen  as  a 
simple  example  of  case  (b),  with  f.p.c.  equal  to  one. 

Using  Eq.  (3.2-153)  in  (3.2-175),  we  find 


=  1-1-2  S  (Is2  2p  2s  2P  3P,  Is2  2p  2p  2P  3P) 


=  2-  3*3-3-l*3  -  W  *(1101;  11)  =  18  , 

since  W2  =  1/9  . 

This  result  agrees  with  Allen's  tables. 

A  more  complex  example  will  pair  the  ground  state  of  titanium, 

2  2  3 

which  we  write  (ignoring  the  closed  inner  shells)  as  3d  4s  (  F)  , 

2  3  3 

with  the  excited  state  3d  (  F)  4s  4p  (  G)  .  This  excited  state  is 

actually  degenerate,  consisting  of  the  two  states  3d2  (3F)  4s  (^F)  4p  (3G) 
2  3  2  3 

and  3d  (  F)  4s  (  F)  4p  (  G)  .  We  shall  compute  the  transitions  to  these 


two  states  separately. 


4 


The  Racah  coefficients  are 

U2(^  1  1;  0  |)  *  2/3  for  the  first  transition, 

2 

U2(|  1  1;  0  -^  )  *  1/3  for  the  second, 

and  U2(0033;03)  =  1  for  both. 

Again  using  Eq.  (3.2-153)  and  (3.2-175)  we  find 

-S(Ihi,U>j)  =  2/3  •  1  •  2  •  3  •  7  •  9  •  1  •  3  •  W2(0  3  1  4;  3  1) 

=  36  since  W2  =  l/21  . 

^(Ih^lhj)  for  the  second  transition  differs  only  in  the  Racah  coefficient, 
since  S  does  not  appear  explicitly  in  Eq.  (3.2-153).  Therefore,  its 

r 

value  is  18.  The  sum  of  these  numbers,  36  +  18  =  54  ,  is  the  result 
given  by  Allen'who  lumps  degeneracies  of  this  type. 

Shore  and  Menzel  (1965)  have  followed  the  Racah  algebra  approach 
to  transition-probability  calculations  in  their  compilation  of  extensive  tables 

1 

of  line-strength  factors.  Their  tables  cover  a  large  number  of  the  possible 
transitions  involving  s  ,  p  ,  and  d  shells  of  electrons .  Their  line 
strength  factor  differs  from  that  of  Rohrlich  only  by  the  factor  2S  +  1  . 

All  values  of  I  have  been  covered  for  which  L  <  8  and  S  <  4  .  The 
corresponding  multiplet  strength  factors  are  presented  as  a  table  of  formulas 

170 


1 


for  transitions  among  large  classes  of  open-shell  configurations.  These 
muitipiet  factors  are  functions  of  three  quantities  which  are  also  tabulated. 
These  three  quantities  are  (1)  muitipiet  factors  for  transitions  involving  non¬ 
equivalent  electrons  only  (corresponding  to  our  Eq.  (3.2-153)  and  Table  3-1, 
but  omitting  the  factors  (2S  +  1)  4>  (46>2-l)  found  in  Eq.  (3.2-153); 

(2)  fractional  parentage  coefficients  —  a  complete  tabulation  for  the  p- 
and  d-  shells,  including  phases,  (3)  recoupling  coefficients  required 
when  the  order  of  angular  momentum  coupling  of  a  state  must  be  changed  before 
(1)  can  be  applied.  The  muitipiet  factor  table  does  not  cover  such  cases  as 
pp'  ,  dd'(  (two  open  p  or  d  shells),  dn  pn  (except  for  pnd  and 
d“'p),  and  fR(n  >  1). 

An  excellent  compendium  of  classic  papers  on  angular  momentum 
coupling  is  now  available,  including  work  of  signer,  Pauli,  Racah,  and  many 
later  contributions  (Bledenharn  and  Van  Dam,  1965). 

Angular  factors  for  photoelectric  matrix  elements 

The  algebra  Involved  in  the  angular- factor  reductions  in  the 
case  of  photoelectric  absorption  is  reviewed  in  the  paper  by  Burgess  and 
Seaton  (1960). 


3.2.4  Free- free  Radiative  Transitions* 

Although  a  free  electron  cannot  absorb  a  photon  and 
simultaneously  conserve  both  energy  and  momentum,  a  nearby  third  particle 
may  accept  the  necessary  recoil  momentum  and  thereby  permit  the  photon 
absorption.  Such  a  process  is  called  free-free  absorption  and  is  generally 
the  dominant  radiation  absorption  effect  for  photons  of  energy  less  than  the 
important  photoionization  thresholds , 

For  densities  that  are  not  too  high,  one  can  associate  the  photon¬ 
absorbing  electron  with  a  particular  momentum-absorbing  ion  or  atom  (hereafter 
called  the  ion),  and  the  free-free  absorption  process  may  be  treated  as  a 
radiative  absorption  transition  between  two  continuum  electron  states  of  the 
ion.  Corrections  due  to  momentum  absorption  by  pairs  of  ions  may  become 
Important  at  very  high  ion  densities,  and  Debye  shielding  effects  and  photon 
absorption  by  electron  pairs  may  become  important  at  high  electron  densities. 
Such  effects  are  ignored  here;  only  the  Debye  shielding  effect  will  be 
mentioned  in  subsection  (vi)  below. 

(1)  The  Fundamental  Cross  Section 

Both  the  initial  and  final  states  of  the  absorbing  electron  are  in  the 
continuum  spectrum  of  the  ion,  so  the  choice  of  wave  function  normalization 
must  be  consistent  with  the  "density  of  states"  factor  in  the  Fermi  “Golden 
Rule"  (Eq.  3.2-1).  This  is  most  evident  by  writing  the  basic  expression  for 
the  transition  probability  as 


2jr 

ft 


doc  d 0 


(3.2-176) 


* 

Written  by  R.R.  Johnston 
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giving  the  number  of  transitions  per  second  from  an  ionic  state  |a>  in 
da  to  a  state  |/J>  in  d/3  due  to  the  interaction  H'  .  Here 
and  Ef  are  the  total  energy  of  the  system  in  the  initial  and  final  states, 
respectively,  and  the  integration  over  the  energy-conserving  delta-function 


has  not  yet  been  carried  out.  The  photon  "density  of  states" 
is  consistent  with  the  photon  amplitude  normalization  implicit 
in  H'  presented  previously  (Eg.  3.2-6), 

1  •  ? 

H  -  -  m  %)  p  •  ‘ue 


d3K 
(2ir) 


3  nu) 


(3 


and  corresponds  to  an  initial  state  of  n^  photons  in  a  volume  (2  »r) ' 

a 

with  polarization  and  wave  number  h  in  d^K  .  That  is,  the 

incident  photon  flux  is 


*  = 


.3 

,  Ajl 

u  (2 ff)3 


c  {cm  3  sec  *) 


(3 


(The  electron  momentum  operator  p  here  and  in  the  following  is  to  be 
understood  as  the  sum 

j-1 

The  state  la)  is  normalized  on  the  "a-scale" 


^  p.  over  the  J  electrons  of  the  system.) 

J-1  3 


(aja')  =  / (a|F>  d3r  (r|a'>  3  6{a-a')  , 


(3 


corresponding  to  one  state  per  interval  da  ,  as  is  evident  from  the 
closure  relation: 


|a)(a|  =  i - -f  (r|a>  da  (a|r*>  =  6 (r  -  7 •) 


(3 


.2-177) 


.2-178) 


.2-179) 


.2-180) 
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Clearly  the  dimensions  of  <rja)_da  are  (length)-0  and  the  matrix 
element  of  any  operator  O  between  such  states  has  the  dimensions 
of  O  .  Thus,  one  may  symbolically  indicate  that  (|a>)  da  is 
dimensionless . 

Dividing  the  transition  probability  (3.2-176)  by  the  incident  flux 
(3.2-178)  and  using  (3.2-177)  one  obtains  -  in  the  usual  electric  dipole 
approximation  -  the  result 

dlotB  =  ~2~~~  I<0Ip  *  ^Ja>|2  6(Ef-Ei)da  d<3  (cm2)  *  0.2-181) 

This  is  the  cross  section  per  incident  photon  with  energy  in  d(fiai  at 
hui  for  a  transition  from  a  state  |a>  in  da  to  state  |0>  in 
d^  ,  and  the  indicated  dimensions  follow  from  the  discussion  above. 

Forms  of  the  matrix  elements  equivalent  to  (3.2-181)  for  exact 
wave  functions  are  easily  obtained  from  commutation  relations  with  the 
results  (see  Eq.  3.2-10  and  Bethe  and  Salpeter  (1957)  §59  0)  ) 


\0|p  •  ^|a)  =  imwa0  ’  £|a> 


(3  .2-1 82a 


-  zra  * 


A 

t. 


v  v|a)  =  i 


Ze* 


U) 


4  .  r 


(3  .2-1 82b) 


The  last  of  these  is  the  so-called  Coulomb  "dipole  acceleration"  form 

most  frequently  used  in  free-free  calculations.  Here  =  Efl  -  E 

«p  pa 

and  Z  is  the  nuclear  charge.  For  approximate  wave  functions  the  validity 
of  these  alternative  forms  should  be  considered  from  the  standpoint  of  the 
underlying  commutation  relations.  Thus,  the  "dipole  acceleration"  form 


17ii 


Is  obtained  from  matrix  eleme  nts  of 


£p  ,  h]  -  pH 


Hp  =  f V  V  , 


(3.2-183) 


in  terms  of  the  exact  Hamiltonian  H  ,  written  H  ■ 

For  exact  states  |cr>  and  |8)  ,  V  is  the  sum  of  the  Coulomb 

interactions  and  Eq.  (3.2-182b)  follows.  For  states  |a>  and  |(i> 
which  are  two  eigenstates  of  some  approximate  Hamiltonian,  use  of  the 
associated  approximate  energies  and  the  form  Eq.  (3.2-183)  with  the 
approximate  potential  V  provides  an  alternate  form  of  the  dipole- 
acceleration  matrix  element  which  may  be  useful  (DeVore,  1965).  Finally, 
if  the  states  |a>  and  ||J)  are  eigenstates  of  different  approximate 
Hamiltonians,  even  the  validity  of  Eq.  (3.2-183)  must  be  reconsidered. 

Averaging  over  the  polarization  directions  of  the  incident  photon 
as  before  (Eq.  3.2-14) 


2  _ _  2  2 

|<J»  |P*$|«>1  -  l/3£  1<(J  |p  >>l  *  1/3  1 0  (pier)  1  (3.2-184) 

k*  * 

the  cross  section  (3.2-181)  may  be  written 


do  -  4n2e2 
~  3m2t#c 


<4  |p  | or >  j  6  ^  -  E da  dd 


(3.2-185) 


To  proceed  further,  the  states  |a>  and  |3>  and  their 
normalization  should  be  prescribed  in  greater  detail  —  most  simply  in 
terms  of  their  asymptotic  forms.  Neglecting  for  the  present  effects  due 
to  electron  exchange,  the  initial  state  |a>  asymptotically  describes 
an  ion  in  some  state  l  -  with  wave  function,  say,  cp^  (R)  and  energy 
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-  and  a  free  electron  in  a  state  described  by  the  wave  function 
XV-£  (r)  With  energy  .  That  is, 

U,5lo>  — - cp.00  Xf  (?)  ,  (3.2-166) 

|  r  |  —  1  Ki 


and  Ej  =  Wt  +  e.  +  ft  w  . 

If  one  assumes  the  long-range  Coulomb  potential  to  be  shielded 

at  large  distances,  the  state  x?  asymptotically  represents  an  incident 

Ki 

plane  wave  and  outgoing  scattered  waves  - 


ik.  •  r 
i 


e 


ik.r 

Vr 


(3.2-187) 


Here  rj  is  the  usual  elastic  scattering  amplitude  at  energy 

d.  in  terms  of  directions  measured  from  that  of  the  incident  beam.  Normalizing 

—  -3/2  3 

on  the  k-scale  determines  A  =  (2 tr)  and  da  =  d  k,  ,  as  may  be 

seen  from  the  closure  relation, 


f(r  ,!-Jt)dO\a|  r  )  — - -I 

J  |r| 


f  i k  •  r  *  , 

e  ,3,.  e 

- 372  d  k  " 


-ik  •  r 


(2  ff)' 


( 2n ) 


3/2 


-  =  6  (r  -  r  ')  . 


The  final  state  |0>  similarly  represents  asymptotically  the  ion 
state  i  and  a  free  electron  in  a  final  plane  wave  state  with  ingoing 
spherical  waves. 


(3.2-188) 


176 


where  again  the  normalization  is  on  the  Ic-scaie  and  d$  =  d3k{  . 
The  states  x^  are  simply  related  to  ln  terms  of  the  Wigner 

time-reversal  operation  (Goldberger  and  Watson,  1964,  p.  170), 


*2  - 


(3.2-189) 


where  Tq  is  simply  the  operator  of  complex  conjugation  with  neglect 
of  spin.  Thus,  we  have 


Finally,  Ef  =  W.  +  , 


Cr  ,  R  i  0)  — — ►vi(R)  X*  f) 

I  r  |  —  1  Kf 


(3.2-lSu) 


With  this  choice  of  continuum  states,  the  basic  cross  section  (3.2-185) 
becomes,  after  summing  over  the  final  electron  states. 


.2  2, 

4ff  e  kf 

3m  h^'xc 


dOf  j  (0|p|a>|  d3k^  (cm2) 


(3.2-191) 


\  i 

3  /mkf\ 

where  we  have  used  d  k^  =1 — j-J  de^  dfj^  ,  and  k^  is  to  be  determined 
from  energy  conservation,  k^  =  k^  +1— g- 1  <*i 

The  physically  significant  quantity  is  the  radiation  absorption 
coefficient  r(w)  ,  which  is  the  probability  per  unit  length  that  a  photon 
of  angular  frequency  oo  will  be  absorbed  in  the  medium  (see  Eq.  3.2-54). 


For  bound-bound  and  bound-free  processes  the  radiation-absorbing 
electron  is  uniquely  associated  with  a  momentum-absorbing  ion,  so 
it  is  convenient  to  write 

r  (u>)  =  Nvc(uj)  (cm  h 

where  Nv  is  the  ion  number  deni  '.ty,  and  the  cross  section  a(uo) 
has  the  dimensions  (length)  =  area.  For  free-free  transitions,  however, 
the  electrons  are  no  longer  uniquely  associated  with  any  particular  ion, 
so  the  electron  density  is  in  general  independent  of  the  ion  density 
unless  thermodynamic  equilibrium  prevails.  Thus,  it  is  convenient  to 
take  the  free-free  absorption  coefficient  t  (u>)  proportional  to  both 
the  electron  and  the  ion  densities, 

tFF(iu)  =  Nv  Ne  <JFF(*)  ,  (3.2-  192) 

FF 

and  the  coefficient  of  proportionality,  a  (u>)  ,  is  frequently  called 

the  "free-free  cross  section"  --  although  it  has  dimensions  (length)'*. 

The  quantity  do^  of  Eq.  (3.2-191)  is  the  cross  section  per  ion 
for  absorption  of  a  photon  of  angular  frequency  u>  by  a  free  electron  of 
density  (2tt)  per  unit  volume  with  wave  number  kj  in  d  kj  , 
as  is  evident  from  the  chosen  asymptotic  forms  (Eqs.  3.2-187  and  3.2-188). 
Then,  if  Fe()c)d^k  is  the  fractional  number  of  electrons  per  unit  volume 
with  k  in  d^k  —  normalized  to  unity  —  one  obtains 

,rrW-NvNe  fr^kj) 
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Writing  the  free-free  cross  section  as 


oFFW>  =  JFe  (kL)  aFF  d3k.  , 

one  evidently  obtains  from  Eq.  (3.2-191) 

FF  _  (2ff)5e2kf  f  ? 

oFF  (k^cq)  = - 2 -  /  dfl{|  Ot  p|a>  |  2  (cm5) 

3mA  uic  J 

(ii)  The  one-electron  approximation  and  radial  decomposition  of 
the  matrix  elements 

In  most  applications  a  one-electron  approximation  is  assumed, 
according  to  which  the  photon-absorbing  electron  is  assumed  to  move  in 
a  static  potential  V(r)  determined  by  the  average  charge  distribution 
of  the  ion  and  possibly  including  some  semi-empirical  corrections  for  the 
effects  of  ion  polarizability  and  electron  exchange  (Kivel,  1966;  Allen, 
Kivel,  Taylor,  and  Textons  ,  1966;  DeVore,  1964).  As  mentioned  above, 
the  choice  of  asymptotic  forms  (3.2-186)  and  (3,2-190)  precludes  a  correct 
treatment  of  electron  exchange.  Accordingly,  in  this  section  and  in  most 
of  the  following,  electron  exchange  will  be  ignored  —  except  as  approxi¬ 
mately  included  in  the  potential  v(r)  —  and  will  be  discussed  only  at 

the  conclusion  of  the  next  section. 

Thus,  in  the  one-electron  approximation  one  assumes  equalities, 

for  all  r  ,  in  Eqs.  (3.2-186)  and  (3.2-190),  with  the  states  (r) 

taken  to  be  continuum  solutions  of  the  single-particle  Schrddinger  equation 


(3.2-193) 


(3.2-194) 


17-.' 


2m 


V  +  V(r) 


satisfying  the  boundary  conditions  (3.2-187),  (3.2-188).  In  this 
approximation  the  necessary  matrix  elements  become  one-electron 
quantities  and  are  most  frequently  expressed  in  the  dipole-length  or 
dipole-acceleration  forms  Eqs.  (3.2-182a)  and  (3.2-182b) 


\fl|p|a>  =  imto  /  dr 
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f  . 
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(3.2-195) 


If  the  effective  single-particle  potential  is  taken  to  be  spherically 
symmetric  a  significant  simplification  results  from  an  angular  momentum 
decomposition  of  the  ono-electron  states.  Let 


(3.2-196) 


where  the  normalized  spherical  harmonies  Y^  m  are  from  Edmonds 
(1957).  Similarly  decomposing  the  asymptotic  form  (Eq.  3.2-187)  with 
A  =  (2  it )  3//2  ,  gives 


sin  (k,r 


iff/2+6 t) 


V 


Is 


where  the  scattering  amplitude  f^  (e^,kj*r)  has  been  expressed  in 
terms  of  the  elastic  scattering  phase  shifts  6^(ej)  *n  t'ie  usua*  way 
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(3.2-197) 


fW  (c  ,£.r )  =  X  S  6  1  sin  h  Wk>  Yxm^  • 
£  m 


Therefore,  writing 


w  £  16  -  <s)  wf  (k, r) 

)V7  /u  _  j  A  *  * 


R7  (k,r)  =  le 


kr 


the  function  w^(k,r)  is  the  solution  of 


dr 


w£(k,r)  - 


iMl)  +  2m  v(r)  .  k2 

T  h* 


w£  (k ,  r)  =  0 


satisfying  the  boundary  conditions 


(k, 0)  =  0 


Wj  (k,r)  sln  (kr  "  1  ff/2+5^) 


and  normalized  according  to 


/ 


wA(k,r)  w£(k' ,r)  dr  =  6  (k  -  k') 


The  final  state  wave  function  may  be  similarly  expressed 


Xkf  (7)  '5Z  Ri 


m 


A 

(r) 


£=o 
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Using  Eqs.  (3.2-189),  (3.2-196),  (3.2-198)  and  (3.2-202)  one  easily 
finds 
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(3.2-198) 


(3.2-199) 


(3.2-200) 


(3.2-201) 


(3.2-202) 


/»  ,  w  t  -16.  (e)  w.  (k.r)  -216.  (e)  w 
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The  one-electron  matrix  elements  (3.2-195)  then  become 
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in  terms  of  the  radial  integrals 
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(3  .2-2051: 


4.6.3) 


and  the  Wigner  3-j  and  6-j  symbols  (Edmonds,  1957).  In  obtaining 
this  result  the  following  vector  coupling  relations  are  used  --  (equation 


numbers  refer  to  Edmonds,  1957): 
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Integrating  over  the  direction  of  the  outgoing  electron  and  averaging  over 
the  direction  of  the  incident  electron  the  free-free  cross  section  (3.2-194) 
finally  becomes 


*ff<V^  =  t- 


v° 


(3.2-206) 


in  terms  of  the  radial  integrals  (3.2-205a),  (3  ,2-205b). 


(iii)  Relation  to  Elastic  Scattering 

For  low-energy  photons  the  free-free  absorption  cross  section  may 
be  approximately  expressed  in  terms  of  elastic  scattering  amplitudes  — 
a  relation  discussed  by  Hundley  (1962)  and  Low  (1958)  and  utilized  oy  many 
authors  (for  example,  Ohmura  and  Ohmura  (1960),  Firsov  and  Chibisov  (1961), 
and  Ashkin  (1966)) . 

The  relation  may  be  most  easily  derived  in  the  one-electron  approxi¬ 
mation  with  neglect  of  exchange,  although  the  result  is  of  more  general 

■l  S3 


validity  (John,  1966),  In  this  approximation  the  basic  matrix  element 
(Eq.  3.2-195)  may  be  written 


<0|p|«>  *  ^  I  p|x^  ^ 


kf  k, 

A 

where  x^»  satisfies  a  one-electron  Schrttdinger  equation  with  Hamiltonian 
k 

H  *  HQ+V  ,  which  may  be  written  in  the  Lippmann-Schwinger  form  (Goldberger 
and  Watson,  1964,  section  5.3) 


\  +  ek+  in  -  HQ 

is  a  plane-wave  eigenstate  of  HQ  with  energy  .  Then,  using 
(3.2-183), 
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*k  are  momentum  eigenstates,  so  we  have 
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The  scattering  amplitudes  for  elastic  electron  scattering  may  be 
written  (op.  cit.,  section  6.2) 

fU.t/k,)  =  -  w2  -a  ^fiv|x^ 

*  -  (2’)2  7  (xIf|V|%) 


when 

written 


Thus,  in  the  limit  u-  o  ,  Eq.  (3.2-20  7)  m£.y  be 


Expanding  the  energy-dependent  quantities  in  Eq.  (3.2-20  7)  about 
the  mean  energy  ?  1/2  (e^  +  e^)  ,  Low  (1958,  eq.  1.7  N.R.)  has  shown 
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Because  the  cross-term  in  the  square  of  this  matrix  element  contains  the 


factor 


,  retention  of  the  first  term  alone  should  lead  only 


to  relative  errors  of  order  (tm/c)  in  the  cross  section,  aside  from 
possible  elastic  scattering  resonances  near  energy  e  . 

Thus,  an  approximation  to  the  free-free  absorption  coefficient  useful 
at  low  photon  energies  is  given  by 
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in  terms  of  the  momentum  transfer  cross  section  --  in  crn  --  which  is 
defined  as 


odm 
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(3,2-210) 


The  bracketed  quantity  in  Eq.  (3.2-210)  is  in  atomic  units  (a.u.), 
being  the  photon  energy,  a  the  fine- structure  constant,  and  aQ  the 
Bohr  radius.  Expressing  the  scattering  amplitude  in  terms  of  phase  shifts, 
Eq.  (3,2-197),  one  immediately  obtains 


Od(c)  =T-2-  I (2^  +  1)  sin2  ^-2  (£  +  1)  Sin6x  sin  ^  +  J  cos^-6^  ^ 
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As  is  evident  from  consideration  of  the  asymptotic  forms 

Eq.  (3,2-187)  and  (3.2-188),  the  zero-frequency  relation  may  be 

directly  derived  therefrom  and  concurs  with  the  familiar  arguments  that 

small  momentum  transfers  preferentially  sample  large  radii.  Forms 

equivalent  to  Eq.  (3.2-211)  have  been  so  obtained  by  several  authors 

and  differ  only  in  the  electron  energy  at  which  the  phase  shifts 

are  evaluated.  Consideration  of  the  validity  criteria,  Eq.  (3.2-209), 

2 

will  resolve  such  ambiguity  in  favor  of  e  ,  to  order  (fto/s)  with 
neglect  of  resonances,  and  is  substantiated  by  direct  comparison  of 
Eq,  (3.2-211)  with  numerical  results  by  Ashkin  (1966). 

Modifications  to  Eq .  (3.2-211)  due  to  effects  of  electron  exchange 
have  recently  been  studied  by  John  (1966),  for  the  particular  case  of  free- 
free  absorption  on  the  neutral  hydrogen  atom.  The  cross  section  is  obtained 
from  consideration  of  the  asymptotic  forms  alone  —  with  due  regard  for 
exchange  —  for  low  photon  energies  and  for  electron  energies  below  the 
first  excitation  threshold.  The  result  is  the  same  as  Eq.  (3.2-210),  with 
Qjfc)  modified  to 


=  T 


«  (4+1)  sin' 
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(3.2-212) 


in  terms  of  a  spin  statistical  factor 


where  s  is  the  total  spin  of  the  system.  The  phase  shifts  6^(e,s)  are 
those  obtained  from  a  correct  treatment  of  electron  exchange  —  the  resultant 
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symmetry-dependence  Is  manifested  in  their  dependence  on  s 
As  discussed  by  John,  for  photon  energies  such  that  Eq.  (3.2-212)  is 
no  longer  valid,  an  adequate  treatment  of  exchange  effects  requires 
a  detailed  many-electron  calculation  --  such  as  the  close- coupling 
computations  of,  foi  example,  Burke  (1962). 

(iv)  Free-free  Absorption  in  the  Coulomb  Fluid  of  Ions: 

Hvdroqenlc  Transitions. 

The  long-range  of  the  Coulomb  potential  guarantees  that  for 
reasonable  positive  ion  densities,  free-free  transitions  in  the  Coulomb 
field  will  dominate  the  low-frequency  radiation  absorption  mechanisms. 
Most  effects  peculiar  to  such  Coulomb  transitions  are  present  in  the 
simplest  case  of  free-free  absorption  in  the  field  of  hydrogen  nucleii, 
and  accordingly  have  been  most  extensively  studied.  A  summary  of  the 
hydrogenic  results  is  included  in  the  first  subsection  below,  followed  by 
some  non-hydrogenlc  studies  in  subsection  (v).  Finally,  modifications 
due  to  Debye  shielding  are  considered  in  subsection  (vi). 

The  hydrogenic  free-free  absorption. 

Radiative  transitions  in  the  field  of  a  point  charge  Ze 
are  called  hydrogenic  transitions.  For  such  transitions  the  relevant  wave 
functions  and  matrix  elements  may  be  directly  obtained  to  any  desired 
degree  of  accuracy  and  so  have  been  extensively  studied  —  both  as 
a  precise  test  of  physical  theory  and  as  an  initial  approximation  to 
transitions  in  the  field  of  ions  other  than  hydrogen. 

An  extensive  treatment  of  continuum  Coulomb  wave  functions  and 
transitions  as  well  as  useful  approximations  thereto  are  provided  by  the 
review  article  of  Alder,et  al  (1956).  Specific  application  to  free-free 


absorption  and  detailed  numerical  results  are  presented  by  Karzas  and 
Latter  (1961)  and  Grant  (1958).  Only  results  relevant  to  the  fore¬ 
going  general  theory  will  be  presented  here;  for  details,  the  above 
references  should  be  consulted. 

As  is  well-known  (Schiff,  1955),  the  long  range  of  the  Coulomb 
potential  modifies  the  asymptotic  forms  £qs.  (3.2-187)  and  (3.2-188), 
so  these  become: 

X&>(?)  -r - W2fr)-3/2jei[^,7+  ±exp[±  i{kr~r'ln 

k  |  r  |  -  »  ( 

f^(k*r)  is  the  Coulomb  scattering  amplitude  (op.  cit.,  eq.  20.10),  and 

C  " 

the  dimensionless  parameter  ri  essentially  characterizes  the  interaction 
of  the  electron  with  the  field: 


Here  v  and  k  are  the  electron  velocity  and  wave  number,  respectively, 

aG  the  Bohr  radius ,  and  ft  the  fine  structure  constant.  Classical  theory 

applies  for  |nl»l  or  (v/cK<  Z/137  .  Further,  for  |n|«l  the 

Coulomb  field  produces  only  a  small  perturbation  and  Born  approximation 

should  be  valid.  The  critical  value  |nj*l  corresponds  to  an  electron 
2  2 

kinetic  energy  Z  Rydbergs  =  13.6  Z  eV  . 

For  a  pure  Coulomb  field  the  one  electron  states  are  well  known. 

The  complete  wave  functions  of  Eq .  (3.2-194)  with  the  prescribed  normaliza¬ 
tion  and  asymptotic  form  are  (Alder,  et  al.,  eq.  II-B40,  41) 
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A  classical  calculation  of  the  radiation  absorbed  by  an  electron  being 


scattered  in  a  Coulomb  field  was  first  carried  out  by  Kramers  (1923)  -  see, 
for  example,  Landau  and  Lifshitz  (1962)  -  with  the  resulting  so-called  Kramers 


cross  section  given  by 

4F<ki',,)-w 
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The  quantum-theory  calculation  was  studied  very  early  by  Gaunt  (1930), 
and  it  has  since  been  customary  to  write  the  result  (Eq.  3.2-215)  in  terms  of 
the  Kramers  cross  section, 


oFF  (k. , if)  »  gFF(k.,k{)  nFF(k,,ir), 


(3.2-217) 


defining  the  so-called  "Gaunt  factor", 


gFF(ki'kf}  " 


32t 

2vnf  2^r,  *  2"'  f  ^ 

*  -vT  e  1  (e  1-l)  (e  -1)  x 


(3.2-218) 


d 

o  dx. 


F^-ini,-lnf;l,“x0j 


where 


x  *  -  4'  .  1-)  J~ 

O  1  T  • 

This  result  was  first  o  -tained  by  Sommerfeld  (1951)  and  numerical  values  have 
been  extensively  tabulated  (Karzas  and  Latter,  1961;  Grant,  1958).  Some  forms 
of  Eq.  (3.2-216)  useful  in  applications  are 


191 


°KF(ki'  ")  "  XT  az2(EL  ki)a  u  ao  (cm5) 

(3  .2-219) 

4  3  .  3  /M  /z2  Rvd\  2  ,  5. 

’  37?  a  x  \T)\—^~)  ao  <cm  > 

In  terms  of  the  fine  structure  constant  a  ,  the  Bohr  radius  aQ  ,  the 
photon  energy  EL(a.u.),  and  wave  length  X  (cm). 

A  spherical  harmonic  decomposition  of  the  Coulomb  states  (Eq.  3.2-214) 
may  be  similarly  performed  (Alder, et  al.,  1  956,  II  B.3).  The  radial  functions  w^(k,r) 
are  given  in  terms  of  the  regular  Coulomb  functions  F^  (k  r ) 

w,(k,r>./TF/  (kr)  (3  .2-220) 

and  the  phase  shifts  (  )  become  the  Coulomb  phase  shifts  (ri)  * 
arg  r(/+14-iri).  Evaluation  of  the  radial  matrix  elements  (Eq.  3.2-205)  is 
discussed  in  detail  by  Alder, et  al.  (1956),  and  Biedenharn  (1956)  has  shown  the 
equivalence  of  the  resulting  equation  (Eq.  3.2-206)  with  Eq.  (3.2-215). 

As  discussed  by  Alder, et  al.  (  1956,  pg.  452)  the  main  contribution  to  the 
r-sum  in  Eq.  (3.2-206)  is  from  values  l  ~  n.  ,  although  the  convergence  is 
slow  -  particularly  for  low  photon  energies.  It  is  of  interest  to  study  the 
dependence  of  this  dominant  •tMj-j)  on  the  photon  energy  fcw  .  The  semi- 
classical,  most-probable  electron  deflection  angles  are  tabulated  by  Alder ,et  al . 
(1956)  in  their  table  II. 7  in  terms  of  ?  ■  (rif-r^).  Interpreting  the  deflection 
angles  in  terms  of  angular  momenta ,  the  rough  correspondence  shown  in  Table 
3-2  is  obtained . 
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Table  3-2 


.si 

0.1 

12. 

0.2 

5.7 

0.4 

3.2 

0.6 

2.5 

0.8 

1  .8 

1  .0 

1.5 

Approximating  ■t-pAi  ~  1/?  <  one  obtains 

tD  ~  <€/**)  . 


A  similar  result  is  obtained  from  the  expansions  of  Burgess  (1958), 

The  complexity  of  the  expression  (Eq.  3.2-218)  for  the  Gaunt  factor 
has  stimulated  considerable  effort  to  obtain  approximations  which  are 
reliable  in  the  various  domains  of  interest.  A  critical  summary  of  the 
approximations  is  provided  by  Grant  (1958). 

From  an  asymptotic  evaluation  of  the  hypergeometric  function  in  Eq. 
(3.2-218),  Menzel  and  Pekeris  (  1935)  have  obtained  an  approximation  suitable 
for  e.«l  and  • 


(ki ,  k{) 


0.1728(l+e/€f) 

- M" 


( 1  -  e  j/  £ 


(3.2-221) 


A  similar  technique  was  employed  by  Burgess  (  1958)  for  asymptotic  approxi¬ 


mations  to  the  coulomb  radial  maui>  'merits  (Eq  .  3. 2-205)  valid  foi 
f.t  -1  ,  r^-'-Cjand  t'  <Tit  . 

As  discussed  at  the  beginning  of  this  section,  the  Born  approximation  is 
expected  to  be  valid  it  |  n|  •  l  ,  or  if  the  photon  energy  is  small: 


g 


FF^i'V 


(3.2-222) 


This  displays  the  usual  logarithmic  divergence  at  small  photon  energies  due 
to  the  infinite  range  of  the  pure  Coulomb  field.  In  practice,  shielding  effects 
of  other  electrons  effectively  limit  the  range  of  the  field  and  so  remove  this 
divergence  -  as  discussed  in  subsection  (vi)  below.  Partial  allowance  for 
the  long-range  Coulomb  distortions  of  the  Born  approximation  plane  waves  by 
Elwert  (1939)  lead  to  a  simple  modification  of  Eq.  (3  .2-222), 


BE 

>FF 


(kt,kf) 


<ff 
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(3  .2-223) 


of  considerably  wider  applicability. 

In  the  limit  j-.|»l  the  "semi-classical"  or  WKB  approximation  is 
expected  to  be  valid.  Using  WKB  wave  functions  the  free-free  matrix  elements 
may  be  evaluated  (Alder,  et  al.,  1956),  with  the  resulting  Gaunt  factor 


c 

9fF  ^i«  kf) 


=a 

2-; 


d 


h?i  4 


(3.2-224) 


in  terms  of  the  modified  Bessel  function  |  • 
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A  useful  approximation  to  g^p  for  is 

r  -2/3  , -4/3 

g^  (k1#kf)  ~  1  +  0.2177S!?|  -  0  .01312)?  |  ,  (3.2-224a) 

a  result  which  more  closely  approximates  Eq.  (3.2-218)  than  does  the  Menzel- 
Pekeris  expansion  (Eq .  3,2-221)  -  see  Grant  (1958,  eq .  14).  From  this,  the 
Kramers  result  is  seen  to  be  valid  in  the  limit  ?»1  . 

Grant  has  compared  the  above  approximation  with  detailed  numerical 
evaluation  of  Eq  .  (3  ,2-218) .  Better  than  one  per-cent  accuracy  is  obtained  by 
the  various  approximations  in  the  following  domains  of  validity: 

(kp/kj)  -  1  .0  -  1  .025,  |  r;  |  -•  30.0  :  semi-classical  (3  .2-224) 

-  1  .025  -  1.30,  |n{|  s  o.l  :  Born-Elwert  (3.2-223) 

I’-jj  £  5.0  :  semi-classical  (3 .2-224) 

1.30,  |nfl  •-  0.1  :  Born-Elwert  (3.2-223) 

|  -rip  |  i  2.5  :  semi-olassical  (3.2-224) 


From  the  tables  of  Alder, et  al.  (1956),  the  semi-classical  Gaunt  factor  agree*  with  the 
quantum  mechanical  to  within  three  percent  for  all  -1.0  and  ?  -  0.1  . 

In  most  applications  the  electron  distribution  function  F^kj)  of  Eq.  (3,2-193) 
is  Maxwellian.  With  Eq .  (3.2-219)  the  Coulomb  free-free  absgrRtion  coefficient 
-  ^(.t)  may  be  written  in  terms  of  the  Maxwell-average  Gaunt  factor  <qpp(*)^, 

4  2  / 

FF(x).NvNe^^  X3  a l  <gFF(*)>  (cm-1)  (3.2-225) 

Values  of  <gpp(a)>  are  contained  in  Karzas  and  Latter  (1961). 
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(v)  Free-free  absorption  on  non-hydrooenic  Iona 


A  satisfactory  treatment  of  free-free  absorption  in  the  fields  of  Ions 
other  than  hydrogen  would  require  extensive  numerical  treatments  of,  tor  example, 
Hartree-Fock  Ionic  states  perturbed  by  continuum  electron  states  which  are 
obtained  from,  say,  close-coupling  calculations.  As  yet,  such  detailed  treat¬ 
ments  are  not  available. 

Fortunately,  however,  for  low-energy  photons  the  long  range  Coulomb 
r'eld  of  charge  2j  dominates  the  momentum-absorbing  interaction  and  the 
non-Coulomb  portions  of  the  ionic  field  result  in  only  small  modifications  of 
the  hydrogen-results  of  the  preceding  section.  On  the  other  hand,  high  energy 
photons  ‘end  to  sample  the  shorter  range  non-Coulomb  field  and  so  require  the 
more  d  eta  Led  calculations. 

From  ‘he  discussion  of  Table  3-2,  above,  the  angular  momenta  dominating 

the  Coulomb  absorption  cross  section  (Eq.  3.2-206)  are  in  the  neighborhood  of 

(.p  ~  (cj/ftu)  .  Fv'rther,  one  expects  departures  from  the  puie  Coulomb  field 

to  be  limited  to  somo  range  R  ,  and  so  to  contribute  to  the  sum  (Eq .  3.2-206) 

1/2 

only  through  terms  t  s  L  -  kjR  ■  (R/a^^/Ryd)  '  .  Thus  one  expects 

substantial  departure  from  the  Coulomb  results  only  when  the  dominant  torms 

a 

themselves  become  modified;  that  is,  when  L  or  pj-  ei  . 

In  a  one-electron  spherically  symmetric  approximation,  the  states  in 
a  pure  Coulomb  field  are  given  by  Eq  ,  (3  .2-220) 

wj3  (k,r  )  =*  Jl/rt  F^(k  r  )  sin  (k  r  -  W2  -  q  In  2  k  r  ♦  o^)  , 
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where  is  the  Coulomb  phase  shift  given  by 


(n)  *  Arg  r  (l  +  1  +  iri)  . 

As  described  by  Schiff  (195S,§  .20)  the  short-range  departure  from  the  pure 
Coulomb  field  results  in  an  additional  phase  shift  6^  for  r  >  R  , 
according  to 


^(k.r  )  "  a  1  |f4  (k  «  )  cos  6^  +  (k  r  )  sin  ,  (r  s  R) , 
T^^/F®  ’  sin  (k  r  -  ^  -  ri  In  2k  r  +  +  6^) 


(3  .2-226) 


where  one  expects  $t(k)  /  0  only  for  l  £  kR  .  The  function  G^(kr) 
in  Eq.  (3.2-226)  is  the  solution  of  the  Coulomb  equation  which  is  irregular 
at  the  origin  and  asymptotically  approaches  cos  (k  r  -  trr/2  -  g  In  2k r  +  o^)  . 

The  slow  convergence  of  the  i-sum  in  Eq .  (3.2-206)  is  best  treated 
by  explicitly  separating  the  terms  l  s  L  for  which  6^  A  0  and  summing 
the  remaining  series  in  terms  of  the  Coulomb  result  (Eq.  3.2-217)  for  charge 


Flr (kA , ul)  *9FF(ki.kf)  -£F(kl(a>)  ♦ 
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The  Mj  are  Lorn  Eq.  (3  .2-205)  in  terms  of  the  actual  solutions  (Eq.  3.2-226), 

and  the  ^  are  the  Coulomb  radial  matrix  elements  which  may  be 

expressed  in  terms  of  hypergeometric  functions  (Alder  et  al.,  1956;  Gordon,  1929) 
and  have  been  approximated  by  Burgess  (1958). 

DeVore  (1964)  has  recently  carried  out  a  one-electron  approximate 
calculation  for  the  nitrogen  ion  N+  .  The  potential  V(r)  of  Eq .  (3  .2-199) 
was  taken  to  be  the  unperturbed  static  Hartree-Fock  potential  of  the  ion,  and 
effects  of  exchange  and  polarization  were  neglected .  Comparison  of  the  resulting 
numerical  solutions  of  Eq.  (3.2-199)  with  the  asymptotic  form  (Eq.  3  .2-226)  for  large 
r  determined  the  phase  shifts  5^  .  For  electron  energies  c:  s  0.36  Ryd, 

the  s-  and  p-wave  phase  shifts  were  large,  and  the  d-phase  shifts  were  less 
than  two  percent  of  the  s-  values.  Higher  angular  momenta  were  ignored, 
and  the  free-free  absorption  cross  section  was  obtained  from  Eq.  (3.2-22  7) 
with  L  *■  2  and  photon  energies  tin  s  0.01  Ryd.  Comparison  with  hydrogen 
ion  results  indicates  only  small  differences  for  tin  -c  -  despite  the  large 
s-  and  p-wave  phase  shifts.  This  result  substantiates  the  general  discussion 
at  the  beginning  of  this  section. 

The  predominance  of  the  asymptotic  domain  in  the  absorption  of  low- 
energy  photons  led  Peach  (1965)  to  evaluate  the  radial  matrix  elements 
(Eq.  3  .2-205)  in  terms  of  the  asymptotic  wave  functions  (Eq.  3.2-226)  alone, 
modified  at  small  radii  to  ensure  convergence  of  integrals  over  the  irregular 
solution.  This  approach  corresponds  to  the  familiar  Coulomb  approximation 
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of  Bates  and  Damgaard  (  1949)  and  Burgess  and  Seaton  (  1960}  .  The 
Coulomb  integrals  are  evaluated  numerically  and  the  results  tabulated  in 
convenient  form.  In  terms  of  the  Kramers'  cross  section  (Eq.  3.2-219)  - 
with  Z  ■  Zj  -  Peach's  results  may  be  expressed  as  a  "Gaunt  factor" 
defined  by 

6ltei)+TTx(ei,tl,ef,tf}j 

(3.2-228) 

Here  511  4^+1  only  and  4>  is  the  greater  of  .  The  functions 

G  and  x  are  tabulated  for  •(..  ,4^  equal  (0-3)  and  a  range  of  values  of 
and  Aw  .  For  low-energy  electrons  the  phase  shifts  may  be  obtained 
from  the  quantum  defect  method  (Burgess  and  Seaton,  1960). 

A  similar  result  follows  from  Eq .  (3.2-211)  and  the  corresponding 
Gaunt  factor  may  be  written 


/?9FF  l>  cos2  [64f(ef}  “ 

lilf  L 


ST  gFF  3  ^  W'*1>  Sln2  [5*  +  *  "  6*+l  ’  a*+1]  (3 .2-229) 

1  40 

and  ct+1  -  ♦  tan 

eq .  32)  and  vanishing  phase  shifts  6  ,  (Eq .  3.2-228-229)  reduce  to  the  same 
expression . 


(zt.l)  • 


In  the  limit  of  zero  photon  energy  (Peach,  19c5, 


199 


In  view  of  the  slow  rate  of  convergence  of  the  -t-sum  for  Coulomb 
interactions  it  appears  most  convenient  to  follow  Eq.  (3.2-227)  and  sum 
explicitly  only  over  those  •t-values  for  which  6^  is  non-vanishing  . 
Then,  for  example,  Eq.  (3.2-229)  becomes  (in  terms  of  the  hydrogen  Gaunt 
factor  9ff(Zj)  with  charge  Zj  ) 


,Ion 

'FT 


aFF(ZI>  f  <t+1) 


t»0 


sin  - 


6t+l  “  °t+l' 


ri2+«.+l)2 


(3.2-230) 


This  form  appears  to  be  the  most  useful  approximation  to  the  (anticipated) 
small  modification  of  the  Coulomb  Gaunt  factor  due  to  the  non-Coulomb 
short  range  ionic  field.  Inclusion  of  electron  exchange  effects  follows  tne 
treatment  of  John  (Eq.  3.2-212  and  1964,  1966). 

(vi)  Effects  cf  Debye  shielding 

As  discussed  in  connection  with  Eq.  (3.2-222)  the  logarithmic 
divergence  of  the  Coulomb  Gaunt  factor  for  small  photon  energies  is  a 
manifestation  of  the  assumed  infinite  range  of  the  potential.  A  small-ui 
expansion  of  the  exact  result  (Eq.  3,2-218)  -  using  Eq.  II  E-66b  of  Alder«etal.  (1956) 
leads  directly  to  Eq.  (3  .2-222),  as  does  the  elastic  scattering  approximation 
(Eq .  3.2-210)  with  the  known  Coulomb  scattering  amplitude.  This  last 
formulation  displays  most  clearly  the  origin  of  the  divergence  in  the  small 
angle  scattering  -  and  hence  large  impact  parameters. 


As  is  well  known  the  assumption  of  a  pure  Coulomb  potential  la  valid 
only  near  the  ion;  the  interaction  Is  screened  at  large  radii  by  other  electron*.  For 
moderate  densities  and  high  temperatures  an  exponentially-screened  Debye 
potential  is  a  useful  approximation  to  the  actual  potential  responsible  for  the 
free-free  absorption.  That  is, 


V(r )  *  -  e  °'r  , 


(3.2-231) 


where 


■  1 


22  »iw 


(3  .2-232) 


for  a  gas  at  an  electron  temperature  T#  with  nt  ions  per  cm  of  type 
i  and  charge  Zi  . 

As  the  Born  approximation  correctiv  exhibits  the  low  photon  energy 
divergence  a  Born  calculation  of  the  scattering  amplitude  for  potential  V(r) 
of  Cq.  (3.2-231)  in  the  low  photon  energy  approximation  (Eq.  3.2-210)  may 
be  expected  to  demo  ,strate  the  effects  of  shielding  on  the  low  frequency  Gaunt 
factor.  The  result  of  such  a  calculation  is  that  tha  Coulomb  Born  Gaur.t  factor 
(Eq,  3  .2-222)  is  replaced  by 


BD  , 
gFF  (ki 


a  result  not  diverging  at  -  0  . 


W  -  JYi)  in  ^44  ♦  - V-^  *  —4—! 

if  '2'|  (kfki,2+tt2  (kj+kj)2  -t-a2  (VkF  +a 


(3.2-233) 
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A  WKB-approxlmation  of  more  general  validity  -  for  small  a  and 
not  too  small  u>  or  too  large  -  has  been  obtained  by  Green  (1958}, 


flFF 


<V“>  -  f>  -  2m2  (**j  «rF(k', . 


,o>)  +  0(p  ) 


(3.2-234) 


in  terms  of  the  Coulomb  Gaunt  factor  gpp(k^.u>)  at  the  same  frequency  U) 

2  2 

but  lower  energy  e^'  •  k{  Ryd  ■  ci  -  2uZ*Ryd  .  The  dimensionless 
parameter  p  is  related  to  the  screening  constant  a  through 


a  a. 


The  Maxwellian  velocity  average  of  (Eq.  3.2-234)  has  been  compared  with 
detailed  machine  calculations  and  has  proved  useful  over  an  extensive 
temperature-density  range.  To  first  order  in  p  ,  one  may  use  (see  Eq .  3 .2-226) 


.  shielded 
<9FF 


(uj)>  ~  <gFp(w)>  -J<gFF(u»)>  -  gfk^O,  “>]  (2“Z2  w)  (3.2-235) 


As  the  expression  (Eq.  3  .2-235)  is  only  accurate  to  first  order  in  u  it  is 
most  useful  in  determining  when  screening  effects  may  safely  be  neglected. 
Numerical  evaluation  of  the  velocity  averages  of  Eq.  (3.2-234)  should  be 
suitable  for  most  cases  of  interest. 
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(vli)  Free-free  absorption  on  neutral  atoms 

The  short  range  of  the  electron-atom  Interaction  relative  to  the  Coulomb 
force  results  in  much  smaller  free-free  radiation  absorption  cross  sections  on 
atoms  than  on  ions  -  typically  smaller  by  several  orders  of  magnitude  (DeVore,  196S). 

A  convenient  though  rough  measure  of  the  relative  importance  of  atoms 
in  free-free  absorption  is  provided  by  the  work  of  Firsov  and  Chiblsov  (1961). 
Assuming  s-wave  interactions  only,  for  electron  energies  less  than  a  few  eV, 
the  momentum  transfer  cross  section  was  approximated  by  the  zero-energy 
elastic  scattering  cross  section  a  (o)  in  Eq.  (3 .2-210) .  The  Maxwellian 
velocity-average  may  then  be  performed  and  the  result  compared  with  the 
Kramers  cross  section.  When  the  relative  numbers  of  ions  and  atoms  is 
estimated  by  the  Saha  equation,  the  condition  that  the  atomic  and  ionic 
frequency-integrated  free-free  absorption  be  equal  yields  the  result 

Natom°el"  2,2  x  1()26  e’5/2  •  ^  (3.2-236) 

Here  c  is  the  temperature  and  ^  the  ionization  potential  of  the  atom  in 

•  1 6  2 

eV,  j  is  the  zero-energy  elastic  scattering  cross  section  in  10  cm  , 

.a 

and  N_.  is  the  atom  density  (cm  >  .  For  a  given  temperature,  ionization 
atom 

energy,  and  cross  section  (Eq.  3.2-236)  then  provides  a  critical  density 
above  which  atomic  free-free  absorption  is  expected  to  dominate  and  below 
which  ionic  absorption  should  dominate.  In  obtaining  Eq.  (3.2-236),  use 
was  made  of  the  fact  that  the  absorption  per  atom  is  much  less  than  the  absorption 
per  ion,  so  equal  absorption  contributions  nece-sarily  Implies  Natom  ~  N  , 
the  total  particle  density  (atoms  and  ions). 
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Few  detailed  studies  of  the  free-free  absorption  on  neutral  atoms 
have  as  yet  been  carried  out.  A  general  treatment  is  of  equivalent  complexity 
to  the  case  of  non-hydrogenic  ions  -  discussed  at  the  beginning  of  subsection 
(v)  above  -  so  the  resort  to  extensive  approximation  is  necessary. 

Due  both  to  its  relative  simplicity  and  to  its  particular  relevance  in 
astrophysical  applications,  the  free-free  absorption  on  neutral  hydrogen  has  been 
most  extensively  studied.  Early  work  by  Wheeler  and  Wildt(  1942  )  employed 
the  acceleration  radial  matrix  element  (Eq.  3.2-205b)  in  the  cross  section 
(Eq.  3.2-206),  using  Born  approximation  wave  functions  and  the  unperturbed 
Hartree  potential  of  the  hydrogen  atom  -  without  polarization  or  exchange. 

Chandrasekhar  and  Breen  (1946  }  employed  similar  approximations  - 
differing  principally  in  the  replacement  of  the  Born  approximation  s-wave  by  a 
numerical  solution  in  the  assumed  potential.  The  result  is  a  much  larger 
cross  section,  approaching  an  order  of  magnitude  greater  than  the  result  of 
Wheeler  and  Wildt  at  X  ~  2m  and  T*6300°K. 

Most  recent  studies  have  employed  the  phase  shift  approximation.  As 
emphasized  by  Ohmura  (  1964  )  this  formulation  has  the  particular  virtue  that 
variationally  determined  phase  shifts  are  generally  more  accurate  than  variational 
wave  functions.  Ohmura  and  Ohmura  (1960,  1961)  included  s-wave  phase  shifts 
only,  with  allowance  for  polarization  and  exchange  according  to  Eq.  (3.2-212), 
and  found  the  results  of  Chandrasekhar  and  Br#en(1946)  to  be  reduced  by  40-60 
per  cent  as  a  resul* . 

Finally,  a  verv  detailed  treatment  of  the  phase-shift  approximation  was 
carried  out  by  John  (1964,  1966).  Numerical  solutions  in  the  static  Hartree 
potential  of  the  atom  were  obtained  -with  inclusion  of  exchange  -  for  angular  momentum 
states  l  *0,1,2  and  electron  energies  less  than  one  Rydberg.  It  was  found  that 
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inclusion  of  the  effects  of  exchange  increased  the  importance  of  the  higher 
phase  shifts  (i  *  1),  and  the  results  obtained  were  30-40  percent  less  than 
those  of  Chandrasekhar  and  Breen  (1946).  Detailed  comparison  of  the  results 
obtained  by  use  of  the  numerical  wave  functions  in  Eq.  (3,2-206)  with  the 
phase  shift  approximation  (Eq.  3.2-211)  for  the  initial  and  final  electron  energies 
independently  ranging  from  0,01  to  0.1  Ryd  indicate  at  worst  3  percent  difference 
in  p-waves  and  12  percent  in  the  s-waves.  As  the  photon  energy  in  the  worst 
case  is  *  99  ,  the  agreement  is  remarkable  in  view  of  Eq.  (3.2-209). 

A  variational  method  for  direct  determination  of  the  hydrogen  free-free 
matrix  element  itself  has  recently  been  proposed  by  Khare  and  Rudge  (1965) 
which  is  somewhat  reminiscent  of  the  Schwinger  variational  procedures  of 
scattering  theory.  Employing  simple  trial  wave  functions,  the  authors  were 
able  to  obtain  results  substantially  in  agreement  with  the  numerical  results 
of  John . 

For  atoms  other  than  hydrogen  relatively  few  results  are  available. 

DeVore  (1964,  1965)  has  studied  the  free-free  absorption  by  neutral  nitrogen, 
assuming  an  unperturbed  Hartree-Fock  potential  and  an  effective  polarization 
potential 


v_(r)  -  — r'~~T"2 

P  (  r  2  fp) 


for  two  values  of  a  and  r  .  Numerical  solutions  to  Eq  .  (3,2-199)  were 
obtained  for  l  ■  0,1,2,  and  the  cross  section  was  evaluated  from  Eq.  (3.2-206). 
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An  approach  essentially  equivalent  to  that  of  DeVore  has.  beer,  pursued 
by  Klvel  at  al .  at  AVCQ  (1966)  for  both  atomic  oxygen  and  nitrogen.  A 
semi-empirical  exchange  potential  akin  to  the  Slater  exchange  approximation 
was  included  and  various  constants  in  the  potentials  were  normalized  to 
agree  with  results  of  electron-scattering  calculations.  The  gross  features  of 
the  resulting  cross  sections  are  in  reasonable  agreement  with  the  phase  shift 
approximation  Eq.  (3.2-211).  In  a  recent  report  Klvel  (1966)  has  further 
explored  the  dependence  of  the  approximate  exchange  interaction  on  the  con¬ 
figuration  of  the  free  electron  plus  atom  through  a  study  of  the  corresponding 
Hartree-Fock  equations.  To  obtain  results  consistent  with  the  experimental 
work  of  Taylor  (1963),  Klvel  finds  it  necessary  to  evaluate  separately  the 
free-firee  cross  sections  for  each  of  the  participating  atomic  configurations. 

A  comparison  of  similarly  obtained  cross  sections  for  argon  with  various 
phase  shift  approximations  has  recently  been  published  by  Ashkin  (1966). 

The  various  approximations  differ  in  their  choice  of  energy-centering  of  the  phase 
shifts  in  Eq.  (3.2-211).  The  photon  energy  illustrated  is  1.8  eV  and 

the  range  of  initial  electron  energies  is  .01  to  1.0  Ryd  .  For 
eA  >  0 .05  Ryd  (fte/e  1  ^  2.7)  the  use  of  the  average  energy  s  of 
Eq.  (3.2-210)  leads  to  essential  agreement  with  the  numerical  results.  For 
energies  .03  Ryd  <e^<  .05  Ryd  Ashkin  finds  that  a  formula  due  to  Holstein 
(1965)  gives  results  in  best  agreement  with  the  numerical  results. 

Holstein  retains  the  difference  (k^-Tc^)2  in  Eq.  (3 .2-208)  explicitly  and 
evaluates  the  scattering  amplitude  f(e,cos6)  only  at  the  mean  energy  e  .  Clearly, 


for  huu/ci  «  1  ,  all  these  results  are  equivalent  to  Eq,  (3.2-210). 

The  RAND  report  of  Hundley  (  1962  }  Introduces  the  use  of  effective- 
range  expansions  for  the  evaluation  of  the  low-energy  phase  shifts  of  Eq. 

(3.2-211).  Peach  (1965  )  suggested  estimating  ion  phase  shifts  by  the  "quantum 
defect"  method,  which  has  been  demonstrated  by  Moiseiwitsch  (1963)  to 
correspond  to  an  effective-range  expansion. 

Dalgarno  and  Lane  (1966  )  have  employed  the  effective-range  expansion 
of  O'Malley, et  al.  (1961  )  which  more  correctly  applicable  to  atoms.  The 
authors  obtain  useful  velocity-averaged  absorption  coefficients  in  terms  of  a 
few  atomic  parameters  and  some  conveniently  tabulated  numerical  functions. 

The  approximations  employed  assume  low  temperatures  -  as  atomic  absorption 
may  be  expected  to  be  dominated  by  ion  absorption  at  high  temperatures  -  and 
retain  only  the  s-wave  phase  shift  in  Eq.  (3.2-211).  As  shown  by  O'Malley# 
et  al.  (1961  )  the  zero-order  elastic  scattering  cross  section  is  expected  to 
have  a  low-energy  dependence  of  the  form 

qo()*-^  sin26o(k) 

•  «:i/2+D3  -■  In  s  +D4  e  +DS  e3/2+  . . .)  a2  (3.2-237) 

where  D^Dj,  and  D3  may  be  written  in  terms  of  the  scattering  length  AaQ 

3 

and  the  atomic  polarizability  a  aQ  according  to 

Dj  -  A2  ,  D2  »  — 1  aA  .  D3  *  |  o2A  . 
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If  on*  approximate  the  momentum-transfer  cross  section  of  Eq.  (3.2-210) 
by  the  elastic  scattering  cross  section  qQ(c)  ,  the  explicit  energy 
dependence  of  Eq.  (3.2-237)  allows  direct  evaluation  of  the  Maxwell -averaged 
absorption  coefficient,  which  is  expressed  in  terms  of  the  Dj's.  and 
certain  tabulated  functions  of  temperature  alone.  For  most  applications  of 
astrophyslcal  in  tore  s'  the  approach  of  Oalgarno  and  Lane  appears  eminently 
suited,  particularly  in  view  of  the  large  numbers  of  atomic  species  and  states 
oommonly  present  in  the  gas. 
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3 . 3  Line  broadening 

Reference  has  been  made  a  number  ol  times  in  Chapter  2  and  in 
sections  3. 1  and  3.2  of  this  chapter  to  the  finite  width  of  spectral  lines 
and  to  their  frequency-dependent  profiles  b(v)  which  have  to  be  taken 
quantitatively  into  account  in  opacity  calculations  on  hot  gases.  The 
study  of  line  shapes  and  line  broadening  Influences  is  an  active  and 
difficult  research  field  of  long  standing  (see  for  example  the  reviews 
of  Baranger  (1962),  Grlem  (1964)  and  Alier  (1963).  It  is  thus  not  the 
purpose  of  this  section  to  make  a  detailed  review  of  the  field,  but  rather 
to  record  established  results  of  line  broadening  studies  which  are  of 
direct  application  to  the  study  of  hot-gas  opacities. 

It  is  well  known  that  the  experimentally  recorded  profiles  of  spectrum 
lines  in  emission  or  absorption  depend  upon  three  classes  of  Influences: 
a)  instrumental  effects,  b)  Intrinsic  properties  of  emitting  or  absorbing 
particles  and,  c)  environmental  etfects.  In  the  theoretical  discussion  of 
opacities  it  is  often  assumed  that  purely  instrumental  effects  have  already 
been  allowed  for.  Intrinsic  properties  of  the  emitting  or  absorbing  atom  or 
molecule  give  rise  to  its  'natural'  width  which  is  usually  so  sma’l  compared 
to  other  effects  that  it  cin  be  neglected.  Two  classes  of  environmental  effect 
are  however  important  and  often  occur  together.  The  first  of  these  depends 
upon  the  random  motion  of  the  absorbing  or  omitting  particle,  the  component 
of  which  motion  in  the  line  of  sight  gives  rise  to  a  Doppler  broadening  of  the 
line.  The  second  of  these  results  *rom  the  Influences  of  collisions  of  neighboring 
particles  or.  the  emitter  or  absorber  and  is  thus  called  collision  broadening. 

Both  effects  are  strongly  temperature  dependent.  All  of  these  contributors  to 
line  shapes  are  briefly  dlscuseed  below. 

Written  by  R.  W.  Nicholis 
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a)  Instrumental  Profile*  Geometrical  optics  determines  the  gross 
size  of  die  slit  image  on  the  detector,  The  slit  width  is  always  reduced  as 
far  as  possible  so  that  most  of  the  instrumental  broadening  arises  from 
diffraction  effects.  The  Unite  size  of  the  spectrograph  implies  that  a  finite 
and  truncated  wave  front  reaches  the  detector  from  the  slit.  A  diffraction 
image  of  the  Alt  of  finite  angular  width  is  thus  formed.  In  what  follows  it 
will  be  assumed  that  this  is  either  negligible  relative  to  other  causes,  or 
can  be  allowed  for. 

b)  Natural  Profile.  The  Lorentz  profile  of  Eqs.  (3.  l-4a,b,c)  is 
retained  in  the  quantum  formulation 


me 


<V-V0) 2 +  (-£;) 


(3.3-1) 


where  r  *  r^j  +  fL  *  sum  of  widths  of  U  and  L  levels  according  to  the 
uncertainty  principle.  If  L  is  the  ground  state,  ~  0  and  Fy  *  -jr 
where  t  is  the  lifetime  of  the  upper  state. 

The  central  maximum  is  very  narrow  (V/  *  (often  neg'igible 
compared  to  other  broadening  influences)  and  the  wings  can  be  fairly  extensive. 
The  algebraic  form  of  the  natural  profile  (Eq.  (3.3-1))  Is  retained  with 
appropriate  redefinition  of  parameters  in  the  quantitative  description  of  the 
colllsionally  broadened  line  profile  (see  Eq.  (3.3-3)). 
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c)  Thermal  Profile.  The  random  motion  in  line  of  sight  of  the 
absorbing  (or  emitting)  atoms  implies  a  thermal  of  Doppl*.'  profile  of  the  form 


Tv  "  Xo  exp 


(-,53L) 


(3.3-2) 


where  e  "  2^  <  and  u  ■  molecular  weight  and  T  “  temperature. 

d)  Collision  Broadening.  Collision  broadening  is  a  result  of  motion 
of  neighbors  and  of  environment.  A  complete  theoretical  discussion  of  the 
complicated  matter  of  collision  broadening  is  outside  the  scope  of  this  review 
(see  Griem,  1964).  Line  broadening  by  collision  results  from  collisions  with 
Atoms  of  same  kind  -  (Self  Broadening,  or  "Holts mark"  Broadening) 
Atoms  of  a  different  kind  -  (Lorents  broadening) 

Ions  1 

>  -  (Stark  Broadening) 

Electrons  ) 

Two  types  of  theories,  ccllislonal  and  statistical,  have  been  developed 
to  explain  the  effects.  In  the  former,  the  truncation  of  wave  trains  by 
collisions  is  examined  by  classical  or  quantum  methods,  often  for  uncharged 
perturbers.  In  the  latter,  the  Influence  of  the  average  electric  field  strength 
of  neighboring  charge  carriers  is  taken  into  account  statistically  and  the 
Stark  Effect  invoked  (Ailer,  1963;  Griem,  1964;  flar anger,  1962). 
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The  practical  result  of  collision  broadening  Is  to  produce  a  line  with 


a  profile  similar  In  form  to  Eg.  (3. 3-1}  but  with  width  parameters  Fnaturai 
ead  r  collision  *  Thu* 


hilI 


,rm  .  r 

( -JL±  C 
Jb. _ iSL 


1 


(3.3-3) 


Nearly  always  the  influence  of  f0  la  much  greater  than  rn  and  gives  rise 
to  lines  with  very  wide  wings . 

e)  Effects  of  Fields.  If  the  gas  has  external  magnetic  and  electric 
fields  applied  through  It  In  addition  to  the  mloroflelds  of  collisions, Stark 
and  Zeeman  broadening  have  to  be  considered. 

In  most  typical  situations  of  interest  to  this  review  more  than  one 
broadening  influence  Is  present.  For  example,  natural  and  thermal  broadening 

often  occur  In  low  pressure  laboratory  sources .  Thermal  and  collision 
broadening  (illustrated  In  Fig.  3-4  )  often  dominate  the  scene  at  higher 

pressures.  If  fj(v)  and  f2(v)  are  the  frequency  profiles  of  the  two 
independent  effects,  the  combination  of  two  effects  is  represented  by  the 
convolution  or  'folding*  integral 

F(v)  «J*  f^v-v')  f^Cv’)  dv'  (3.3-4) 


A  number  of  analytical  and  numerical  methods  have  been  developed  to  treat 
specific  cases  of  this  integral.  For  example  the  combined  application  of 
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natural  and  thermal  broadening  waa  treated  by  Voigt  (aee  Mitchell  and 
Zemansky,  1934)  and  the  volume  abeorptlon  coefficient  la 


k  -k  ;  r 

V  O  .l+Jj.-y)1 


(3.3-5) 


where 


2(v-vJ/ In  2 


(3.3-Sa) 


2An2T 

WD 


(3.3-6b) 


(3.3-6c) 


WR  ■  natural  or  Lorentz  width  at  1/2  Intensity 
*r  /2tt 

WD  ■  IXtppler  or  thermal  width  at  l/2  Intensity  ■  J 


ZKXlQi 


(3.j-6d) 


Tables  of  these  so-called  Voigt  Profiles  are  available  for  parametric  interpolation 
(Van  der  Hulst  and  Rasa  nick ,  1947;  Hummer,  196S).  Because  collision  broadening 
can  often  be  expressed  In  terms  of  a  Lorentzian  profile  (see  Eq*  (3.3-3)), 
collision  and  thermal  broadening  can  also  be  treated  In  this  way.  Hansen,  (1964) 
has  recently  treated  the  problem  of  combined  Stark  (ionic)  and  Doppler 
broadening  by  analytic  approximation. 

The  thermally  and  collision- broadened  line  often  has  a  central  core 
which  Is  dominated  by  thermal  effects  and  wings  which  are  dominated  by 
collision  effects.  In  this  case  the  natural  line  profile  exerts  a  negligible  effect. 


FIG.  3-2  DIRECTIONAL  RELATIONSHIPS  BETWEEN 
THE  DIPOLE  MATRIX  ELEMENT  VECTOR 
r  .  ,  THE  PROPAGATION  VECTOR  k  , 
aB  AND  THE  UNIT  POLARIZATION 
VECTORS  Gj  and  «2  • 
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FIG.  3-3  DIAGRAM  INDICATING  THE  VECTORS  INVOLVED 
IN  THE  PHOTOELECTRIC  OR  RECOMBINATION 
PROCESS,  AND  THE  ANGLES  BETWEEN  THEM. 


Chapter  4.  THEORY  OF  MOLECULAR  ABSORPTION 


It  was  pointed  out  in  Section  3.2  that  the  quantity  which  determine* 
the  probability  of  a  U-L  electric  dipole  tranaltion  for  an  atomic  eyatam  it 

*r<l8 

and  (3.2-20)).  In  this  chapter  we  shall  adopt  the  notation 


the  transition  strength  matrix  element  S^  ** 


(see  Eqs.  (3.2-14) 


sul-K|J  ■  I 

where  R0^*  er^  is  the  transition  moment,  and  are  the 
complete  wave  functions  of  the  upper  and  lower  states ,  is  the 
electric  dipole  moment  and  dr  is  the  element  of  configuration  space. 
Similar  matrix  elements  to  SUL  control  higher  and  other  pole  transitions 
(Allen,  1963).  Transition  probability  parameters  such  as  absorption 
coefficients,  oscillator  strengths,  Einstein  A  and  B  coefficients ,  are, 
apart  from  constant* ,  the  product  of  with  appropriate  powers  of 

frequency  (see  Eqs.  (4.1-17),  (4.1-18),  (4.1-19)). 
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In  this  chapter  we  discuss  tha  form  that  SUL  takes  for  molecular 
tranaltlons .  Wa  alao  ravlaw  tha  molacular  transition  probability  parameters 
which  art  determined  by  8UL  .  For  the  purposes  of  this  chapter  tha 
abeorption  coefficient  la  the  moat  important  of  these ,  and  w*  review 
oaloulatlona  which  have  been  made  during  the  past  few  years  on  the 
molecular  contributions  to  the  absorption  coefficient  of  heated  air  in 
Chapter  7. 

4. 1  The  Bom<*Oppenhelmer  approximation  and  its  consequences 
The  Internal  degrees  of  freedom  of  the  molecule  Influence 
the  transition  strength  matrix  element  of  a  molecular  spectral  feature. 
Consider  the  U  ,  v'  ,  JM'  ,  M' «  L  ,  vMM"  ,  M" 
transition.  U  and  L  are  the  upper  and  lower  electronic  states,  or 
components  of  multlplets.  For  the  other  quantum  numbers,  primes  refer 
to  the  upper  levels  and  double  primes  refer  to  the  lower  levels .  v  is 
the  vibrational  quantum  number,  J  is  the  total  or  rotational  quantum 
number,  A  Is  the  quantum  number  of  the  component  of  the  electronic 
angular  momentum  along  the  internuclear  axis ,  and  M  ,  the  magnetic 
quantum  number  (which  should  not  be  confused  with  the 
electric  dipole  moment)  refers  to  the  component  of  J  in  the  direction 


of  an  externally  applied  magnetic  field.  It  take*  2J  +  1  value*. 

Born  and  Oppenhelnier  (1927)  proposed  a  molecular  model  In  which 
it  was  assumed  that  the  electronic  state  of  the  molecule  was  negligibly 
affected  by  the  nuclear  vibration  and  rotation.  This  assumption  allows 
the  complete  molecular  wave  funotlon  to  be  written  in  Iq.  (4. 1*2)  as  the 
product  of  factors  which  take  account  of  the  electronic,  the  vibrational 
and  the  rotational  motion  Independently.  A  discussion  of  vibration-rotation 
Interaction  effects  Is  postponed  until  Seotlon  4.3  .  The  total  energy 
of  the  molecule  Is  written  In  £q.  (4. 1-3)  as  the  sum  of  the  three  components 

W  •  *vlb  *"<i  Scot  • 

*  ‘  E.l.ot  +  ‘W.  +  *««  «•>-» 

♦e,v,J,A,M  ls  e°ropl*ts  molecular  wavefunctlon  of  the  electronic  state 
e  ,  vibrational  level  v,  with  J,  A,  and  M  defined  as  above. 

♦e(Lg*r)  is  the  electronic  wavefunctlon  written  in  subsequent  equations 
as  or  for  upper  or  lower  states  respectively.  The  represent 
electron  coordinates  relative  to  the  lnternuclear  axis,  r  Is  the  lnternuclear 
separation,  ty(r)  is  the  vibrational  wavefunctlon  of  the  one  dimensional 
oscillator  in  the  v'th  level  appropriate  to  a  particular  molecular  potential 
(centrifugal  effects  have  been  neglected).  ,  x.,cp)  Is  the  wavefunctlon 

of  the  symmetric  top  rotator.  0,x,cp  are  the  Euler  angles  of  the  molecular 
coordinate  system  relative  to  the  fixed  one. 
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The  dipole  me  went  M  oen  be  resolved  into  contributions 
arising  from  the  molecular  electrons  end  M(  e rising  from  the  nuclei. 

+  ** 

where  -  -J  •  L'b  ■  {- £  *  *■*}  * 


(4.1-4) 


(4. 1-5) 


£.'g  is  the  position  vector  of  the  s'th  election  relative  to  external  axes  and 
Lg  le  the  position  vector  of  the  s'th  electron  relative  to  the  figure  axis  of 
the  molecule.  D  (9  .*  »<p)  is  the  dyadic  appropriate  to  the  transformation 
of  axes.  Its  elements  are  the  direction  cosines  of  the  angles  between  the 
coordinate  systems,  live  element  dr  may  be  written 


dr  »  dr#  dv  -  dt#  r*  sin  0  dfi  dtp  Ce  (4.1-6) 


where  dv  la  the  volume  element  for  the  vibrator  and  rotator  and  dTft  is 
the  element  for  electrons . 

From  Eqs.  (4. 1-1>,  (4. 1-2),  (4. 1-4),  (4. 1-6)  \  now  wrlttan 

RLvmJ"A"M"  “  K  *J'A'M'^e  +  ^  *J"AMMH  dTe  dV 


'  K  fJ'A'M'  ♦rA,,M"dT* 

r 


dv 


*  J*»  ♦LdTeJ^xl,J,A,M,-Mti  dv 

r 
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for  a  molecular  line.  Orthogonality  between  ^  and  ^  raduca  tha 
second  integral  on  tha  right  hand  ilda  to  sero. 

Using  Bqs.  (4. 1-5)  and  (4. 1*6)  tha  first  mambar  may  ba  rawrlttan  as 


LVv'JVM* 

I  kLv"J"A"M* 


"  J^v'Clu  *0*v“  dTJ^j'/i'M,^^'x,<!p^J"A,,M"dn 


where  dfl  *  sin  OdOdep 


(4. 1-7) 


Tha  first  intagral  on  tha  right  hand  slda  of  Eq.  (4. 1-7)  whan  summed,  if 
neoessary,  ovar  daganarata  alaotronio  statas  and  squarad  is  callad  tha 
band  strangth  .  Tha  sacond  intagral  datarmlnas  tha  salaotlon  rulas. 

It  has  baan  studlad  for  various  typas  of  molecular  transitions  by  Dennison  (1926), 
Kronlg  and  Rabl  (1927),  Radamachar and  Raichs  (1926,  1927),  Schadaa  (1964)  and 
others.  Whan  summad  ovar  tha  daganarata  quantum  numbers  M1  and  M" 
and  squared  it  is  tha  Kfinl-London  (1925),  or  line  intensity,  factor  SjI^h  . 

After  squaring  and  summing  over  degeneracies  Eq.  (4. 1-7)  thus  becomes 


,Uv'J'A' 

sLv"rV 


|R|2  - 


aUV 

sLv" 


S: 


J'A' 
I  A 


(4. 1-6) 


Uv'T'A '  Uv' 

SLv“J“A "  ls  the  strangth  matrix  of  the  individual  molecular  hand  line.  SLv„ 

is  the  band  strength  defined  in  Eq.  (4. 1-9)  and  is  a  very  Important  quantity 

(sea  the  discussion  of  Section  4.4)  .  It  can  ba  factored  into  two  terms 

controlled  respectively  by  electronic  and  vibrational  aspects  of  tha  motion  of 

Til  I 

the  molecule.  Sp,“«  is  tha  H  On  1- London  factor  (see  Section  4.2  fora 
more  complete  discussion)  or  line  intensity  factor.  If  is  often  a  quotient  of 
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simple  polynomial  functions  of  J  and  A  and  Is  well  known  for  all 
branches  of  most  allowed  molecular  transitions. 

Uv' 

The  band  strength  SLv"  Is  an  average,  with  respect  to  the 
vibrational  wave  functions  * 

SLv"  "  |  JV  Re(r)  +v"  dr| 

of  the  electronic  transition  moment  R  (r)  defined  In  Eq.  (4. 1-10). 

6 

R0(r)  -  k*  M.  *L*  -  SO  -Z  <*J  *L 

The  electronic  transition  moment  is  thus  an  average  with  respect  to 
electronic  wave  functions  of  the  electric  dipole  moment. 

* 

Footnote: 

In  the  case  of  Infrared  vibration-rot itlon  transitions  where  =  *L  , 
Eq.  (4. 1-9)  becomes 


♦  v-  M-*V' 


dr 


2 


(4.1-9) 


(4.  1-10) 


(4. l-9a) 


See  discussion  In  Section  4.4. 


If  R  (r)  Is  independent  of  r  ,  Eq,  (4.1-9)  becomes 
e 


C'. "  Vt 


(4.1-11) 


On  the  other  hand,  as  Is  much  more  realistic,  if  R  fr)  varies  with  r  in 


a  polynomial  fashion 


ReW-S»nr"  • 


it  is  possible  (Fraser.  1954)  to  use  the  r-centroid  rv,v«  ,  where 


rvV 


■*~y  y _  . 

K*  ty..  dr 


(4.1- 12a) 


(r  ,  )°-l-V'r"  V1* 

K*  ♦V"  dr 


(4.1- 12b) 


to  write  Eq.  (4. 1-9)  as 


2  2 
|j  V  £  an  r"  £v"  dr  “  |  S  an  J  V  *v"  r°  *1 

I?  an  *v*v"|  |JV  ^v"  dr|  *  Re  W  ^v'v" 


(4.1-13) 


The  vibrational  overlap  integral  square  qv.v.i  in  Eq.  (4.1-11)  and  Eq.  (4. 1-13) 
is  called  the  Franck- Condon  factor 


^v'v" 


IK*  v 


(4.1-14) 
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It  is  responsible  for  the  operation  of  the  Franok-Condon  Principle  in  the 
determination  of  relative  band  intensities.  The  r-centroid  is  a 
characteristic  lntemuolear  separation  associated  with  the  band.  Franck- 
Condon  factors  and  r- centroids  are  discussed  more  fully  in  Section 
4.3. 

Finally,  using  Eqs.  (4*  1*8)  and  (4. 1*13)  the  total  line  strength  Is  written 
in  Eq.  (4. 1*15)  as  the  product  of  the  square  of  the  electronic  transition 
moment,  the  Frenuk-Condon  factor,  and  the  Hdnl- London  factor. 


gUv'J'A*  .  -2  (r  )  .  _  .  gl'A' 

8Lv"J"A"  Re  'rv'v',;  Sr’v"  ST*A" 


(4.1-15) 


The  sum  rules  for  the  Hdnl- London  factors  and  Franck-Condon  factors  are 


£s}Lj!  -  2J"  +  1  i  £  SJ"a-  «  2J1  +  1 

v  r 


Sr'v" 


V* 


(4.1- 16a) 


(4*1- 16b) 


A  useful  Interpretation  of  Eq.  (4. 1-15)  is  that  5T(r)  controls  the 

magnitude  of  the  transition  strength  for  the  whole  band  system,  dv  v.. 

J'A ' 

determines  its  distribution  from  band  to  band  in  the  system  and  ■■ 
influences  the  distribution  from  line  to  line  In  a  bend.  This  is  an  approximate 
point  of  view  because  both  Ra(rv,v„)  and  qviv»  influence  the  distribution 
of  transition  strength  from  band  to  band.  However,  qv,v»  can  vary  by 
many  orders  of  magnitude  from  band  to  band  in  a  system  and  varies 
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relatively  slowly  across  a  system.  Nicholls  and  Stewart  (1962)  and 
Tatum  (1967)  have  discussed  these  topics  more  fully. 

Any  application  of  Sq.  (4. 1-15)  to  the  study  of  molecular  intensities 
requires  a  good  knowledge  of  Re(r)  ,  qv.v«  •  and  s j •»  for  all  of  the 
contributing  transitions.  These  factors  are  thus  discussed  in  some  detail 
in  following  sections. 

A  number  of  molecular  transition  probability  parameters  may  now  be 
defined  in  terms  of  .  It  is  well  known  (Allen,  1963)  that  the 

general  expressions  for  oscillator  strength  f  ,  and  the  Einstein  A  and  B 
coefficients  are:  (see  also  Lqs .  (3.2-14),  (3.2-20),  (3.2-21)  and  (3.2-62) 

8tt2  vm3m 

Ml  “l9ufuJ“lgLfLul“  3  ^  e2 


(4. 


9uaul 


64"4  VUL 
3  h  c3 


(4. 


1 9U*HjlJ  = 


8tt2  S 


UL 


3  h 


(4. 


where  g  is  the  statistical  weight.  In  the  case  of  a  molecular  line  we  make 
the  following  substitutions: 


9„  *  <JU(2J'  +  “  9^(21"  +  1) 


SUL  ’  R«  «Vv">  qv'v"  S!4" 


1-17) 

1-18) 

1-19) 
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djj  and  dL  are  the  degeneracies  of  the  alectronlc  atatas  U  and  L  and 
ara  (23  ♦  1)  for  £  atatas  (A  ■  0)  and  2(28  +  1)  for  other  alectronlc 
states  (Davidson ,  1962).  The  spectroscopic  notation  la  standard  (Herzbcrg,  1950). 

Sqa*  (4.1-17),  (4.1-18),  and  (4.1-19)  are  thua  rewritten  as  followa  for 
a  molecular  line! 


h  far  ♦  n  #Uv'J'  I  -  n  far-  +  n  #Uv'J' t  -  Bnlm  ^v'J'  R2,-  .  _  SJV 

dy(2J  +  1)  f  Lv»j«  |  “l'2)  +  ‘Lv"!**  I  2  vLv"rM  Re'rv'v"'  qv'v"  J"A" 

3  h  a 

(4. 1-20) 
(4.1-21) 


a  far  +  n  aUv‘I'  -  iinl^UvT  >3  R2ff  .  SJ'A' 
dy|*j  *  if  aLv*Jm  3*vLvmJ"'  Revv'v‘"  qv'v"  SJ"A" 

3  h  c  ' 

du(2J*  +  1)  B^THJ  -  dL(2J"  +  1)  BLv,,JH  t  "  a4RJffv,v-)  Vv"  SJ"A  "  (4*  1‘22) 

3  h 

The  arrows  Indicate  whether  a  transition  la  upward  (L  -  U)  or  downward  (U  -  L) . 

For  the  purposes  of  this  discussion  perhaps  the  most  Important 
transition  probability  parameter  Is  the  absorption  coefficient.  As  pointed 
out  In  Chapter  2  the  three  most  commonly  defined  absorption  coefficients , 
whan  integrated  over  a  spectral  feature  are: 


Atomic  (or  molecular)  J*  avdv 


Volume 


Mass 


p 

i  u  dv 
J  v 


J  Vv 


“c~  *lu 


“j  Nl  (lu  (cm’1) 


EL-  nl  fLU  (cmVgm) 


(4.  1-23) 

(4.  1-24) 

(4. 1-25) 
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av  Is  the  optical  cross  section  and  u,^  Is  the  reciprocal  of  the  photon  mean 
free  path.  Eq.  (4.1-24)  is  rewritten  in  Eq.  (4.1-26)  for  a  molecular  line 


dv 


Sal  Nitv“J“  V.UVJ* 

3hc  dLl2J*'+l)  vLv"J" 


,  gJV 

*v*vM  °J"AM 


(4.  1-26) 


This  equation  may  be  modlfled,as  in  Eq.  (4. 1-27)  ,to  take  account  of  the  line 
shape  b(v)  where 


fb(v)  dv  ■  1  . 

> 

Thus  uv  dv  -  f3^,  d  ^2T"+1)  vLv"J"  ^"v'v"*  qv'v"  SJ"A"  b^dv  *  (4.1-27)  | 

L 

As  was  pointed  out  in  Section  3.3,  various  Instrumental,  thermal,  and  ^ 

environmental  influences  control  b(v)*.  It  is  very  difficult  to  propose 
a  completely  satisfactory  theoretical  form  for  it  which  will  satisfy 
all  circumstances.  A  Voigt  (see  Van  der  Hulst  and  Reesnick,  1947; 

Hummer,  1965)  profile  is  often  used  to  take  account  of  the  combined 
effects  of  thermal  and  collision  broadening.  The  last  Influence  produces 
a  line  shape  similar  in  general  form  though  much  broader  than  the  Lorentz 
shape  produced  by  natural  broadening.  One  procedure  which  is  often 
used  is  to  use  a  Lorentz  profile  (Eq.  (4. 1-28))  in  which  the  half  width  at 
half  height  a  is  a  variable  parameter  which  can  be  modified  as  circum¬ 


stances  warrant. 


F(v>  -  f 


a1  +  (v-vS'I}:)2 


(4. 1-28) 


_  227 

* 

Footnote: 

An  often  unconsidered  source  of  apparent  broadening  is  unresolved  or  only 
partly  resolved  rotation  structure  as  In  the  case  of  components  of  A-doubllng 
(Herzberg,  1950). 


Eq«.  (4. 1-26)  and  <4. 1-27)  and  aquation*  darivad  from  them  have  baan  tha  baaa* 
of  a  numbar  of  tha  calculation*  of  tha  molacular  contribution*  to  absorption 
ooafficianta  of  hot  air.  Thasa  calculations  ara  raviawad  in  Chapter  7. 


A  formal  summation  over  all  the  Una*  of  a  band  is  possible  in  each 
of  Eqs.  (4. 1-20)  -  (4.  1-26)  to  produce  similar  equations  which  apply  tc  the  whole 
v'v"  band.  In  tha  summations ,  an  approximation  of  the  form 

E  vn  R^q  S  ■  vnR*  q  E  S  -  vn  R*  q  (2J+1)  (4. 1-29) 


is  Involved  where  n  is  0,  1  ,  or  3  .  It  is  assumed  in  such  an  approxi¬ 
mation  that  a  characteristic  frequency  v  can  be  assigned  to  a  whole  band. 
This  is  a  fair  approximation  for  a  band  whose  rotational  structure  is  not  too 
greatly  developed  and  which  does  not  extend  over  too  great  a  frequency  range. 
Cara  must  b*  taken  not  to  force  such  approximations  on  cases  where  they  do 
not  reasonably  apply. 

The  following  eqr  'Ion.  r  Integrated  bands  result 


A  f UV'  I  .  A  fUv<  ♦  m  8TT2m  v.  D2fr  \  „ 

dU  fLv"  |  dL  fT'*"  !  -  .  2  vv'v"  Wv"*  qv'v" 


A  AUv‘  ,  64tt^  3  B2#-  *  „ 

U  Lv"  3  he3  Vv"  V'V"  Vv” 


j  rUv‘  I  „  j  BUv’  4  .  8t^  r2<-  , 

dU  Ttv"  \  dL  BLv"  I  3h2  Re  rv'v"  Vv" 

Juv  dv  “  3hc  ^df"vv,V  RJ(fv'vJ  Vv" 


(4.  1-30) 

(4.1-31) 

(4.1-32) 

(4.  1-33) 


It  li  often  convenient  to  rewrite  Eq.  (4. 1*33)  so  aa  to  take  account  of  the 
contributions  of  bands  (or  parts  of  bands)  which  fall  within  the  frequency 
increment  Av  .  Thus 


u 


V 


_L 

Av 


Z  J 


Bands  Bands 

Av 


ky  dv 


(4. 1*34) 


Eqs.  (4. 1*30)  *  (4. 1-33)  have  been  used  to  interpret  band  Intensity  measurements  In 
absorption  or  emission  In  terms  of  transition  probability  parameters.  Eq*  (4. 1- 
34)  has  been  used  In  preliminary  "broad  band"  estimates  of  opacities  of  hot 
gases. 


In  some  experiments  vibrational  lifetimes  rv»  have  been  measured. 
They  are  related  to  Elneteln  A  coefficients  by 

A. 


V 


E  Vv» 


(4.1-35) 


A  formal  summation  procedure,  similar  In  principle  to  that  of  Eq.  (4.  1-29),  has 
been  used  to  define  the  oscillator  strength  fLU  of  the  whole  band  systems. 
Summation  Is  over  all  v*  which  combine  with  a  given  v". 


dL  fLU  "  dL 
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*v  "v* 


-  inia 

3  he2 
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v’v" 


*X'V> 


’v'v  " 


(4.1-36) 


If  an  effective  v  for  the  system  can  be  defined,  and  If  R  (r)  Is  a 

© 

constant,  Eq.  (4.1-36)  can  be  rewritten,  (using  Eq.  (4.l-16b) 
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(4. 1-37) 


df  f, 


-  $  R? 


L  LU  "  3  he* 


*  <*v 


v' 


R2 

3  he*  • 


Dividing  Eq.  (4. 1-37)  by  Kq.  (4. 1-30) 


fLU 


^v'v' 


|Vv'v‘ 


(4. 1-38) 


Eq.  (4.1-38)  should  be  uc«<*  with  c  strums  oars,  if  at  all,  in  viaw  of  the 

•omswhat  gross  assumptions  involved  in  the  definition  of  0  and  R  . 

It  is  dear  from  the  discussion  of  Eqs.  (4.  l-20)-(4.  1-22),  (4. 1-26),  (4. 1-27), 

(4.1-30)-(4.1-34),  (4. 1-38),  that  a  good  knowledge  of  v,Re(r),  qv.y»  and  NL 

is  necessary  before  they  con  be  used  in  theoretical  studies  of  opacities .  The  factors 

which  control  NL  are  dls  cussed  In  Volume  1  by  Gilmore  and  in  Chapter  7  of  this 

volume.  Although  It  might  appear  that  v  Is  always  known  in  principle,  from 

spectroscopic  research  this  is  not  always  the  case,  particularly  when  one  is 
Uv'T1 

dealing  with  vLv„J„  in  very  hot  gases  where  high  values  of  J'  will  be  excited. 

Unambiguous  band  analyses  have  been  carried  out  for  a  relatively  s  mall  number  of 

bands  of  each  system  and  those  analyses  which  have  been  carried  out  usually 

.nvolve  only  those  J- values  excited  in  common  laboratory  sources  running 

at  temperatures  under  1000°K,  Extrapolation  of  the  low  temperature  analyses 

to  high  degrees  of  rotational  development  using  the  usual  equations  (Herzberg,  1950) 
Uv'T' 

for  c*n  k®  ®  somewhat  naive  procedure  for  no  account  is  taken  of 

possible  perturbations  at  high  J  numbers.  The  same  argument  holds  to  a  lesser 
extent  for  extrapolation  of  vibrational  analyses. 

A  review  is  now  made  in  subsequent  sections  of  HOnl- London  factors, 

Franck- Condon  factors,  r-centrolds,  electronic  transition  moments  and  band 
strengths ,  their  properties  and  methods  by  which  they  may  be  obtained. 
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4.2 


The  Hdnl-London  Factors  g|^  „ 

Tha  line  strengths  for  a  symmatrlc  top  modal  of  a  diatomic  molacula 
ware  first  studied  with  the  old  quantum  theory  by  Hdnl  and  London  (1925). 

They  ware  re-investigated  by  Dennison  (1926),  Rademache  and  Raicha  (1927), 
Kronlg  and  Rabi  (1927),  Hill  and  Van  Vlaok  (1928),  Budo  (1937),  and  Earls 
(1935),  using  quantum  mechanics,  for  branches  of  bands  of  allowed  transitions 
and  for  most  common  coupling  cases.  Hersberg  (1950),  Johnson  (1949), 

Javons  (1932),  Mulllken  (1931),  and  others  list  tables  cf  tha  Hdnl-London 
factors  for  these  cases.  Schlapp  (1932),  Kovacs  (1960)  and  others  have 
studied  the  faators  for  forbidden  transitions.  Schadee  (1964)  and  Tatum  (1967) 
have  compiled  tables  for  Important  transitions .  The  sum  rules  for  Hdnl* 
London  factors  were  given  in  Eq.  (4.1- 16a).  As  a  simple  example,  the 
Hdnl-London  expressions  for  allowed  singlet,  AA  "  0  transitions  are 
given  for  the  P  ,  Q  and  R  branches  by  the  following  equations 

r.  tr  +  i  +  r)  d"  m  iiL+riii's-Ai 

8j  j-  *  i  r 


SP.  (J"  +a")  (!'■  -  A")  „  (T't  l  ♦  A'Xr  *  Ir.M 

Sj  -  J„  J’  +  1 

As  the  selection  rule  A  J«  0,  +  1  determines  the  P  Q  or  R  branch  concerned, 
it  is  only  necessary  to  specify  the  branch  and  the  J-value  in  the  superscripts 
and  subscripts  to  the  factors.  For  branches  of  bands  of  higher  multiplicity 
the  K  value  has  to  be  specified  (Johnson,  1949).  The  intensity  profile  in  a 
branch  is  determined  from  line  to  line  by  Sj  exp(-EjAT)  for  thermally 
maintained  populations .  In  J  •  J'  for  emission  and  Jm  J"  for  absorption 
the  early  literature  Sj  was  written  as  lj  and  called  the  Intensity  factor. 


4.3  Frenck-Condon  Factors  and  r- Centroids,  Vibrational 

Wave  functions  and  Molacular  Potentials 

A  strict  vibrational  salactlon  rule  (Av  *  +  1)  applies  to  lnfrarad 
vibration-rotation  transitions  and  which  involve  a  single  parabolic  (Simple 

Harmonic  Oscillator)  potential.  In  this  case,  the  potential  (electronic  state) 
la  common  to  the  upper  and  the  lower  vibrational  levels .  The  vibrational 
wave  functions  of  Eq»  (4.  l-9a)  are  Hermits  functions  and  are  mutually 
orthogonal.  M.  is  assumed  to  be  linear  in  r  .  Under  these  olrcumctances 
(sea  Hersberg,  1350.  p.  80)  vanishes  unless  the  above  selection 

rule  applies.  Realistic  potentials  are  somewhat  enharmonic  and  thus  some 
weak  lnfrarad  vibration-rotation  bands  are  observed  for  transitions  which 
break  the  selection  rule.  Infrared  vibration-rotation  transitions  are  only 
observed  in  heteronuolear  molecules.  Komcnuclear  molecules,  because  of 
their  symmetry,  have  no  permanent  dipole  moment  and  are  thus  Infrared 
Inactive. 

The  Franck-Condon  principle  takas  the  place  of  a  strict  selection 
rule  for  vibrational  transitions  between  different  electronic  states  by 
specifying  their  relative  probabilities.  In  the  qualitative  discussion  of  the 
photodissociation  of  diatomic  molecules, Franck  (1925)  pointed  out  that  a 
spontaneous  electronic  transition  affects  neither  the  Instantaneous  position 
nor  momentum  of  the  nuclei.  Thus  the  most  preferred  molecular  transitions 
are  "vertical"  ones  in  which  r  does  not  change  on  the  energy-lntemuclear 
separation  diagrams.  Further  the  molecule  is,  on  a  time  average  basis,  most 
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likely  to  be  found  near  the  turning  point*  (rmin  or  rmaj{)  of  its  oa dilation, 
and  thus  .hoae  v'-v"  tranaltlont  are  moat  likely  to  occur  where  on*  of 
the  turning  points  of  the  upper  level  v'  Is  nearly  equal  to  one  of  the 
turning  points  of  the  lower  level  v"  . 

Condon  (1926)  placed  this  suggestion  on  a  quantitative  basis  and 
showed  (Condon,  1926)  that  it  was  the  square  of  the  overlap  integral  of 
vibrational  wave  functions  (or  Fra  nek -Condon  factor  as  It  was  called  by 
Bates,  1952)  which  was  a  measure  of  the  relative  probability  of  the  v'v" 
transition.  This  Is  consistent  with  Franck's  suggestion,  as  the  vibrational 
wave  functions  have  large  antinodes  in  the  region  of  r(njn  and  r^^  . 

When  the  overlap  between  these  regions  of  the  two  wave-functions  is 
large,  the  Franck-Condon  factor  will  be  large.  Thus  'vertical*  transitions 
at  the  turning  points  of  molecular  oscillations  will  be  most  probable. 

Other  transitions  are  not  forbidden.  Their  relative  strength  will  be  determined 
by  the  amount  of  non-cancelled  overlap  between  their  wave  functions .  Condon 
(1947)  has  given  a  very  good  review  of  the  circumstances  leading  to  the 
development  of  the  principle. 

It  is  thus  the  purpose  of  this  section  to  review  our  knowledge  of  Franck- 
Condon  factor  qv,v„  arrays  and  related  quantities  for  Important  electronic 
band  systems  of  diatomic  molecules . 


Considerable  effort  has  been  expended,  particularly  over  the  past  two  decades, 
to  provide  tables  of  Franck-Condon  factors  for  Important  band  systems. 

Splndler  (1965)  lists  some  of  the  uore  recent  calculations. 


The  first  requirement  for  calculation  of  q-arrays  Is  a  knowledge  of 
the  vibrational  wave  functions  appropriate  to  the  molecule  in  the  upper  and 
lower  states  of  the  transitions.  Once  these  are  known,  a  number  of  derived 
quantities  of  the  wavefunctions  including  q-values  can  be  calculated .  The  wave 
functions  are  solutions  of  the  one-dimensional  Schroedlnger  Eq.  (4.3-2)  for  the  linear 
single  particle  oscillator  of  reduced  mass  p  *  moring 

under  the  action  of  the  'rota  Monies  s’  molecular  potential  U(r)  .  (We 
discuss  the  effect  of  vibration-rotation  interaction  later.) 

d2  4  l 

- 2~  +  i  E  -  U(r)  1  *  «  0  (4.3-2) 

dr*  h4  L  v  J  v 

The  specification  of  a  realistic  molecular  potential  provides  the  first 
problem .  No  completely  realistic  non-numerical  analyti  c  potential  is  available . 

All  analytic  potentials  are  empirical,  and  plausible  representations  of  what  has 
been  thought  to  be  a  reasonable  approximation  to  molecular  behavior.  The 
parabolic  or  simple  harmonic  potential  was  the  first  to  be  used.  Eq.  (4.3-2) 
has  closed  solutions  (Hermlte  Unctions)  for  such  potentials.  The  model  is 
only  realistic  at  very  low  values  of  vibrational  quantum  number.  Manneback  (1951), 
Condon  (1928)  and  others  have  produced  limited  arrays  cf  ’harmonic  oscillator* 
q-values  for  a  number  of  transitions.  Altken  (1951)  produced  a  large  number 
of  arrays  of  them  for  many  band  systems  on  the  Harvard  Mark  I  Computer.  An 
attempt  was  made  by  Gaydon  and  Pearse  (1S39)  to  overcome  some  of  the  lack  of 
realism  of  the  parabolic  potential  by  linearly  distorting  its  wave  functions  to  fit  an 
equivalent  Morse  potential.  Although  the  resulting  functions  are  non~orthogonal, 
they  were  used  with  some  success  by  a  number  of  workers.  Pillow  (1949), 
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Nicholls  (1950),  and  others  extended  and  applisd  the  method  to  many 

transitions  (see  list  of  references  given  by  Nicholls  and  Stewart  (1962)). 

The  Morse  (1929)  potential,  Eq.  (4.3-3)  has  had  the  greatest  popularity  In 

molecular  spectroscopy  for  many  years,  because,  among  other  properties. 

It  does  predict  the  correct  vibrational  energy  level  array  Ev  for  many  cases. 

Although  It  is  an  empirical  suggestion,  it  does  have  some  physical  plausibility 

in  the  adequate  representation  of  the  mechanical  anharmoniclty  of  many  molecular 

states.  There  are  nevertheless  relatively  severe  theoretical  objections  to  it 

(e.g. ,  it  often  predicts  the  incorrect  dissociation  energy  D_  -  ise 2/ 4u>_x_  ,  U(0) 

©  ©  © 

is  non-infinite,  etc.) 

2  2  1/2 

U(r)  »  D#[  1  -  exp  -  9  (r-rg)  ]  ;  9  «  2(^  g  u  'ii^x^  (4.3-3) 

The  vibrational  wave  functions  for  the  Morse  potential  are  also  known  in 
closed  form  and  have  been  the  basis  of  a  number  of  calculations  of  Franck- 
Gondon  factors .  Some  of  these  calculations  were  performed  on  desk  calculators 
(Jarmaln  and  Nicholls,  1954)  when  it  was  not  common  to  have  access  to  digital 
computers.  A  number  of  approximate  methods  for  evaluation  of  1  Morse1 
Franck-Condon  factors  were  thus  developed  (Fraser  and  Jarmaln,  1953,* 

Jarmaln  and  Fraser,  1953,'  Fraser,  19541  Wu,  1952).  Franck-Condon  'actor  arrays 
were  computed  for  a  large  number  of  astrophyslcaiV  and  aeronomlcally  important 
arrays  by  these  methods  (Jarmaln,  Fraser  and  Nicholls,  1953,  1955;  Fraser, 

Jarmaln  and  Nicholls,  1954;  Nicholls,  Fraser  and  Jarmaln,  1959;  Nicholls, 

Fraser,  Jarmaln  and  McEachran,  1963).  Access  to  computers  allowed  the  direct 
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computation  of  Mors  a  Franck-Condon  Factor  Arrays  (using  a  program  which 
first  computed  the  wave  functions  (Nlcholis,  196?).  Over  85  Franck-Condon 
factor  arrays  have  been  computed  to  high  quantum  numbers  by  this  method, 
some  of  which  have  been  published  (Nicholls,  I960;  1961;  1962  a,b,c,d; 

1963a,*  1964a, bj  1965  a,b,c,d;  Ory,  1964a, b;  Kalman  and  Laulicht,  1965).  Not  only 
have  radiative  transitions  been  studied  but  also  excitation  and  ionization 
transitions  whose  cross  sections  are  to  some  extent  controlled  by  the  Franck- 
Condon  factor  (Craggs  and  Massey,  1959)  have  also  been  studied  in  a  number 
of  Important  cases  (Nlcholls,  1961;  1962a;  1965e;  Wacks  and  Krauss,  1961; 

Wacks,  1964). 

One  major  limitation  of  'Morse*  Franck-Condon  factor  arrays  is  the 
inability  of  the  Morse  potential  to  represent  with  realism  the  behavior  of 
all  mdecules.  Rydberg  (1931,  1933),  Klein  (1932),  I>jnham  (1932)  developed 
methods  of  constructing  molecular  potentials  numerically  from  location  of  the 
classical  turning  points  of  the  oscillator  at  each  value.  Rees  (1946)  placed 
this  method  on  a  sound  analytic  basis.  The  starting  point  for  such  calculations 
was  measured  molecular  constants ,  particularly  the  values  derived  from 

band  analysis.  Jarmain  (1959,  1960),  Vanderslice,  Mason,  Maisch  and 
Lippincott  (1959,  1960)  and  Hurley  (1962)  have  demonstrated  the  equivalence 
of  Rydberg  and  Klein's  WKB  method  (which  would  be  expected  to  hold  at  high 
v  values)  and  Dunham's  representation  of  the  potential  at  low  v  values.  The 
basis  of  the  method  has  been  reviewed  by  Gaydon  (1953),  Gilmore  (1965),  and 
Spindler  (1965),  Jarmain  (1959,  1960),  Vanderslice  and  co-workers  (see  Steele, 
Lippincott  and  Vanderslice,  1962  and  references  therein)  and  others  have 
computed  realistic  Rydberg-Kieln-Dunham-Rees  potentials  for  many  molecular 
electronic  states.  Gilmore  (1965)  has  made  a  recent  definitive  and  exhaustive 
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study  of  the  potential  energy  curves  by  this  method  for  all  the  known  states 
of  ,  0^  NO  and  their  ions . 

The  end  results  of  such  work  is  a  list  of  r  and  r_m„  for  each 

mm  max 

vibration ai  level  for  which  measured  values  of  Gy  and  (Herzberg,  1950) 
were  used.  A  rectification  of  such  a  list  into  U(r)  at  equally  spaced  Intervals 
of  r  is  necessary  and  has  been  performed  in  different  ways  by  different  workers. 

Computer-oriented  methods  have  been  developed  by  Jarmain  (1961,  1963a, b), 
Cooley  (196  la, b),  and  Cashion  (1963)  for  the  numerical  solution  of  equation  (40) 
appropriate  to  a  numerical  potential  produced  in  the  manner  described  above. 

These  methods  depend  on  the  analysis  of  Numerov  (1933).  The  resulting 
wave  functions  have  then  been  used  to  compute  Franck- Condon  factors  by 
straightforward  numerical  integration  of  their  products.  Jarmain  (1963b)  has 
discussed  criteria  which  wavefunctlons  arising  from  these  methods  must 
satisfy.  A  number  of  other  workers  (Zare,  Larson,  and  Berg,  1965;  Splndler, 

1965)  have  used  Cooley's  program  to  obtain  wavefunctlons  for  the 
computation  of  Franck-Condon  factor  arrays  for  a  number  of  Important 
band  systems. 

A  comparison  between  arrays  of  Franck-Condon  factors  computed 
from  realistic  molecular  potentials  and  from  Morse  potentials  indicates  that 
in  general  there  is  good  agreement  between  the  two  arrays  at  low  quantum 
numbers  and  less  good  agreement  at  high  quantum  numbers  although  in 
some  cases  the  agreement  at  high  quantum  numbers  is  much  better  than 
might  have  been  a  priori  expected.  If  there  is  a  very  great  divergence 
between  the  potentials  then  there  will  be  a  divergence  between  che  arrays. 


All  of  the  above  discussion  of  Franck-Condon  factor*  relate*  to  a 
rotatlonlea*  model  of  the  molecular  vibrator  (in  the  state) .  It  Is  tacitly 
assumed  that  the  coupling  between  vibration  and  rotation  Is  small  and  that 

h^  i  2 

the  centrifugal  energy  »  ,  (1(7*1)  -A  )  of  molecular  rotation  which 

Bn  m  2 

should  really  be  added  to  U(r)  in  equation  (40)  has  a  negligible  effect  on 
the  molecular  potential.  This  assumption  is  not  always  valid,  particularly 
for  light,  rapidly  rotating  molecules  such  as  hydrides,  and  in  principle  the 
£q*  (4.3-2)  of  which  is  the  solution  should  have  the  centrifugal 

energy  term  added  to  U(r).  Pekeris  (1934)  solved  Eq.  (4.3-2)  for  a 
Morse  potential  to  which  the  rotational  energy  barrier  has  been  added. 

Herman  and  Rubin  (1955)  and  Herman,  Rothery,  and  Rubin  (1950)  have 
examined  vibration  rotation  Interaction ,  using  Morse-Pekerls  wave 
functions,  for  vibration-rotation  spectra.  Fraser  (1956)  examined  the 
effect  of  vibration-rotation  Interaction  using  the  analytic  approximation 
with  perturbation  correction  (Fraser,  1954b).  Learner  (1961)  made  a 
similar  study  of  hydrides  (particularly  OH)  and  computed  overlap  Integrals 
by  numerical  Integration  of  Morse-Pekerls  wave  functions,  James  (1960,  1961} 
made  a  similar  study  using  harmonic  and  enharmonic  oscillators  and 
perturbation  methods.  Haycock  (1963)  extended  Fraser's  work  with 
particular  emphasis  on  hydrides.  The  result  of  these  studies  would  seem 
to  indicate  that  vibration -rotation  effects  are  Important  In  the  case  of  light 
molecules,  particularly  hydrides.  For  heavier  molecules  the  effect  appears 
to  be  small,  but  more  work  Is  needed  before  this  conclusion  can  be  considered 
to  be  firmly  established.  Nearly  all  of  the  work  that  has  so  far  been  done 
has  been  for  molecular  transitions  where  the  effect  is  expected  to  be  large. 
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It  Is  very  likely  to  be  a  small  effect  for  the  transition  considered  to  be 
important  on  hot  air. 

So  far  we  have  limited  the  discussion  of  Franck-Condon  factors  to 
transitions  between  discrete  vibrational  levels,  for  which  the  sum  rule 
(Eq.  (4.  l-16b))holds.  There  is  an  Important  class  of  molecular  transitions 
which  however,  Involve  unbound  continuum  states  In  one  of  the  levels.  For 
example,  the  dissociation  continuum  of  the  Oj  Schumann-Runge  of  the 

O2  Herzberg  I  systems,  Involve  transitions  between  the  v"  -  0  level  of  the 

3  .  3  - 

X  I  ground  state  and  levels  above  the  dissociation  limit  of  the  B  E  . 
g  u 

3  4 

and  the  A  Iu  states  respectively  In  cold  O2  •  For  hot  O2  other 

values  of  v"  are  Incorporated.  The  wave  function  ♦contGr*v)  of  the 

unbound  state  is  a  function  of  energy  as  well  as  intemuclear  separation 

and  cannot  be  normalized  In  the  same  way  as  bound  state  wave  functions. 

Normalization  is  carried  out  with  respect  to  energy  and  Involves  the 

asymptotic  amplitude  (see  for  example  Jarmaln  and  Nlcholls,  1964).  A 

Franck-Condon  density  q  „  (v)  is  defined  in  Eq.  (4.3-4) 

v  t coni 


,  cont 


(v) 


II 


V(r) 


*cont(r'v) 


dr 


(4.3-4) 


and  the  Franck-Condon  factor  for  the  whole  continuum  Is 

V',cont  =  J  V,cont(v)  dv 


(4.3-5) 


i 


Under  these  circumstances  the  sum  rule  (Eq.  (4.  l-16b))  Is  replaced  by 


£v.  Vv"  +  J  Vcont(v)dv  “  1  (4.3-6) 

The  element  of  the  volume  absorption  ooafflclant  in  ths  continuum  is 

"  %  dv  "  'mS  -&F  d£  dv  "  ^  NLv"  R2W  dqcont  <4’3‘7) 

Jarmain  and  Nicholls  (1964,  1966)  hava  rscantly  computed  Franck- Condon 
densities  for  the  Schumann-Runge  Continuum  from  v"  -  0  ,  using  wave 
functions  derived  from  realistic  potentials  and  also  for  ths  Herzberg  I 
Continuum  from  v"  ■  0, 1,2.  The  densities  were  compared  with  measured 
absorption  coefficients,  and  using  Eq.  (4.3-7)  R#(r)  was  determined. 

An  earlier  approach  to  this  sort  of  problem  derives  from  the  suggestion 
of  Widens  and  Stueckelberg  (1928),  that  horn  a  Franck-Ccndon  point  of  view 
It  will  be  the  terminal  antinode  of  the  continuous  wavefunction  which  plays 
an  Important  part  In  the  overlap  integral.  They  thus  suggested  that  In  he 
absence  of  firm  knowledge  of  ths  form  of  the  continuum  wavefunction  it 
should  be  replaced  by  a  6  function  at  one  classical  turning  point  (rp 
of  the  oscillator.  The  Franck-Condon  density  is  then  i  •  This 

lngeneous  Idea  was  tested  by  Coolldge,  James  and  Present  (1936)  in  an 
H2  transition  using  a  Dunham  potential  and  a  differential  analyzer  to 
obtain  realistic  wave  functions .  They  obtained  good  agreement  between 
the  two  results.  However  a  similar  test  carried  out  by  Jarmain  and 
Nlcholls  (1964)  for  the  02  Schumann-Runge  transition  led  to  no  agreement 
between  the  two  methods.  Dltchburn  and  Young  (1962)  ussd  the  6 
function  method  for  comparison  with  experimental  measurements  on  the  02 
Herzberg  I  continuum.  , 


A  large  enough  number  of  Franok-Condon  Factor  arrays  have  now  been 
calculated  under  similar  circumstances  that  the  systematica  of  these  arrays 
can  be  studied.  Two  related  aspects  of  these  systematica  have  been 
investigated:  The  Qeometry  of  the  Condon  Loci,  The  Geometry  of  the 
Franok-Condon  Factor  Surfaoe. 

It  was  a  very  early  observation  In  molecular  spectroscopy  that  the 
moat  commonly  observed  bands  of  a  system  lie  in  well  defined  regions  of  the 
v',v"  plane  on  and  around  an  open  limbed,  quasi-parabolic  curve  which  Is 
roughly  symmetric  about  v'  ■  v"  and  whose  vertex  is  In  the  region  of  (0,0)* 

Condon  (1926)  in  a  semlclasslcal  discussion  was  able  to  show  that  for  a 
simple  harmonic  oscillator  potential  the  strong  bands  would  Indeed  He  on 
a  parabolic  locus  In  the  v'v"  plane.  The  parabolae  have  thus  been  called 
'Condon  Parabolae* .  For  band  systems  where  Ar#  Is  very  small,  the 
parabola  collapses  into  a  diagonal  line.  As  4r  increases  the  parabola 
widens,  its  vertex  moves  away  from  (0,0)  and  subsidiary  "parabolae" 
nested  within  the  primary  outer  parabola  develop.  Detailed  examination 
of  these  loci  of  the  stronger  bands  show  that  they  are  not  parabolic  but 
lie  on  open  curves  which  remind  one  of  parabolae.  They  are  by  no  means 
all  symmetric  about  v'  -  v"  .  They  are  in  fact  the  projection  on  the 
v'-v"  plane  of  the  three  dimensional  surface  of  qv.v„  vs  v*  and  v"  . 

The  definition  of  qv,v„  (Eq. (4.3-1)  makes  It  natural  to  see  whether 

the  shape  of  the  Condon  loci  can  be  predicted  by  requiring  agreement  in  r 

between  one  antinode  of  one  wave  function  and  one  of  the  other.  The  primary 

locus  runs  through  those  v*  and  v"  values  for  which  there  is  overlap 

between  one  terminal  antinode  of  one  wave  function  with  one  terminal 

antinode  of  the  other  (Nlcholls,  1962e).  The  subsidiary  loci  run  through 
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those  v1  and  v"  for  which  there  is  overlap  batwaan  a  terminal  antinode 
of  one  wavefunctlon  and  a  subsidiary  antinoda  of  the  other  (Nlcholls ,  1963b; 
Murty  and  Nlcholls,  1966).  This  analysis  has  been  vary  fully  Investigated 
by  Murty  (1964)  who  has  shown  that  each  locus  has  six  possible  segments 
of  which  three  usually  occur. 

The  systematic  variation  In  shape  of  the  Condon  loci  with  Ar.  is 

Q 

a  reflection  of  a  similar  behavior  of  the  q^,,  surfaces.  It  has  been 
described  elsewhere  (Nlcholls ,  1964d)  how  with  Increase  In  Ar  the 
surfaces  change  from  a  diagonal  ridge  to  a  series  of  nested  horseshoe-shaped 
ridges  whose  apex  moves  steadily  away  from  (0,0) .  It  has  been  possible 
to  represent  this  behavior  by  a  series  of  plots  (one  for  each  v'  ,  v”)  of 
log  vs.  log  8'Are  •  O'  Is  the  harmonic  mean  of  the  0's 

In  the  exponents  of  the  two  Morse  potentials  (Eq.  (4.3-3))  and  6'Are 
is  thus  a  transition  parameter  characteristic  of  the  whole  system  (Nlcholls, 
1964c,  1965f) .  The  curves  have  a  systematic  undulatory  shape  as  would  be 
expected,  and  can  be  used  for  the  rough  Interpolation  of  Franck- Condon 
factors . 

The  r-centroid  approximation  doflned  In  Eq.  (4.  l-12a,b)  is  another 
important  derived  quantity  of  vibrational  wave-functions  used  in  the  inter¬ 
pretation  of  intensities  of  molecular  spectra.  Fraser  (1954)  has  shown  that 
as  a  result  of  the  compact  nature  of  the  wavefunctlon  product  4y„ 

(see  Eq.  (4.3-8a))  that  Eq.  (4. 1-  12b)  is  a  good  approximation  for  band 
systems  for  which  u.u>  ~  10^  (u.  in  am  u  and  uu  in  cm”*)  , 

A  6  a  © 

0.01A  <  Ar  <  0.25A  and  for  which  v‘  and  v"  do  not  greatly  exceed  10. 
© 
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This  approximate  property  allows  one  to  resolve  the  Integral  of  the  product 


of  *v,  ,  tv„  and  a  polynomial  function  of  r  Into  the  product  of  the 
vibrational  overlap  Integral  and  the  polynomial  taken  at  an  argument  Fv,v« 
(see  Eq.  (4.  1-13)). 

The  r-eentroid  is  a  characteristic  r-value  associated  with  the  v'v" 
transition  and  recent  work  has  shown  that  it  may  be  identified  with  the 
'Franck-Condon  principle'  value  of  r  for  the  v'-v"  transition  in 
question  as  is  demonstrated  below.  Eqs.  (4.1-12a,b)  imply  that 


6  (r  -  f^.y,,) 


^v*  ^v" 


f  dr 


(4. 


and  thus  that  under  Fraser's  conditions  the  wavefunctlon  product  should  have 
approximately  comparable  properties  to  a  6 -function  at  the  r- centroid.  A 
recent  study  using  tabulated  Morse  wavefunctlons  for  a  number  of  systems 
(Nicholls,  1966)  has  confirmed  this  view  for  many  bands  on  the  primary 
Condon  Locus. 

The  r-centroid  also  satisfies  the  relationship  (Nicholls  and  Jermain, 

19S6) 


U'(rvV.)  -  U'(FV,VJ  -  Ev,  -  Ey., 


(4. 


which  has  been  the  basis  for  many  calculations  of  r-centroid  arrays  and  also 
for  a  theoretical  demonstration  that  the  r-centroid  is  the  Franck-Condon 
principle  value  of  r  (Nicholls,  1966). 
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Arrays  of  r-centrolds  have  baan  oomputad  for  many  band  systems  by 
a  number  of  methods,  some  of  which  are  based  on  £q.  (4.3-8b)  and  soma  of 
which  Involve  direct  calculation  of  the  Integral  quotient  of  Eq.  (4. 1-12). 
The  properties,  methods  of  calculation  and  arrays  of  r- centroids  have  been 
fully  discussed  In  a  number  of  papers  (Nicnolls  and  Jarmaln,  1955,  1956, 
1959;  Nieholls,  Parkinson,  Robinson,  and  Jan.isii ,  1956;  Nieholls  and 
Stewart,  1962;  Nieholls,  196$g,  1965).  The  r-centroids  are  related  to  the 
r#'s  and  the  turning  values  rj  2  *nd  rj  2  °f  the  oscillators  In  the 
v'  and  vM  levels  (Nieholls  and  Jarmaln,  1959).  It  Is  also  possible  to 
relate  r-centrolds  and  Franck-Condon  factors  to  the  expectation  value  rv, 
or  rv„  of  r  in  the  level  v'  or  v"  through  the  equation 


V  or  v"  "  ^ 

v”  or  v* 


ty'y"  Qyly" 


(4.3-9) 


(Nieholls  and  Jarmaln,  1955).  That  is  the  expectation  (■/  *v'  or  v"  r  dr) 
value  Is  a  weighted  average  of  r-centrolds  and  Franck-Condon  factors  for 
all  transitions  out  of  the  level  concerned. 

One  of  the  most  useful  properties  for  applications  of  the  r-centroid 
is  its  monotonic  dependence  on  wavelength  Xv,v.<  or  frequency  vviv„  for 
the  bands  of  a  system. 

When  r*>r"  ,  r„,  Increases  monotonlcally  with  X  ,  . 

When  r '  <  r "  ,  r  ,  „  decreases  monotonlcally  with  \  «  .  This 

6  B  V  V  V  V 

behavior,  and  the  two  possible  types  of  rv,v„  surfaces  (the  three- 
dimensional  representation  of  Fv,v»  as  a  function  of  v'  and  v") 
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which  It  implies ,  la  directly  related  to  the  two  types  of  Xy>v«  surface. 

In  both,  Xv.<c  Is  less  than  Xoy«  .  When  >  r£  ,  X^  >  X00  and 
conversely.  Hie  monotonic  relationship  allows  simple  interpolation  of 
uncalculated  ryty,,  values  and  also  allows  Xv>v-  or  vy.v«  to  be 
used  as  independent  variables  In  place  of  ryiyl.  In  some  applications 
in  the  rescaling  of  measured  intensities  to  provide  a  table  of  band  strengths 
(see  section  4.4). 

After  a  number  of  ryiyH  arrays  had  been  calculated  it  was  observed 
that  Pyj+i  v«+i  *  rv*vM  wa*  approximately  constant  for  each  of  the 
v'-v"  sequences.  The  constant  was  different  for  each  sequence.  The 
theoretical  justification  for  this  was  provided  and  it  gave  a  simple  means 
of  making  up  an  Fv,v  ,,-array  once  the  leading  entries  D  Ffl  y,  for 
the  sequenoes  and  the  constant  differences  were  known.  The  constant 
differences  imply  that  the  ?yly,,- surface  is  approximately  plane. 

4.4  The  electronic  transition  moment  and  band  strengths 

The  electronic  transition  moment  R  (r)  is  the  final  of  the 
three  factors  which  control  a  line  strength.  It  is  formally  defined  in  Eq.  (4. 1- 
10)  and  because  of  our  poor  detailed  knowledge  of  molecular  electronic 
wave  functions,  we  are  forced  to  study  it  experimentally.  The  electronic 
transition  moment  enters  into  a  discussion  of  molecular  transition 
probabilities  from  a  number  of  standpoints.  It  is  of  course  interesting  in 
its  own  right  as  a  knowledge  of  its  magnitude  and  variation  with  r  for 
a  large  number  of  different  systems  gives  greater  understanding  of  problems 
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of  molecular  structure.  It  has  been  pointed  out  a  number  of  times  In  the 
preceding  discussion  that  from  a  transition  probability  point  of  view  it  is  the 
band  strengths  Sv,v„  or  the  product  R*(rv,v„)  qvV,  which  is  a  more 
important  quantity  than  either  of  its  factors.  In  the  applications  discussed 
below  we  shall  thus  look  on  Rg{r)  ,  %'v"  and  Fv'v"  as  means  to  ^0  end  of 
determination  of  reliable  and  smoothed  band  strengths. 

R^Jr)  has  been  studied  experimentally  in  three  main  ways: 

a)  From  intensities  of  emission  spectra 

b)  From  intensities  of  absorption  spectra 

c)  From  measurement  oi  lifetimes  cf  states. 

The  consequences  of  these  will  be  discussed  briefly  in  turn.  Discussion  of 
examples  of  these  which  have  applications  to  thermal  radiation  from  air  is 
deferred  to  Chapter  7. 

The  emission  intensity  Iy , v „  of  a  molecular  band  is  giver,  by 
(Nicholls  and  Stewart,  1962) 


v  v 


=  K  N  , 
v 


V  V 


2  - 

\<VV>  qv'v" 


K  ^1  V  ylyll  ®V'V» 


(4.4-1) 


K  is  a  constant  which  allows  for  units  and  geometry  .  In  emission, 
geometrical  considerations  make  absolute  measurements  very  difficult  to 
nvrk<*.  and  thus  this  equation  has  been  used  in  many  relative  measurements 
of  band  intensities  ,  There  are  a  number  of  other  practical  difficulties 
associated  with  overlap  in  structure  between  adjacent  bands  which  can 
add  -igni^cantly  to  possible  errors  in  measured  Iviv„  •  These  will 
not  be  discussed  in  detail  here. 

One  obvious  application  of  Eq.  i4.4-l)  is  to  measure  Iv.v»  bard 
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by  band  by  photographic  or  photoelectric  means  and  to  Interpret  relative 
Sv,v„  band  by  band  from 


®v'v"  *  Vv"/KNv,v  v'v" 


(4.4-2) 


That  approach  requires  either  a  knowledge  of  Nv,  (e.g.,  from  demonstrated 
thermal  excitation  of  spectra  in  a  furnace  or  shock-tube)  or  the  determination 
of  relative  Sv,v„  along  progressions  of  bands  for  which  Ny,  *  const. 

The  method  has  been  applied  to  furnace-excited  C ^  spectra  for  example, 
by  King  (1948),  Phillips  (1954,  1957)  and  Hagan  (1962),  and  others.  The 
method,  while  straightforward  in  application  has  the  disadvantage  that  the 
relative  error  varies  from  band  to  band.  Strong  bands  have  profiles  of  large 
area  and  are,  in  general  more  accurately  measured  than  weak  bands. 

An  alternative  application  of  £q.  (4.4-1)  (Fraser,  1954a)  is  to  plot 

A  1  /? 

<Vv../vv..vVvj  vs  r  ,v „  for  progressions  of  bands  in  which  v‘ 

1/2 

Is  common  in  each.  This  plot  is  equivalent  to  Nv,  Re(i)  vs*  r  • 
has  been  applied  to  many  band  systems  (see  Nicholls  and  Stewart,  1962; 
Nicholls,  1954  ;).  The  result  is  a  set  of  segments  (one  for  each  v'*const 
progression  of  bands)  which  delineate  the  relative  variation  of  Rg(r)  with 

i  .  The  segments  are  displaced  in  ordinate  from  each  other  by  an  amount 

1  /a 

controlled  by  N^,  .  Rescaling  procedures  allow  all  of  the  segments 

to  be  placed  on  the  same  ordinate  scale  and  provide  a  knowledge  of  Ny6  . 
All  the  measured  Intensities  have  then  played  a  role  in  the  delineation  of 

R  (r)  ,  and  a  smootu  empirical  curve  can  be  fitted  by  least  squares  methods 

e 

to  the  final  set  of  points. 
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If  the  aim  of  such  work  is  to  study  Rjr)  per  Be,  then  the  procedure 
outlined  above  can  be  used  with  the  reservation  that  ry,y„  la  an  approxi¬ 
mately  defined  quantity.  If  the  aim  is  however,  to  provide  a  set  of  smoothed 
Sv,v.  (“R^q)  values  from  the  smoothed  Re(r)  curve  and  the  Franck-Condon 
factors,  the  discussion  of  the  preceding  section  on  r-ccntrolds  indicates 
that  K/qvV/Z  could  equally  well  have  been  plotted  against  v  or  X 
in  progressions  because  of  the  monotonic  relationship  between  ryly  „  and 
wavelength  or  frequency.  Further,  provided  that  no  large  extrapolation  is 
made  outside  the  range  of  rv,y„  (or  \  or  v  )  for  the  system  this  procedure 
will  also  allow  estimates  to  be  made  of  relative  band  strengths  for  bands 
not  measured,  providing  tnat  a  consistent  estimate  of  qy>v«  and  ry<v»  , 

X  or  v  is  available  for  each  of  them  so  that  the  correct  ordinate  of  the 
R#(r)  plot  can  be  read  off. 

It  should  also  be  pointed  out  in  this  connection  that  while  different 
forms  of  R^(r)  will  obviously  result  from  the  use  of  each  qy,y„  (and  Fy,v„) 
arrays  calculated  on  the  basis  of  a  different  model  of  U(r)  ,  that  the 
compensation  achieved  between  division  by  qv,y.,  in  the  determination  of 
R0(r)  ,  and  multiplication  by  qyiv..  in  the  determination  of  Syly„  will 

!  make  the  eventual  smoothed  S  ,  „  arrays  less  sensitive  to  the  model  of 

i  v  V 

i  potential  used  that  has  often  been  thought. 

The  relative  Syly„  arrays  (often  expressed  on  a  scale  where  SQ  Q 
|  is  100)  can  be,  and  have  been  in  some  cases,  placed  on  an  absolute  scale 

\  by  comparison  with  absolute  absorption  coefficients  for  a  few  bands  or  by 

* 

I  use  of  lifetime  measurements  (see  for  example,  Nicholls,  1964d).  One 

1  advantage  of  emission  measurements,  in  spite  of  their  relative  nature,  is 

|  that,  in  general  more  bands  of  a  system  are  excited  in  emission  than  are  observed 

]  in  cold  absorption  (see  however  the  remarks  below). 

» 

\ 


I 


If  the  aim  of  the  work  Is  the  provision  of  data  on  Re(r)  ,  the  realism 

of  model  of  potential  used  to  compute  <Iv>vm  arrays  is  of  great  Importance 

as  is  the  adequacy  of  the  r-centrold  approximation  for  the  band  system  under 

consideration.  There  has  been  relatively  little  discussion  of  any  possible 

systematic  difference  in  behavior  of  Re(r)  with  r  from  band  system  to 

band  system.  Bates  (1949)  proposed  that  the  dependence  upon  r  would 

be  most  strong  for  perpendicular  (&A  *  +  1)  transitions  than  for  parallel 

(A A  *  0)  transitions.  The  change  of  the  electronic  structure  Is  more  severe 

In  the  former  than  the  latter.  In  one  survey  which  was  made  of  the  meagre 

experimental  data  (Nlcholls,  1962a),  support  was  found  for  Bates1  proposal. 

The  band  absorption  coefficient  (Eq.  (4. 1-33))  has  been  used  by  a  number  of 

authors  in  recent  years  to  provide  Information  on  band  oscillator  strengths, 

and  in  some  cases  on  the  behavior  of  R  (r)  with  r  from  a  plot  of 

0 

(uv(band)/vv>v„  qv,v„)  7  vs  rv,v„  .  See  for  example  Bethke  (19 59a, b) , 

Marr  (1964a, b),  Treanor  and  Wurster  (1960).  One  advantage  of  absorption 
work  is  that  absolute  absorption  coefficients  can  be  measured  directly  In 
most  cases  (when  is  known).  While  much  absorption  work  has  been 

done  on  the  v”“0  progression  in  cold  gas  samples,  the  technically  more 
difficult  time  resolved  shock-tube  spectroscopy  of  hot  gases  is  being 
increasingly  used.  Band  oscillator  strengths  are  a  commonly  measured 
parameter  in  such  work  and  more  bands  per  system  are  in  principle  accessible 
than  when  using  cold  gas  samples. 

Eq.  (4. 1-35)  has  been  used  during  the  past  decade  to  Interpret  lifetimes 

r. of  vibrational  levels  in  terms  of  R  (r)  .  The  lifetime  is  the  reciprocal 
v  e 

of  the  sum  of  Einstein  A- coefficients  of  all  (v1  ,v")  transitions  which  combine 
with  v'  .  Consequently  care  has  to  be  exercised  when  interpreting  lifetime 
measurements  that  the  sum  is  realistic,  that  no  competing  processes  to 
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radiation  depopulate  the  level,  nor  that  It  la  being  populated  by  unsuspected 
caacade  transitions . 

Three  techniques  have  been  developed  for  the  measurement  of  molecular 
lifetimes . 

a)  The  delayed  coincidence  method  (Heron,  McWhlrterfii Rhoderlck,  1954, 
1956;  Brannen,  Hunt,  Adllngton  and  Nicholls,  1955;  Bennett ,& Dalby  ,  1959,  1960a, b; 
Dalby,  1964;  Schwenker,  1965). 

b)  The  decay  of  discharge  method  (Jeunnhomme,  1965;  Wentlnck,  1964) 

c)  The  phase  shift  method  (Demtr&der,  1962;  Brewer  et  al. ,  1962; 

Lawrence,  1965;  Hesser  and  Dressier,  1965). 

In  the  delayed  coincidence  technique  the  spectrum  feature  Is  repetitively 
excited  by  a  chopped  electron  beam  and  detected  through  a  monochromator 
with  a  photomultiplier.  Electrical  delays  are  Inserted  In  the  detector  circuit 
and  the  lifetime  Is  inferred  from  the  slope  of  a  semilogarlthmlc  plot  of 
coincidence  (with  respect  to  the  exciting  pulse)  counting  rate  vs.  delay  time. 

This  Is  a  modification  of  a  commonly  used  method  in  nuclear  physics.  Provided 
cascading  and  other  secondary  effects  do  not  occur  It  is  a  very  accurate 
method  and  has  been  exploited  to  the  full  by  Bennett  and  co-workers.  The 
results  are  usually  extrapolated  to  zero  pressure  to  avoid  the  Influence  of 
secondary  processes,  and  a  dependence  of  t  ,  upon  v'  Is  often  found 
which  Is  not  surprising. 

In  the  decay  of  radiation  from  a  discharge  the  decay  of  the  radiation  of 
a  spectral  feature  from  a  pulsed  discharge  Is  studied.  Care  must  be  taken 
In  interpretation  of  the  results  that  a  single  atomic  process  (radiation)  is 
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being  observed  and  not  the  cumulative  effect  of  a  number  of  overlapping 
processes  in  the  discharge.  The  method  is  in  principle  quite  simple. 

In  the  phase  shift  method  the  spectral  feature  of  Interest  is  excited  by 
a  sinusoidally  modulated  electron  beam  of  controllable  frequency.  The 
lifetime  can  be  inferred  from  either  a  measurement  of  amplitude  or  phase 
(relative  to  the  electron  beam)  of  the  output  signal.  The  phase  measurements 
are  used  in  practical  application.  This  method  Is  being  used  with  great 
success  on  molecules  of  astrophyslcal  interest  at  Princeton  observatory. 

In  the  interpretation  of  all  of  these  methods,  some  prior  knowledge 
of  the  number  of  bands  making  a  significant  contribution  to  the  sum  over  v" 
of  the  A^iv.,  has  to  be  known,  before  t  ,  can  be  interpreted  in  terms 
of  R  (r  ,  ,,)  .  In  simple  cases  (e.q.,  (0,0)  bands  of  systems  where  no 

6  V  V 

other  contributors  to  the  v'  *  0  progression)  make  a  contribution, 


from  which  R  (r)  can  be  immediately  inferred.  In  cases  where  there  is 

more  than  one  contributor  the  "branching  ratios"  have  to  be  estimated,  often 
approximately  by  use  of  the  Franck-Condon  factor  ratios. 

Lifetime  measurements  have  been  used  in  a  number  of  cases  to  olacs 
relative  band  strengths  on  an  absolute  basis  (Nlcholls,  1964c). 
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PART  B 


SPECTRAL  AND  MEAN  ABSORPTI  ON  COEFFICIENTS  OF  HEATED  AIR 


Chapters.  HISTORICAL  REVIEW: 

RESEARCH  ON  HOT  GAS  ABSORPTION  COEFFICIENTS  SINCE  1900 

In  Part  A  of  this  volume  an  account  was  given  of  the  theoretical  bases 
both  in  radiative  transfer  theory  and  also  in  quantum  mechanics,  on  which 
calculations  of  spectral  and  mean  absorption  coefficients  of  heated  air  can  be 
made.  In  Part  B,  which  follows,  a  detailed  description  was  given  of  actual 
calculations  which  have  been  made  particularly  during  the  past  two  decades  of 
these  absorption  coefficients.  Typical  illustrative  results  of  such  calculations 
are  also  presented  as  p.  rt  of  a  larger  more  comprehensive  compilation  which 
forms  another  volume  of  this  series . 

Before  making  the  detailed  description  of  actual  calculations  it  will 
be  valuable  for  orientation  purposes  briefly  to  review  in  this  chapter  the 
development  of  theoretical  research  on  absorption  coefficients  of  hot  gases 
made  during  this  century.  Much  of  this  work  has  had  a  strong  astrophysical 
motivation . 

The  importance  of  radiation  absorption  coefficients  of  heated  gases 
in  the  detailed  quantitative  description  of  stellar  atmospheres  was  increasingly 
'ealized  during  the  decade  19  15-  1926.  During  this  period  it  became  clear 
that  the  purely  convective  models  of  stellar  atmospheres  were  not  adequate 
to  account  for  the  observed  facts,  and  that  in  some  way  the  radiation  flux 
must  be  included  in  any  realistic  account  of  stellar  structure.  Schwarzchild 
(1906)  had  in  fact  already  begun  to  lay  the  foundation  of  radiative  stellar 
models.  Between  1915  and  1926  Eddington  (1926)  made  a  systematic  applica¬ 
tion  of  radiative  transfer  theory  to  stellar  atmospheres, and  with  E.  A.  Milne  (1924) 
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was  primarily  responsible  for  establishing  the  direct  physical  significance 
of  radiative  stellar  models.  The  work  of  this  period,  including  the  early 
calculations  of  absorption  coefficients,  is  described  in  Eddington's  classic 
hook  (1926)  which  stands  as  a  monument  to  and  closes  the  initial  period  of 
development  of  radiative  stellar  models.  The  historical  significance  of 
Eddington's  book  is  heightened  by  its  position  relative  to  the  formulation 
of  quantum  mechanics.  It  appeared  Just  at  the  onset  of  the  major  period 
of  development  of  the  subject  and  before  the  results  of  this  development  were 
available.  Also,  it  appeared  Just  after  Kramer's  (1923)  remarkable  derivation 
of  semlclassical  absorption  coefficients,  and  Rosseland's  (1924)  discovery 
of  the  correct  mean  absorption  coefficient  to  use  for  stellar  interiors.  These 
two  developments  enabled  Eddington  and  Milne*  to  provide  a  solid  physical 
basis  for  the  radiative  aspects  of  stellar  structure. 

The  next  period  of  development  involved  the  application  of  quantum 
mechanics  to  the  study  of  absorption  coefficients.  Among  the  principal 
papers  in  which  complete  quantum  mechanical  discussion  of  continuous 
radiative  processes  were  made  are  those  of  Oppenhelmer  (1928,  1929), 

Gaunt  (1930),  and  Stobbe  (1930).  The  classic  paper  of  Born  and  Oppenhelmer 
(1927)  is  of  fundamental  importance  in  the  discussion  of  molecular  contributions. 

Following  the  formal  quantal  descriptions  of  elementary  processes 
which  contribute  to  the  spectral  absorption  coefficients,  Strflmgren  (1932, 

1933)  carried  out  the  first  systematic  and  detailed  calculations  of  the  mean 

absorption  coefficient  l/uR  defined  by  Rosseland  as  the  most  appropriate 
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It  is  interesting  to  note  that  Milne  Independently  obtained  the  same 
results  as  Kramers  (1923)  for  the  semlclassical  photoelectric  cross  section. 
His  paper  (Milne,  1924)  appeared  in  the  same  journal,  the  Philosophical 
Magazine,  Just  two  months  after  Kramers'.  Because  cf  Kramers'  prior 
publication,  the  semlclassical  cross  sections  are  ordinarily  attributed  to 
him,  and  Milne's  paper  is  now  remembered  primarily  for  the  connection 

between  the  photoelectric  and  recombination  cross  sections  first  given 
in  it. 


for  discussion  of  radiative  transfer  In  stellar  Interiors: 
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(The  quantity  Rr  ■  Qg/o  Is  often  used,  and  Is  called  the  "Rosseland  Mean 
Opacity'1,  see  section  2.5) 

The  next  important  development  was  the  paper  of  Menzel  and  Pekerls  (1935) 
which  provided  a  very  extensive  analysis  of  hydrogenlc  matrix  element  formulae 
with  tables  of  numerical  values  to  correct  the  Kramers'  semlclasslcal  approxi¬ 
mation.  In  addition,  they  discussed,  analyzed,  and  made  Improvements  to 
previous  approximate  formulae  for  the  spectral  and  mean  absorption  coeff* dents. 
Papers  by  Marshak  and  Bethe  (1950),  and  Morse  (1960)  for  the  first  time 
considered  lnterpartlcle  interactions  In  the  calculation  of  occupation  numbers 
for  study  of  opacity  and  thermodynamic  properties  of  gases  at  high  temperatures 
and  densities.  These  authors  adopted  the  suggestion  of  Slater  and  Knitter  (1935) 
to  apply  the  Ferml-Thomas  method  to  the  calculation  of  occupation  numbers 
and/or  other  thermodynamic  properties  under  conditions  of  temperature  and 
pressure  of  astrophysical  Interest.  This  was  the  origin  of  the  use  of  the 
ion-sphere  model  in  opacity  calculations.  Its  original  use,  by  Wlgner, 

Seitz,  Slater,  and  others,  was  In  the  theory  of  metals.  But,  as  pointed 
out  by  Slater  and  Knitter  (1935),  It  is  also  advantageous  for  thermodynamic 
calculations  under  conditions  of  high  temperature  and  pressure.  It  permits 
more  detailed  consideration  to  be  made  of  lnterpartlcle  Interactions  than 

the  previous  "excluded  volume”  type  corrections*  which  are  more  or  less 
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Discussions  of  studies  of  truncation  with  early  cutoffs  and  corrections  for 
the  partition  function  may  be  found  In  Fowler  (1936).  See  also  Fermi  (1924), 
and  Urey  (1924). 


intuitive  In  nature.  The  Thomas -Fermi  calculations  of  Slater  and  Knitter  (1935), 
using  the  lon-sphere  model,  provided  the  necessary  ground  work  for  the 
Marshak-Bethe  (1960),  and  Morse  (1940)  calculations.  This  original  lon- 
sphere  theory  was  more  or  less  intuitively  based,  without  any  statistical 
Justification.  H.  Mayer  (1947)  was  the  first  to  work  out  a  detailed  statistical 
mechanics  foundation  for  this  theory. 

With  the  development  of  nuclear  weapons  during  the  second  World  War, 
it  was  recognized  that  conditions  In  and  around  the  fireball  of  a  nuclear 
explosion  would  be  similar  to  those  In  a  star.  Thus,  In  order  to  predict 
these  conditions,  it  was  necessary  to  consider  the  opacity  both  of  the 
materials  used  in  the  construction  of  a  nuclear  weapon,  and  of  the  air 
surrounding  such  a  weapon,  after  heating  caused  by  the  nuclear  explosion 
has  taken  place.  The  first  calculations  of  the  opacity  of  air  were  therefore 
carried  out*  under  the  Manhattan  project  by  Hlrschfelder  and  Magee  (1945). 
Later,  a  much  more  extensive  general  development  of  opacity  calculation 
theory  was  provided  by  Mayer  (1947),  although  he  did  not  carry  out  any 
explicit  calculations  for  air  in  that  (1947)  report.  The  Hlrschfelder- Magee 
calculations  covered  a  very  extensive  temperature-density  range,  but  with 
a  limited  number  of  contributing  components.  This  work  was  later  extended 
to  include  a  few  more  components  and  to  include  a  consideration  of  Planck 
mean  absorption  coefficients  as  well  as  Rosseland  means  (Hlrschfelder  and 
Magee,  1958/1947).  Their  calculations  were  based  on  Morse's  method  with 

some  simplifications  (i.e.,  neglect  of  excited  states  and  pressure  ionization). 

_  256 

The  associated  equation-of-state  calculations  were  carried  out  by 

Fuchs, Peierls,  Christy,  and  others.  See  LA  296  or  LA  2000. 
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As  stated  above,  Mayer  (1947)  gave  the  first  statistical  discussion, 
based  on  the  canonical  ensemble,  of  the  ion-sphere  theory  for  obtaining 
occupation  numbers .  He  also  included  explicit  consideration  of  free-bound 
electron-electron  interactions  in  his  treatment,  thus  giving  more  accurate 
and  detailed  formulae  for  the  occupation  number  calculations  than  had  previously 
been  available.  In  addition,  he  considered  the  effects  of  line  transitions 
on  the  opacity  for  the  first  time. 

Because  of  the  complexity  of  this  problem,  previous  investigators 
had  limited  themselves  to  the  so-called  "continuous"  opacity,  that  is, 
absorption  due  to  the  photoelectric  and  free-free  processes,  and  scattering. 

At  the  suggestion  of  E.  Teller,  Mayer  performed  the  first  realistic  estimates 
of  the  line  effect,  both  by  means  of  a  statistical  theory  which  he  developed 
(see  also  Goody,  1952,  who  developed  it  independently)  and  by  direct 
calculation  (Kivel  and  Mayer,  1965/1954).  Specific  lines  or  groups  of 
ideali'.ed  lines  had  been  used  for  some  time  in  low-temperature  radiation 
transport  studies  (Elsasser,  1938)  but  these  were  traditionally  confined  to 
relatively  narrow  frequency  regions  in  contrast  to  the  extremely  broad 
regions  involved  in  a  high-temperature  opacity  calculation. 

Further  history  of  opacity  calculations  carried  out  under  the  Manhattan 
project  and  afterwards  has  been  reviewed  by  H.  Mayer  (1964).  It  is  not  our 
purpose  here  to  provide  a  definitive  historical  survey,  and  thus  we  limit  the 
discussion  to  the  most  significant  developments  in  absorption  coefficient 
and  opacity  calculations,  specifically  those  that  are  most  concerned  with 
air,  perse.  After  1945,  opacity  calculations  were  continued  under 
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government  sponsorship  at  the  Argonne  National  Laboratory  (Moszkowski 
and  Meyerott,  1957;  Keller  and  Meyerott,  1952a,  1952b;  Brachman  and 
Meyerott,  1953;  Keller  and  Meyerott,  1955),  and  at  Rand  Corp.  (Gilmore 
and  Latter,  1955;  Meyerott,  1955),  as  well  as  at  Los  Alamos  (Cox,  1964; 

Klvel  and  Mayer,  1965/1954). 

Astrophyslcal  studies  of  many  aspects  of  opacities  and  absorption 
coefficients  did  not  stop  during  the  war  nor  later,  of  course.  At  about  the 
time  of  Morse's  work,  Wildt  (1939)  suggested  that  bound-free  absorption  by 
H~  was  a  significant  factor  In  determining  radiative  energy  flow  in  the 
outer  layers  of  the  sun.  This  proved  to  be  a  particularly  fruitful  suggestion, 
and  precipitated  an  outburst  of  calculations  of  wave  functions  and  absorption 
coefficients  of  H-  (Chandrasekhar,  1945a,  b).  We  will  not  attempt  to  trace 
the  purely  astrophyslcal  work  beyond  this  point.  An  extensive  discussion 
and  evaluation  of  this  work  has  been  given  by  Cox  (1965). 

At  the  time  of  Wildt's  suggestion,  rough  calculations  of  the  H 
photodetach  *»nt  cross  section  already  existed  (Jen,  1933;  Massey  and  Smith, 
1936)  whereby  he  was  able  to  assess  the  importance  of  the  absorption  due  to 
this  process.  Also  at  this  time,  Massey,  Bates,  and  colleagues  had  already 
started  detailed  calculations  of  a  number  of  photoelectric  cross  sections  of 
upper-atmospheric  and  astrophyslcal  interest.  For  example,  Bates,  Buckingham, 

Massey  and  Unwin  (1939)  calculated  the  photoelectric  cross  section  for  the 

* 

ground  state  of  oxygen  using  the  self-consistent-field  method.  Following 
this  calculation.  Bates  went  on  to  obtain  similar  cross  sections  for  the 
neighboring  elements  boron,  carbon,  nitrogen,  flourine,  and  neon.  These 
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So  did  Yamanouchi  and  Kotani,  Proc.  Phys.  Math.  Soc.,  Japan  _22, 

60  (1940). 


calculations  were  interrupted  by  World  War  II,  and  resumed  shortly  thereafter. 
In  1946  Bates  published  a  very  substantial  review  paper  on  the  characteristics 
of  radiative  cross  sections  for  a  wide  variety  of  elements,  listing  the 
calculations  which  had  been  made  to  that  date.  This  paper  also  reviews 
the  basic  quantal  formulas.  Including  for  the  first  time,  explicit  values 
of  some  of  the  angular  factors  in  the  matrix  elements.  Concomitant 
with  this  review  paper,  Bates  (1946b)  gave  approximate  formulae  for  the 
photoelectric  cross  sections  of  light  atoms  and  ions,  using  Slater  screening- 
constant  wave  functions.  This  wo  rk  Included  results  for  N+  and  0+  . 

Later,  Bates  and  Seaton  (1949)  published  still  more  accurate  calcula¬ 
tions  on  oxygen,  nitrogen  and  carbon;  detailed  calculations  of  this  type  have 
of  course,  continued  and  multiplied  (further  references  will  be  found  in 
Section  8. 1).  Most  significant  to  the  present  study  is  the  work  of  Burgess 
and  Seaton  (1960).  By  generalizing  the  Coulomb  Approximation  of  Bates 
and  Damgaard  (1949)  these  authors  obtained  a  very  general  and  widely- 
applicable  method  of  obtaining  photoionization  cross  sections.  Results  for 
excited  states  can  be  obtained  just  as  well  as  for  (in  fact  better  than)  ground 
states.  The  accuracy  and  relative  simplicity  of  this  method  lends  Itself  well 
to  large-scale  calculations  of  the  type  required  for  gases  at  high  temperatures. 
The  methods  of  Burgess  and  Seaton  were  first  applied  to  a  calculation  of  the 
continuous  absorption  coefficients  of  heated  nitrogen  and  oxygen  (10,500  - 
13,000°K)  by  Peach  (1962).  The  results  were  in  reasonable  (although  not 
precise)  agreement  with  experiment.  A  generalization  of  this  so-called 
"quantum-defect"  method  to  free-free  transitions  has  been  reported 


(Norman,  1963)  but  so  far  no  applications  of  It  have  appeared  In  the 
American  literature.  A  more  careful  and  elaborate  generalization  of  this 
method  to  free-free  transitions  has  appeared  quite  recently  (Peach,  1965) 

In  which  the  author  promises  to  apply  the  results  to  opacity  calculations 
In  a  subsequent  paper. 

Returning  now  to  more  recent  work  on  air  opacity  calculations  per  se, 
an  approximate  method  for  detailed  Inclusion  of  contributing  lines  In  air 
(or  air  constituent)  opacity  calculations  appears  to  have  been  first  attempted 
by  Moszkowskl  and  Meyerott  (1951)  and  by  Klvel  and  Mayer  (1965/1954). 

Until  about  the  mid-fifties ,  and  except  for  the  work  of  Hirschfelder  and 
Magee  (1945,  1958/1947),  the  emphasis  In  opacity  research  was  on  atomic 
opacities  at  high-temperature  or  high  density  conditions,  or  both.  Starting 
in  the  mid-fifties,  additional  calculations  were  begun  which  provide 
information  in  the  lower- temperature  regions  which  are  of  particular  application 
to  re-entry  problems  and  to  the  outer  layers  of  fireballs,  and  where  molecules 
exist  or  predominate  (Meyerott,  1955;  Kivel  and  Bailey,  1957;  Kivel,  Mayer 
and  Bethe,  1957). 

At  this  time,  the  U.S.  Air  Force,  through  the  Rand  Corp.,  the  Air 
Force  Special  Weapons  Center,  the  Air  Force  Cambridge^ Research  Center, 
and  other  sub-agencies,  began  to  sponsor  extensive  new  opacity-calculation 
projects,  a  number  of  which  were  carried  out  at  industrial  laboratories  such 
as  Aeronutronlc  Systems,  Inc.,  Newport  Beach,  Calif.,  AVCO  Corp. ,  Everett,  Mass. 
General  Atomic,  La  Jolla,  Calif.,  and  Lockheed  Missiles  and  Space  Co., 

Palo  Alto,  Calif.  The  discussion  in  subsequent  chapters  will  remain  principally 
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within  the  context  of  these  investigations,  many  of  which  are  described 
only  in  unpublished  contract  reports  and  have  not  appeared  in  the  journal 
literature.  The  new  round  of  atomic  air  opacity  calculations  began  with  the 
work  of  Gilmore  and  Latter  (1955).  In  1957,  Plass,  Mayer,  Wright,  Rosengren, 
Schlesinger,  Sashkin,  and  Browne  produced  an  extensive  report  which 
contained  an  elaborate  analysis  of  Mayer's  earlier  (1947)  ionic  method  of 
calculation  with  additional  formal  theory  supplementing  the  earlier  report. 

It  also  included  an  analysis  of  a  hydrodynamic  opacity  model  due  to  Wheeler 
and  Fireman.  Following  this,  Armstrong,  Holland,  and  Meyerott  (1958) 
reported  on  an  extensive  hydrogenic  calculation  for  air  in  the  temperature 
region  (2-20  eV)  where  atomic  bound  states  predominate.  This  calculation 
was  based  on  Mayer's  ionic  method,  but  with  additional  improvements  such 
as  inclusion  of  configuration  splitting  and  large  numbers  of  excited  states, 
including  some  multiply-excited  states.  Shortly  after  this,  Bernstein  and 
Dyson  (1959)  completed  a  similar  calculation  with  a  cruder  hydrogenic 
model  but  which  covers  the  impressive  array  of  elements  from  hydrogen 
to  flourine. 

Following  the  lead  of  Bernstein  and  Dyson,  Stewart  and  Pyatt  (1961) 
performed  the  first  large-scale  atomic  opacity  calculation  including  lines 
(in  the  hydrogenic  approximation),  and  also  covering  a  wide  variety  of 
elements.  At  the  same  time,  Armstrong,  Buttrey,  Sartori,  Siegert,  and 
Wcisner  (1961)  performed  a  much  more  limited  calculation  of  the  Planck  mean 
absorption  coefficient  of  N  ,  O  ,  and  air,  but  which  employed  for  the  first 
time,  relatively  accurate  non-hydrogenlc  line  f-numbers  (this  calculation  was 


subsequently  refined  by  Armstrong  and  Aroeste,  1964).  The  computer  code 
developed  by  Stevart  and  Pyatt  in  their  calculation  was  later  used  for  an 
explicit  calculation  for  air  (Freeman,  1963)  of  absorption  coefficients, 
opacities,  and  some  thermodynamic  data.  The  temperature  range  of  the 
original  calculation  was  extended  so  that  the  air  results  cover  temperatures 
from  1.5  eV  to  2,250  eV.  A  combination  of  these  two  approaches  (viz. , 
that  of  Armstrong,  et  al. ,  and  of  Stewart  and  Pyatt)  led  subsequently  to  a 
large-scale  calculation  for  air,  similar  to  that  of  Stewart  and  Pyatt,  but 
using  non-hydrogenlc  matrix  elements  (cf.  Peach,  1962)  for  both  lines 
and  photoelectric  continuum  by  Armstrong,  Johnston, and  Kelly  (1965). 

Concomitant  with  the  rise  in  interest  in  atomic  opacity  calculations, 
there  was  also  a  rise  In  Interest  In  the  low-temperature,  molecular  calcula¬ 
tions  for  air.  Following  the  work  of  Meyerott  (1956),  and  of  Kivel  and 
Bailey  (19  57),  there  appeared  reports  on  work  by  Meyerott,  Sokoloff,  and 
Nlcholls  (1960),  of  Breene  (1958),  of  Breene  and  Nardone  (1962),  of 
Churchill,  Hagstrom,  and  Landshoff  (1963),  of  Churchill,  Armstrong  and 
Mueller  (1965),  and  of  Ashley  (1964)  on  molecular  contributions  to  opacity 
of  air  in  the  2000°-20,000°  range. 

In  1963,  an  "Opacity"  conference  was  organized  by  the  Air  Force 
Weapons  Laboratory  and  Los  Alamos  Scientific  Laboratory,  and  held  at 
Kirtland  Air  Force  Base,  New  Mexico.  The  proceedings  were  published 
in  toto  in  the  Journal  of  Quantitative  Spectroscopy  and  Radiative  Transfer 
(JQ3RT),  Vol.  4,  Sept./ Oct.,  1964.  This  conference,  and  a  succeeding 
one  held  In  1964  (whose  proceedings  were  similarly  published  in  JQSRT, 
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Vol.  5,  Ian. /Feb.  ,  1965)  proved  to  be  of  considerable  catalytic  significance 
to  the  field.  A  number  of  older,  important  calculations  and  considerable 
information,  previously  unavailable  in  the  open  literature  were  thereby  brought 
into  the  public  domain.  These  conferences  also  provided  the  stimulus  for  a 
number  of  authors  to  publish  calculations  which  would  otherwise  have  remained 
in  unpublished  reports.  The  conference  proceedings  constitute  an  excellent 
source  of  reference  information  and  general  orientation  to  the  state  of  research 
in  the  field.  In  addition  to  the  detailed  calculations  of  absorption  coefficients, 
cross  sections,  and  opacities,  a  few  review  papers  and  books,  most  of  them 
relatively  recent,  have  appeared  which  deal  with  the  subject  and  we  conclude 
this  chapter  with  brief  reference  to  them. 

Review  Papers  -  The  first  significant  review  paper  on  absorption  coefficients, 
and  dealing  with  photoelectric  absorption,  is  probably  that  of  Bates  (1946). 

This  paper  reviews  detailed  atomic  structure  calculations  of  absorption  from 
the  ground  states  of  atoms  and  ions  of  laboratory  and  astrophysical  Interest. 
Thus,  while  this  paper  is  important  for  general  theory  and  orientation,  the 
results  discussed  and  presented  are  not  sufficiently  extensive  to  be  of  much 
value  for  large-scale  air  calculations.  A  later  review  by  Weissier  (1956) 
is  in  a  similar  vein,  but  is  more  extensive,  and  covers  experimental  studios 
of  photoelectric-effect  phenomena  as  well  as  theoretical  investigations. 

The  paper  of  Burgess  and  Seaton  (1960)  applies  quantum-defect  methods  to 
large  scale  photoelectric  calculations  for  the  first  time  and  also  Includes  a 
valuable  review  of  many  previous  calculations.  It  also  provides  a  very  general 


and  practical  method  for  computing  approximate  photoionization  cross  sections, 
in  1961.  Armstrong,  Sokoloff,  fticuolls,  Holland,  and  Meyerott  published  a 
review  paper  covering  the  molecular  and  atomic  absorption-coefficient  calcula¬ 
tions  that  had  been  carried  out  up  to  that  time  at  the  Lockheed  Research 
Laboratories  in  Palo  Alto,  Calif.  The  review  article  by  Cox  (1965),  should 
be  consulted  for  discussion  of  specifically  astrophysical  calculations.  The 

ll 

review  article  by  Dltchbum  and  Opik  (1962)  provides  an  excellent  bibliography 
on  photoionization  processes. 

Books  -  The  book  "Quantitative  Spectroscopy  and  Radiative  Transfer"  (Penner, 
1959)  treats  absorption  coefficients  and  opacities  of  molecular  origin.  Its 
primary  orientation,  however,  is  towards  combustion  and  lower- temperature 
applications .  The  review  article  by  Baranger  (Spectral  Line  Broadening  in 
Plasmas.  1962)  provides  an  elegant  and  comprehensive  account  of  modern 
line-broadening  theory  which  is  essential  for  any  realistic  treatment  of 
atomic  lines  in  high-temperature  radiative  problems.  A  particularly  germane 
book  is  "Plasma  Spectroscopy"  by  Grlem  (1964).  It  reviews  many  of  the 
topics  which  we  discuss  below.  Since  Griem  was  active  in  the  development 
of  modern  line- broadening  theory,  his  book  is  especially  valuable  as  an 
additional  reference  on  this  subject.  In  addition,  he  gives  extensive  tables 
of  relevant  atomic  structure  data,  and  discusses  line  and  continuous  emission, 
ionization  and  excitation  equilibria,  and  radiation  transfer  in  extended 
laboratory  sources.  It  also  contains  a  thorough  discussion  of  experimental 
techniques  and  measurements.  Hydrogenic  emission  and  absorption  coefficients, 
and  ionization  equilibrium  are  discussed  extensively  in  "Astrophysics", 


Vol.  I,  2nd  Edn.,  (Aller,  1963),  who  also  gives  an  excellent  discussion  of 
approximate  solutions  to  the  transfer  equation.  He  touches  only  lightly, 
however,  on  the  Rosseland  mean  opacity.  The  recent  book  "Atomic  Theory 
of  Gas  Dynamics"  of  Bond,  Watson,  and  Welch  (1965)  contains  an  extensive 
chapter  on  opacities  including  (in  the  open  literature  for  the  first  time)  some 
of  the  theory  and  formalism  developed  by  Mayer  (1947).  This  excellent  book 
also  contains  an  extensive  background  and  discussion  of  the  atomic  and 
molecular  processes  of  interest  in  gases  at  high  temperatures. 

Russian  Work  -  Before  concluding  this  brief  survey ,  mention  should  be 
made  of  Russian  work  in  opacity  calculations.  We  have  not  surveyed  this 
literature  in  detail;  entry  to  It  can  be  gained  through  the  work  of  Ralzer  (1960), 
and  through  the  quantum-defect,  Coulomb  approximation  calculations  of 
Biberman,  Norman,  et  al.  (Blberman  and  Norman ,  1960;  Biberman,  Norman 
and  Ul'ianov,  1961,  1962;  Biberman,  Vorob'ev  and  Norman,  1963;  Biberman 
and  Norman,  1963;  Norman,  1963;  and  Vorobyov  and  Norman,  1964).  Another 
useful  reference  is  the  work  of  Levinson  and  Nikitin  (1965). 

Experimental  Work  -  There  is  also,  of  course,  some  experimental  work 
in  this  field.  The  amount  is  meager,  however,  compared  to  the  extensive 
theoretical  studies  that  have  been  carried  out,  as  the  experiments  are 
generally  very  hard  to  perform  and  on  this  account  are  often  imprecise.  For 
this  aspect  of  the  subject,  reference  should  be  made  to  Keck  et  al.  (1959), 
Boldt  (1959),  to  the  book  by  Grlem  (1964),  and  to  the  Opacity  Conference 
issues  of  JQSRT  (Vol.  i,  1964;  Vol.  £,  1965). 
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Statistical  Modal  a  -  As  mentioned  earlier,  statistical  models  of  absorption 
both  for  lines  and  for  photoelectric  edges  have  been  proposed  and  worked  out. 
Since  our  emphasis  has  been  on  numerical  computations  of  detailed  spectral 
features,  we  will  not  review  the  statistical  work  here,  but  rather  refer  the 
Interested  reader  to  the  sources  Mayer,  (1947),  Goody,  (1964),  Stewart 
and  Pyatt  (1961),  and  to  the  brief  discussion  of  Bond  et  al.  (1965). 

We  will  now  proceed  to  discuss  the  general  features  of  spectral  and 
mean  absorption  coefficients  in  Chapter  6.  The  development  of  the  low- 
temperature  molecular  absorption-coefficient  calculations  will  be  considered 
in  some  detail  in  Chapter  7,  and  the  recent  large-scale  high  temperature 
atomic  calculations  will  be  reviewed  in  Chapter  8. 
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Chapter  6.  GENERAL  FEATURES  OF  AIR  ABSORPTION  COEFFICIENTS 


6. 1  Spectral  absorption  coefficients 

The  aspect  of  absorption  of  radiation  in  a  gas  considered  in  this  book 
is  that  which  involves  elementary  interactions  between  the  radiation  photons 
and  the  Individual  particles  of  which  the  gas  is  composed.  This  is  the 
dominant  type  of  absorption  process  unless  the  gas  is  relatively  dense  and 
highly  ionized,  in  which  case  absorption  may  occur  by  excitation  of 

collective  modes  involving  the  combined  simultaneous  action  of  many  particles. 

* 

In  this  book  it  is  assumed  that  collective  effects  play  no  significant  role 
or  are  out  of  the  frequency  range  of  Interest.  Thus  only  the  elementary 
interactions  Involving  individual  gas  particles  need  be  considered.  (On  this 
point  see  Kahn,  1959;  Salpeter,  1960) 

Let  the  number  density  of  particles  of  type  s  in  the  state  J  be 
denoted  by  Ngj  ,  and  let  the  cross-section  for  absorption  of  a  photon  of 
frequency  v  by  a  particle  of  type  s  in  a  transition  which  carries  the 
particle  from  the  state  I  to  the  state  J'  be  denoted  by  <tsyj«(v)  • 

Then  the  absorption  coefficient  in  cm  *  is  given  by 


uv  ■  L  Nsl  °,W  M 

s,j,r 


(6.1-1) 


(see  Eq.  (2.  l-6c)in  which  a  is  replaced  by  a  .) 


We  refer  here  to  collective  effects  among  the  atoms,  ions,  or  molecules. 
The  electrons  of  a  single  atom  or  molecule  are  susceptible  to  a  collective 
description  and  such  models  are  mentioned  briefly  in  sec.  8.1. 
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where  the  sum  Is  extended  over  all  particle  species  s  and  their  Initial 
and  final  states  J  and  J'  .  The  density  of  particles  of  type  s  In 
quantum  state  J  may  be  written 

N.J  -  N  P„  <6. 1-2) 

where  N  Is  the  density  of  particles  of  all  types,  Pgj  is  the  probability 
that  a  particle  chosen  at  random  is  of  type  s  and  Is  in  the  state  J  . 

It  is  clear  from  Eqs.  (6. 1-1)  and  (6. 1-2)  that  calculation  of  the 
absorption  coefficient  falls  naturally  into  two  distinct  parts.  The  first  is 
the  calculation  of  the  probabilities  or  "occupation  numbers  "  Pg  j  ,  which 
is  a  problem  in  statistical  mechanics  and  has  little  to  do  with  the  radiation 
field,  and  the  second  is  the  calculation  of  the  cross-sections  a  ,  which 
is  a  problem  in  the  quantum  theory  of  radiation  and  to  a  first  approximation 
can  be  undertaken  without  reference  to  the  various  particle  densities .  The 
problems  encountered  in  performing  these  calculations  vary  markedly  with 
temperature  and  density.  For  this  reason  it  is  convenient  to  discuss  the 
problem  with  respect  to  several  distinct  temperature-density  regions  characterized 
by  qualitative  differences  in  the  effects  which  are  dominant  in  determining 
(Armstrong,  Sokoloff,  Nicholis,  Holland,  and  Meyerott,  1961). 

Cold  air  consists  almost  exclusively  of  Nj  and  O2  >  hence,  at 
sufficiently  low  temperatures,  only  the  cross-sections  for  these  two  mole¬ 
cules  need  be  considered.  As  the  temperature  is  raised,  N2  and  O2 
interact  to  form  the  various  oxides  of  nitrogen.  For  example,  at  normal 
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density,  and  temperature  kT  in  the  range  0.4  to  1.0  aV,  NO  is  formed 
and  plays  a  significant  role  in  determining  the  absorption  coefficient.  In 
addition  to  the  formation  of  new  molecular  species,  dissociation  and  ionization 
of  the  molecules  also  occur.  Thus,  at  around  kT  =  0.6  eV,  important 
contributions  are  made  by  and  O  .  At  temperatures  of  about  1  eV, 

dissociation  is  practically  complete,  and  as  the  temperature  is  further 
Increased  the  main  contribution  comes  from  atoms,  ions,  and  free  electrons. 
The  problem  of  obtaining  cross-sections  for  molecular  species  is  much  more 
difficult  than  the  corresponding  atomic  problem;  hence,  the  point  at  which 
the  molecular  particle  density  becomes  so  low  that  molecules  may  be  neglected 
in  the  absorption  coefficient  calculation  constitutes  a  natural  and  useful  point 
of  division  of  the  problem, 

A  similar  division  occurs  in  the  statistical  mechanical  calculations 
of  occupation  numbers.  In  some  temperature-density  regions,  the  inter¬ 
actions  among  particles  may  be  neglected  without  Introducing  serious 
errors  into  the  calculation  of  occupation  numbers  for  the  various  species. 

At  sufficiently  high  densities,  however,  the  effects  of  interparticle 
interactions  must  be  included,  with  a  consequent  increase  in  the  difficulty 
of  performing  the  calculations . 

As  a  rather  arbitrary  demarcation  between  the  regions  where 
molecular  effects  may  be  neglected  and  where  they  make  a  significant 
contribution,  let  us  choose  a  molecular  contribution  to  the  absorption 
coefficient  which  is  generally  less  than  about  1  percent  of  the  atomic 
contribution  over  the  optical  frequencies.  From  the  results  of  Churchill, 


Armstrong  and  Mue'lar  (1965)  the  temperature-density  points  corresponding 
to  this  demarcation  may  be  found. 

The  curve  labeled  M  in  Fig.  6-1  is  the  locus  of  these  points, 
and  divides  the  temperature-density  plane  into  two  regions  labeled  atomic 
and  molecular.  The  curve  labeled  I  in  Fig.  6-1  divides  the  plane  into 
two  regions  according  to  whether  the  interactions  among  particles  may  or 
may  not  be  neglected.  Again  an  arbitrary  criterion  has  been  selected  for 
determining  the  curve,  namely,  that  the  Coulomb  interaction  energy  between 
ions  be  l/50  of  their  thermal  kinetic  energy,  i.e. , 


where  r  ,  the  average  distance  between  ions,  is  obtained  from  the  density. 

The  curve  shown  is  obtained  in  Fig.  6-1  from  Eq.  (6. 1-3)  after  some 
smoothing. 

Further  subdivisions  over  the  parameter  ranges  may  also  be  made. 

In  Fig.  6-2  (from  Armstrong,  Sokoloff,  Nicholls,  and  Meyerott,  1961)  the 
temperature  ranges  over  which  the  various  processes  make  significant 
contributions  are  indicated,  without  reference  to  the  density  dependence  of 
the  effects. 

It  has  been  traditional  in  opacity  work  to  divide  the  absorption 
coefficient  into  two  parts.  The  so-called  continuum  part  is  composed  of  those 
contributions  that  are  relatively  smooth  functions  of  frequency,  and  the  line 
contribution  is  the  absorption  due  to  discrete  (or  “bound-bound")  atomic  and 
molecular  transitions .  The  continuum  contribution  Involves  photoelectric 
and  photodlssociatlor.  (bound-free)  absorption,  inverse  bremsstrahlung  (free-free) 
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absorption  and  scattering.  Simple,  but  not  very  accurate  formulas  for  these 
contributions  for  many-electron  atoms  can  be  obtained  on  the  basis  of 
hydrogenic  models  and  much  work  along  these  lines  has  bean  done.  In 

e 

atomic  opacity  calculations  the  line  contribution  has  until  recently  simply 
been  neglected  because  of  its  complexity.  On  the  other  hand,  It  Is  the 
principal  consideration  In  molecular  absorption.  In  Part  B,  we  will  proceed 
from  low  to  high  temperature  absorption  coefficients.  Thus  molecular  absorp¬ 
tion  is  reviewed  In  Chapter  7  and  atomic  absorption  is  reviewed  in  Chapter  8. 

6.2  Mean  absorption  coefficients 

The  Planck  and  Rosseland  mean  absorption  coefficients 
defined  In  Chapter  2  can  be  written  as* 


Op  *  J  u3e”u  u(u,T)du 


(6.2-1) 


and 


4  2u 
JJUL 


li(u,T)  (eu-l)3 


du 


(6.2-2) 


o 

respectively,  where  u  ■  hvAT  .  These  formulae  can  be 

obtained  from  £qs.  (2. 4—15)  and  (2.5-  6  )  of  Chapter  2  by  use  of  the  expression 

for  the  integral  of  the  Planck  function 


B 


! 


B(v)  dv 


■2n4i&4-ll 
15  c2h3 


(6.2-3) 


and  by  Interchanging  the  order  of  differentiation  and  integration  in 
the  integral 

J  ^  * 

* - $1 

We  write  u(vj  ■  u(u,T)  to  a  Void  the  suggestion  that  u(v)  depends 
only  on  u  , 


(6.2-4) 


to  writ* 


j  OT1  *>  -  «  B  *  <6-2'S) 

o 

In  Iqa.  (6.2-1)  and  (6.2-2),  tha  factor  l-e“u  that  dlfferentlatea  betwaen 
and  u'  haa  baan  abaorbad  into  tha  weighting  functlona . 

It  la  useful  (and  traditional)  to  call  tha  factors  multiplying  n(v) 
in  Ens.  (6.2-1)  and  (6.2-2)  wiohtlno  functiona:  Wp(u)  and  WR(u). 

Eqa.  (6.2-1)  and  (6.2-2)  can  thus  be  written 


(6.2-6) 

(6.2-7) 


Qrapha  of  the  weighting  functlona 


W  (u)  ■  -1J  u3  e"u  (6.2-8a) 

p  n* 

and 

15  «2u 

W„(u)-  (6.2-8b) 

R  4rr4  (e“-l)3 

are  ahown  in  Fig.  6-3.  By  inapectlon  or  differentiation  it  can  be  eaally 
verified  that  Wp(u)  haa  lta  maximum  at  u  ■  3  .  We  can  almllarly  show 
that  WR(u)  has  a  maximum  where 


(6.2-9) 
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Is  thus  just  a  little  less  than  4  (since  (eu-l)/(eu+2)  <  1  )  .  In  fact 
Eq.  (6.2-9)  can  be  solved  graphically  to  obtain  uM  •  3.74. 

The  weighting  function  curves  shown  in  Tig.  6-3  clearly  show  the 


frequency  regions,  at  a  given  temperature,  that  dominate  the  calculation 
of  each  mean.  Since  up  is  a  direct  mean  and  the  contributions  to  it 
are  additive,  further  comment  is  unnecessary.  The  Rossaland  mean 
coefficient  fc^)-1  #  1*  however,  a  harmonic  mean,  or,  physically,  a  mean 
free  path  rather  than  strictly  a  mean  absorption  coefficient,  and  aa  such 
merits  further  discussion. 

Following  Mayer  (1947)  we  divide  the  absorption  coefficient  into 
two  parts 

U  "  uc  +  (6.2-10) 

where  uc  is  the  continuous,  or  slowly  varying  part  and  is  the 
rapidly  varying  line  contribution.  If  we  further  Introduce  the  notation 

r(u)  ■  ut/uc  «  (6.2-11) 

such  that  u  *  uc(l  +  r)  ,  Eq.  (6.2-7)  for  AR  can  now  be  rewritten  as 


J 


thus 


fV“>  _  h  rfu,  \  Vu) 


du 


(6. 2- 13a) 


AR  "  Ac  " 


(6. 2- 13b) 


where  Eq.  (6. 2- 13b)  defines  a  notation  for  the  continuous  and  line 

contributions  to  the  Rosseland  mean  free  path  respectively.  In  terms  of 

the  two  integrals  in  Eq.  (6. 2- 13a),  This  expression  shows  explicitly  how 

the  lines  reduce  the  mean  free  path  from  the  value  A.  that  It  would  have 

c 

in  the  presence  of  continuous  processes  alone. 

The  effect  of  a  strong  line  oan  be  shown  In  the  following  way. 

We  write  r(u)/(l  +  r(u))  as  i'+  i/r(u)  and  not®  that  *  8tr°n®  llne 
Implies 

r(y  j  «  1  ,  (6.2-14) 


whe  >  uQ  Is  the  position  of  the  line. 
Then 


r<uQ> 


(6.2-15) 
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The  line  contribution  to  AR  from  the  small  frequency  region  auq  about 


uQ  where  u  is  large  is 


WR<U  > 
‘H"7ZfofF 


Au, 


(6.2-16) 


to  first  order  in  i  *■  r  .  'Hie  zero  order  term  precisely  cancels  the 
r‘Uy 

contribution  of  Ac  ,  leaving  only  a  first  order  contribution  to  AR 

from  this  interval.  Thus  to  lowest  order  the  line  eliminates  the  entire 

transmission  over  the  Interval.  Its  zero-order  effect  on  AR  depends 

only  on  the  width  of  the  spectral  n  glon  which  it  blacks  out,  and  is  Independent 

of  the  strength  of  the  line.  The  first  order  correction  term  is 


AA, 


W 


Au„ 


WR(u  ) 

•  &  0  Au 


(6.2-17) 


which,  as  one  would  expect,  does  not  depend  upon  u_  ,  since 

V 

U£  »  mc  in  this  region.  For  a  simple  model  of  rectangular,  non-overlapping 


lines  of  widths  Au. 


1 


-Au,  +Au. 

(ulfT)  -  Kj.Y 


(6.2-18) 


*  0  ,  u  otherwise 
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these  results  Imply  that  to  first  order  In 


(6.2-19) 


This  equation  follows  from  Eq.  (6.2-13)  if  the  first  two  terms  of  Eq.  (6. 2- IS) 
are  used  for  r(u)/[  1  +  r(u)]  .  The  last  term  of  Eq.  (6.2-19)  is  negligible  if 
the  lines  are  sufficiently  strong . 

For  Lorents  and  Doppler  line  shapes ,  the  integrations  over  the  line 

profiles  can  still  be  performed  (Mayer,  1947)  leading  to  an  approximate 

Au 

result  with  the  same  form  as  Eq.  (6.2-19)  but  with  — being  replaced 

* 

by  n/2  or  1.0  times  a  quantity  4£A  ,  called  the  wingspread  of  the  line  . 
For  the  Lorents  dispersion  shape 


b(v) 


_ S&4 1 _ 

(v-vQ)2  +  w2 


(6. 2-20a) 


b(v)dv 


(6. 2-20b) 


with  conventional  half-width  w  ,  the  wingspread  is  given  approximately 
by 


* 


U*  « 


(6. 2-2  la) 
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Mayer  defines  the  wingspread  of  a  line  as  the  distance  between  the  line 
position  u  ■  hvQAT  and  the  frequency  u  *  hvAT  at  which 
r  ■  1  ,  l.e.,  where  the  line  absorption  coefficient  is  equal  to  the 
continuum  absorption  coefficient. 


where 


u 


o 


t(v)dv 


me 


(6. 2-2  lb) 


Is  the  absorption  coefficient  integrated  over  the  line  or,  loosely  speaking, 
the  Integrated  line  strength.  Thus,  for  the  Lorentx  shape,  the  first  approxi¬ 
mation  to  A ^  for  a  single  line  is 


2  x 


(6.2-22) 


so  that  a  line  of  this  type  approximately  blacks  out  a  frequency  Interval 
Av  *  wd^kT/h  ,  or 


Av  (blacked  out)1 


w  -ter 


(6.2-23) 


(For  further  discussion,  Including  the  problem  of  overlapping  strong  lines, 
and  the  formulas  for  the  Doppler- broadened  case,  see  Mayer,  1947.) 

We  will  conclude  this  section  with  a  brief  discussion  of  the  weak 
line  case.  From  Eq.  (6.2-13),  we  define  a  weak  line  by 

r(u)  «  1  (6.2-24) 


In  this  approximation,  we  can  expand  r/(l  +  r)  as 


-  r(u)  [1  -  r(u)  +  ...] 


(6.2-2S) 
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Thus,  to  the  same  order  of  approximation  that  strong  lines  black  out  a 
frequency  interval  completely  (neglect  of  -t~t  )  ,  weak  lines  may  be 
neglected  completely.  The  first-order  contribution  of  a  weak  line  follows 
from  Eq.  (6.2-25)  and  Eqs.  (6. 2- 13a, b) 


j  *<“0)  **  *  J  wR(u)du 


(6.2-26) 


If.  as  Is  usually  the  case,  the  variation  of  the  line  profile  Is  quite  rapid 
compared  to  variations  In  WR(u)  and  uc  ,  the  integration  In  Eq.  (6. 2-26) 
can  be  Immediately  performed.  The  result  Is 


A*  * 


t  WR(u) 


(6.2-27) 


where  again  uQ  Is  the  Integrated  line  absorption  coefficient.  From  this 
result  It  is  evident  that  the  contributions  of  weak  lines  to  AR  are 


FnT-nTTvr-rTTn 


The  contribution  of  a  given  line 


depends  only  on  Its  strength  ,  in  distinction  to  the  strong-line  case  where 

just  the  opposite  situation  prevails.  We  can  now  state  a  consistent  first- 

order  approximate  formula  for  ab  In  the  presence  of  weak  ( -^  «  1) 

/u,  \  *  VUC  / 

and  of  strong,  |  -p  »  y  non-overlapping  rectangular  lines.  The 


as  defined  In  Eq.  (6.2-21b). 
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formula  Is 


(6.2-28) 


In  this  formula ,  the  Au.  are  the  (reduced)  widths  of  the  strong  lines  and 

,  2  1 

the  uJPW  ■  Ny  fj  are  the  integrated  weak-line  absorption  coefficients. 
The  letters  w l  and  s  l  have  beon  used  in  appropriate  places  in  the 
formula  to  distinguish  weak  lines  and  strong  lines,  respectively. 

Although  these  formulas  and  their  equivalents  for  more  realistic  line 
profiles  are  descriptive  and  qualitatively  very  useful  in  providing  physical 
intuition,  it  has  been  found  both  practical  and  convenient  in  the  most  recent 
calculations  of  mean  absorption  coefficients  (Stewart  and  Pyatt,  1961; 

Freeman,  1963;  Armstrong,  Johnston,  and  Kelly,  1965)  to  perform  analytic  or 
detailed  numerical  integrations  over  the  line  profiles  with  the  aid  of  high-speed 
digital  computers.  If  this  is  done,  lines  of  intermediate  strength  can  be 
accurately  accounted  for,  together  with  overlapping  lines. 

Huebner  (1964)  has  presented  a  valuable  review  of  the  subdivisions 
of  the  temperature,  density,  and  atomic  number  domain  with  brief  comments 
on  the  principal  contributors  to  the  opacity  within  these  various  regimes.  We 
present  below  a  slightly  condensed  version  of  Huebner's  summary.  The 
reader  should  note  that  this  summary  covers  a  considerably  wider  domain  of 
temperature,  density  and  atomic  number  than  we  undertake  to  cover  in  Part  B. 
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MAJOR  CONTRIBUTIONS  TO  THE  ROSSELAND  MEAN  OPACITY 
IN  VARIOUS  T  ,  r\  ,  Z  REGIONS 

(alter  Kuebner,  IS 64) 


To  acquire  an  oilentation  for  the  relevance  of  the  theories ,  methods , 
and  approximations  which  are  applicable  to  the  calculation  of  the  Rosseland 
mean  opacity  and  to  emphasise  the  Importance  and  the  difficulty  of  obtaining 
good  estimates  of  the  line  absorption  contribution  to  this  opacity  one  may 
consider  a  three-dimensional  space  with  temperature,  compression,  and 
atomic  number  as  the  three  coordinate  axes.  Dividing  each  of  the  three 
axes  In  their  positive  directions  Into  three  regions,  which  for  simplicity 
shall  be  labeled  as  low,  medium,  and  high,  one  obtains  27  major  categories 
for  opacity  calculations*  No  sharp  dividing  lines  can  be  established  since 
the  regions  must  overlap  to  some  extent.  Nevertheless,  this  division 
creates  a  useful  concept,  especially  if  one  deals  with  mixtures  of  elements 
which  Is  predominantly  the  case. 

The  low  and  medium  ranges  of  temperature  are  divided  approximately 

at  the  temperature  above  which  molecular  effects  are  unimportant,  l.e. , 

kT{,  eV.  In  the  medium  temperature  range  atomic  line  transitions 

predominate.  The  high  temperature  range  is  defined  to  have  as  Its  loweT 

limit  a  temperature  above  which  atoms  are  essentially  stripped  of  all 

electrons ,  therefore  reducing  bound-bound  (line)  transitions  and  Incidentally 

also  bound-free  absorption  edges  (photo  effect)  to  a  small  number  which, 

with  Increasing  temperature,  rapidly  approaches  zero.  Heavy  atoms  can 

be  considered  stripped  at  atout  10  keV,  light  elements  at  a  few  eV;  this 

corresponds  to  kT  .  «  2Z  eV. 

in#  si 

At  the  very  lowest  compressions  (large  expansions)  of  matter  in  the 
gaseous  state  Interaction  between  free  electrons  and  ions,  atoms,  and 
molecules  Is  small,  collision  broadening  is  negligible  and,  unless  there 
Is  a  very  large  number  of  lines,  as  may  be  the  case  with  molecular  bands 
or  heavy  elements,  line  absorption  may  be  neglected.  Taking  Into  account 
the  heavy  element  effect  on  the  number  of  lines,  the  division  be£we>pn  low 
and  medium  compression*  regions  is  approximately  ru  »  10  Z  .  The 
division  between  the  medium  and  high  compression  ran^ds  may  be  taken 
at  a  compression  above  which  pressure  Ionization  is  so  large  tha:  only  Is 
electrons  are  bound  (and  perhaps  electrons  in  the  n  -  2,  shell  in  the  case 
of  heavy  elements).  This  compression  Is  at  n  u  «  10  except  for  heavy 
elements  at  low  temperature  Tim  ^  <*  10J  .  ' 

The  low  range  of  the  atomic  number  coordinate  shall  cover  the  light 
elements  for  which  atomic  line  absorption  can  bo  calculated  for  each  line 
Individually.  This  task  becomes  cumbersome  at  Z,  20  .  For  medium 
Z  elements  it  is  usually  possible  to  group  some  linesand  approximate 
their  collective  effect  and  treat  the  remaining  lines  individually.  The 


Compression  Is  defined  as  r\  -  p/pQ  ,  where  pQ  Is  the  density  at 
standard  conditions. 
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division  between  medium  and  high  Z  elements  may  be  taken  at  Z u 
pa  50,  For  heavy  elements  most  of  the  lines  can  be  grouped  and  the  eifeet 
of  these  groups  may  then  be  approximated.  It  Is  usually  not  necessary  to 
consider  Individual  lines  in  this  range. 

Not  all  of  the  27  possible  regions  delineated  above  are  of  Interest 
to  present  day  science  and  technology.  A  brief  discussion  of  relevant 
methods  for  calculating  opacities  In  the  various  regions  and  an  outline 
of  some  of  the  phases  which  require  improvements  follows. 

1.  Low  temperature,  low  compression,  low  atomic  number.  Opacity  in 
this  region  is  of  interest  In  upper  atmosphere  physics  and  also  In  theories 
for  the  formation  of  proto-stars.  Molecular  bands  due  to  vibrational  and 
rotational  spectra  are  frequently  the  least  accurate  quantities  entering  In 
the  calculations.  Although  the  line  widths  of  the  transitions  are  small, 
the  number  of  transitions  In  a  band  Is  large  and  the  collective  effect  Is 
significant.  Quantities  such  as  dissociation  constants,  f-numbers  , 
and  band  structures  are  best  taken  from  the  tables  and  graphs  compiled 
predominantly  from  experimental  data  (Herzberg,  1950).  Great  efforts 
have  been  under  way  for  some  time  now  to  fill  one  of  the  largest  gaps, 
that  of  the  f-numbers ,  by  experimental  methods  notably  shock  tube 
techniques,  pressurized  cells,  and  lifetime  measurements.  More  reliable 
calculations  are  also  made  of  the  Franck-Condon  factors. 

Another  important  contribution  to  opacity  at  low  temperatures  are  the 
absorption  and  scattering  by  agglomeration  of  particles  (grains)  such  as 
droplets  or  dust.  Vapor  pressure,  droplet  size,  latent  heats,  etc.  are 
determined  by  thermodynamic  considerations.  The  grain  size  In  relation 
to  the  wavelengt  h  of  the  radiation  and  the  complex  index  of  refraction 
which  depends  on  the  chemical  composition  of  the  grains  must  be  known 
before  the  absorption  coefficient  can  be  calculated  (Van  De  Hulst,  1957). 
For  small  grains  the  difference  between  gas  temperature  and  internal 
temperature  of  the  grains  can  be  neglected  except  at  the  very  lowest 
densities  where  the  number  of  inelastic  collisions  with  gas  molecules  Is 
too  low  to  establish  equilibrium. 

Continuous  processes  such  as  molecular  dissociation,  atomic  bound- 
free  transitions,  Thomson  scattering,  etc.  are  of  some  importance. 


2.  Low  temperature,  low  compression,  medium  atomic  number.  In  high 
altitude  atmospheric  phenomena  concerned  with  ablation  from  re-entry 
bodies,  meteorites,  or  with  debris  from  nuclear  explosions,  contributions 
to  the  opacity  come  mainly  from  grains,  molecular  effects,  and  continuous 
atomic  transitions.  Opacities  of  medium  Z  elements  of  Interest  in  the 
formation  of  proto-stars  are  mostly  due  to  grains  and  probably  to  a  lesser 
extent  due  to  other  molecular  effects. 


281 


Contributions  from  grains  and  molecules  are  similar  to  tha  onas 
dlsoussad  in  raglon  1* 

Tha  atomic  continuous  procassas  can  bo  calculated  from  tha  knowledge 
at  atomic  energy  levels  and  occupation  numbers.  Most  energy  levels  are 
tabulated  (Moore,  1949,  1952,  1959)  and  the  occupation  numbers  can  be 
obtained  from  the  Boltsmann  and  Saha  equations. 

3.  toy  itBBmttm*.  laaLssnmuaiaiu  -blah  twnlc  oumtor*  Except  for 

possibly  studies  on  debris  from  nuclear  explosions,  no  applications  are 
known.  Continuous  atomic  transitions,  molecular,  and  grain  effects  are 
probably  the  most  Important  contributions  to  the  opacity  In  this  region. 

Very  little  work  has  been  done  In  this  region* 

4.  Low  temperature,  medium  compression,  low  atomic  number.  This  Is  a 
region  of  interest  In  astrophysics,  and  In  technical  fields;  for  example, 

in  rocket  design.  Excepting  the  upper  range  of  compressions  In  this  region, 
pressure  broadening  makes  molecular  band  absorption  the  dominant  effect 
(see  Section  4.3).  Grain  absorption  and  scattering  can  be  Important. 

A  new  effect,  that  of  the  negative  ion,  notably  the  negative  hydrogen 
ion,  enters  opacity  calculations.  The  binding  energy  of  the  extra  electron 
In  hydrogen  Is  about  0.75  eV.  Tha  bound-free  and  free-free  processes 
(Bremsstrahlung)  of  these  negative  Ions  can  dominate  the  absorption 
coefficient. 

Line  effects  due  to  atomic  bound-bound  transitions  become  also 
Important.  Stark  broadening  of  lines  must  be  considered  for  the  lightest 
elements  in  addition  to  collision  broadening. 

For  light  elements  the  number  of  lines  Is  too  small  to  apply 
statistical  averaging  and  therefore  they  should  be  treated  Individually; 
however,  techniques  such  as  application  of  the  Elsasser  model  to  sum  over 
an  entire  series  appear  to  give  reasonably  good  results  (Stewart  and  Pyatt, 

1961).  Line  strengths  and  atomic  energy  levels  are  tabulated.  Rayleigh 
scattering  and  resonance  scattering  by  bound  electrons  can  be  significant. 
Occupation  numbers  can  be  obtained  from  the  Boltsmann  and  Saha  equations. 

5.  Low  temperature,  medium  compression,  medium  atomic  number.  Interest 
In  this  region  Is  mostly  In  the  fields  of  technology.  Processes  contributing 
to  the  opacity  and  methods  of  calculation  are  similar  to  the  ones  In  region  4. 
Resonance  and  Rayleigh  scattering  are  less  Important,  since  the  number  of 
lines  Is  large.  Many  lines  can  be  grouped  and  their  average  effect 
estimated.  Methods  of  calculating  Una  absorption  as  discussed  by  Goody  (1964) 
may  be  applicable  in  this  region,  and  also  at  higher  temperatures. 
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6.  Low  temperature,  medium  compression,  hloh  atomic  number.  Giinui 
reactors  can  b«  cited  aa  an  example  of  application  of  opaoltlei  in  this 
region.  Very  little  is  known  about  molecular  bands  for  heavy  elements. 

Since  the  number  of  lines  and  the  line  density  are  very  large.  It  seems 

that  one  can  neglect  the  effect  of  molecular  bands.  It  Is  entirely  Impractical 
to  treat  lines  Individually.  Various  approximate  methods  may  be  used  to 
estimate  line  absorption.  One  can  sample  individual  lines  in  some  small 
frequency  ranges ,  calculate  the  line  absorption  In  these  ranges  and  then 
Interpolate  to  get  the  total  line  absorption.  Another  approximation  Is  to 
space  lines  evenly  throughout  the  entire  frequency  range  (Sslklas,  1961). 

Energy  level  and  line  strength  data  are  very  sparse  for  heavy  elements , 
and  the  Slater  approximation  to  the  Hartrse-Fock  self-consistent  field 
calculation  Is  tedious  and  time  consuming.  Thomas -Fermi- Dirac  calculations 
give  probably  the  next  best  estimate  to  energy  level  data  (for  references, 
see  Section  4.4.1). 

7.  low  temperature,  high  compression,  low  atomic  number.  This  region 
Is  almost  exclusively  of  Interest  In  astrophyslcal  problems.  Besides  the 
usual  grain  effects  and  absorption  due  to  the  negative  hydrogen  Ion, 
conductive  opacity  (a  measure  of  resistance  to  energy  transport  by  electron 
conduction)  shows  its  effect  by  lowering  the  total  opacity  below  that  of 
the  radiative  opacity.  Energy  transport  by  electron  conduction  competes 
with  or,  borrowing  terminology  from  the  field  of  electrical  net-works.  Is 

In  shunt  with  energy  transport  by  radiation.  Nearly  complete  pressure 
Ionisation  precludes  existence  of  molecules  and  of  most  lines .  Free-free 
transitions  and  Compton  scattering  are  Important. 

Energy  levels  and  occupation  number  calculations  become  problematic 
when  the  compression  Is  so  high  that  the  Coulomb  Interaction  energy  for 
free  electrons  Is  greater  than  the  thermal  energy. 

a*  Uul  iBnamfliOL  high  rempmilvn,  radium  atonic  nunabw-  Astro- 
physical  problems  have  some  limited  interest  in  opacities  of  this  region. 
Processes  contributing  to  opacity  and  their  calculations  are  similar  to 
those  of  region  7.  Energy  levels  can  be  calculated  from  the  Thomas -Ferml- 
Dirac  potentials. 

9.  Low  temperature,  hloh  compression,  hloh  atomic  number.  No  specific 
applications  or  calculations  of  opacity  are  known  to  the  author.  Continuous 
radiative  absorption  and  electron  conduction  will  dominate,  but  some  lines 
In  the  lower  compression  range  of  the  region  may  be  Important. 

10.  Medium  temperature ,  low  compression,  low  atomic  number.  The  opacity 
In  this  region  is  almost  entirely  due  to  continuous  atomic  transitions. 

There  Is  some  resonance  and  Rayleigh  scattering  but  bound-free  absorption 
Is  dominant.  The  Kramers'  formula  for  bound-free  transitions  and  hydrogenic 
Gaunt  factors  are  commonly  used.  This  method  becomes  unreliable,  particularly 
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far  the  less  ionised  atoms  la  the  rang*  10  *  Z  *  Z.  M  w  20  .  (Batha  and 
falpat mr,  1SS7.) 

for  the  low  ionisation  stagaa  anargy  lavals  ara  avallabla  in  tablas 
and  for  highly  lonlaad  atoms  building  tha  Iona  up,  using  soraanlng  constants, 
gives  satisfactory  results*  Occupation  numbers  may  be  obtained  from  tha 
Saha  aquation. 

11.  Mtrtinm  f  lQW  oonaraialpn,  atdlum  atomic  mmbai.  Bound- 

free  absorption  and  s oattaring  by  free  electrons  dominate  tha  opacity.  Many 
energy  levels  for  low  lonlaatlon  stages  are  available  in  tablas  and  may  be 
corrected  for  other  relevant  lonlaatlon  stages  with  tha  use  of  soraanlng 
constants.  Unavailable  levels  oan  be  readily  calculated  using  tha  Thnmas- 
Forml  potential  or  the  Slater  approximation  to  tha  Hartree-Fock  method. 
Occupation  numbers  are  obtained  from  tha  Saha  aquation. 

For  highly  ionised  atoms  (usually  for  temperatures  above  100  eV)  energy 
levels  are  calculated  from  occupation  numbers  and  screening  constants  and 
occupation  numbers  are  calculated  from  energy  levels  with  the  aid  of 
Fermi- Dirac  statistics.  Iterations  are  carried  out  until  the  degeneracy 
parameter  has  converged  under  tne  condition  that  the  total  number  of 
electrons  (bound  and  free)  Is  conserved  (Mayer,  1947). 

Cross  sections  for  the  bound-free  transitions  from  all  but  the  lowest 
lying  it  els  are  difficult  to  obtain  with  accuracy.  The  opacity  has  Its 
strongest  dependence  on  these  transitions  when  the  calculations  are  most 
difficult.  The  large  number  of  electron  configurations  will  "split"  the 
bound-free  absorption  edges  and  distribute  them  around  the  position  of  the 
edge  for  the  average  configuration. 

12.  Medium  temperature,  low  oompresslon.  high  atomic  number.  To  the 
author's  knowledge  there  no  Interest  In  opacities  In  this  region  at  this 
time.  Continuous  effects  should  dominate. 

13.  Medium  temperature,  medium  compression,  low  atomic  number.  This 
is  another  region  of  great  Interest  in  astrophysics .  Although  the  number 
of  lines  Is  small,  they  are  pressure  broadened  and  their  absorption  is 
best  taken  Into  account  on  an  individual  basis.  Hydrogenlc  oscillator 
strengths  and  Qaunt  factors  are  tabulated  (Karsas  and  Latter,  1961) 

and  are  usually  used. 

Xnergy  levels  and  occupation  numbers  may  be  obtained  by  the  method 
outlined  for  region  11.  However,  since  for  the  position  of  the  lines  the 
difference  between  energy  levels  is  Important  and  not  their  absolute  value, 
all  levels  should  be  obtained  by  one  and  the  same  method.  Shifting  of 
lines  with  respect  to  one  another  or  with  respect  to  their  series  limits 
(photo  electric  edges)  can  change  the  opacity  significantly  through  the 
creation  or  closing  of  "windows"  In  the  frequency  spectrum. 
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Bound-free  transition*  are  important  and  conductive  opacity  can  be. 
significant  in  the  low  temperatuie-hlgh  compression  range  of  this  region. 


U.  Medium  temperature,  medium  compression,  medium  atomic  number. 
Opacities  in  this  region  are  of  interest  In  astrophysical  problems  and  also 
in  the  design  and  effects  studies  of  nuclear  weapons. 

Line  effects  are  very  Important.  There  are  many  lines  and  they  are 
collision  broadened;  therefore,  they  may  be  grouped  and  their  collective 
effect  estimated  (Mayer,  1947),  Absorption  of  many  lines  may  still  have 
to  be  calculated  on  an  Individual  basis .  Statistical  procedures  may  be 
applied  to  decide  which  of  these  lines  can  be  grouped  (Moszkowskl,  1960, 
1962). 


In  the  low  temperature  range  of  this  region  energy  levels  are 
tabulated  or  may  be  calculated  by  the  Hartree-Fock-Slater  method,  and 
occupation  numbers  can  be  obtained  by  means  of  tha  Saha  equation.  For 
higher  temperatures  energy  levels  are  most  conveniently  obtained  from 
Thomas-Ferml  potentials,  and  the  occupation  numbers  by  Fermi-Dlrac 
statistics. 

Bound-free  absorption  can  be  Important  but  Is  difficult  to  calculate  and 
is  therefore  usually  not  very  accurate.  Compton  scattering  is  strong  In 
the  upper  temperature  range  of  this  region.  Conductive  opacity  reduces  the 
radiative  effects  on  the  total  opacity  In  the  corner  of  this  region  where 
temperature  Is  low  and  compression  Is  high. 

is.  MgdiMm.temgergtgrg,  rostra, .compre 5 &1QQ.  lUflh  stymie  number-  This 

region  of  opacity  calculations  Is  of  interest  in  nuclear  weapons  work. 
Calculations  are  similar  to  those  in  region  14,  except  here  almost  all 
lines  can  be  grouped  and  their  collective  effect  estimated.  The  Hartree- 
Fock-Slater  method  for  calculating  energy  levels  is  too  tedious  to  be  useful. 
Continuous  opacity  is  again  Important  at  the  upper  temperature  range  of 
this  region  while  conductive  opacity  is  significant  In  the  low  temperature- 
high  compression  range. 

16.  Medium  temperature,  hloh  compression,  low  atomic  number.  Opacities 
are  of  astrophysical  interest.  Pressure  Ionization  reduces  lines  to  a  very 
small  number  or  makes  line  transitions  completely  impossible.  If  lines 
are  present  they  must  be  treated  individually;  their  effect  can  be  quite 
important  due  to  the  large  pressure  broadening.  At  the  lower  temperature 
range  of  this  region  conductive  opacity  Is  also  Important.  Energy  levels 
are  obtained  most  conveniently  from  screening  constants. 


17,  Medium  iMMtnftlPli  hloh  compression.  milium  Atomic  number. 
Opacities  are  calculated  very  similarly  to  those  in  region  Is*  lines  are 
a  little  more  likely  to  occur.  Energy  levels  end  occupation  numbers  ere 
calculated  by  methods  similar  to  the  ones  discussed  In  region  11. 

it.  Mjtftoa  toamraturt.  high  aaam»iilau  hlflhitoaic  numtitr.  This 
region  has  no  application  to  the  author's  knowledge.  Line  opacity  and 
conductive  opacity  can  be  expected  to  make  contributions  but  the  two 
effects  tend  to  cancel.  Pound-free  absorption  and  scattering  predominate. 

19.  High  temperature.,  low  compression,  low  atomic  number.  Opacity  is 
entirely  due  to  continuous  processes ,  mainly  free-free  absorption  and 
Compton  scattering.  As  the  temperature  approaches  2 me  electron-positron 
pair  production  begins  to  dominate  the  absorption  processes ,  but  even  only 
et  a  small  fraction  of  this  temperature  the  high  energy  tall  of  the  photon 
distribution  creates  enough  electron  pairs  which  have  a  long  lifetime  at 
low  compressions  to  Increase  Compton  scattering  by  several  powers  of 

ten  (Sampson,  1959). 

20.  High  tamparatura.  low  compression,  medium  atomic  number.  Opacity 
calculations  are  essentially  the  same  as  in  region  19;  however,  in  the 
low  temperature  range  of  this  region  bound-frae  absorption  can  be  of 
greater  importance. 

21.  sigh  taaptratuf .  low  aaaastulatu  high  Jttate  number-  There  are 

no  applications  of  opacities  in  this  region  known  to  the  author.  Calculations 
would  presumably  be  similar  to  those  of  regions  19  and  20  with  increased 
absorotlon  due  to  bound-free  transitions . 


22.  Hloh  tamparatura.  medium  compression,  low  atomic  number.  Opacities 
in  this  region  are  of  Interest  in  the  calculations  of  stellar  models . 
Contributions  to  the  opacity  are  similar  to  those  of  region  19 ,  but  the 
Increase  in  Compton  scattering  due  to  election  pair  creation  does  not  occur 
until  somewhat  higher  temperatures  -  several  tans  of  kaV  -  are  reached 
(Sampson,  1959).  The  increased  density  shortens  the  lifetime  of  electron 
pairs  and,  therefore,  a  higher  production  rate  is  required  to  get  the  same 
effects  the  Compton  scattering. 

A  v  lines  are  possible  near  the  low  temperature  limit  of  this 
range,  wund-free  absorption  is  Important.  Energy  levels  and  occupation 
numbers  may  be  calculated  as  described  for  region  11. 

23.  High  temperature,  medium  compression,  medium  atomic  number. 
Opacities  *  again  of  Interest  to  theories  about  stellar  interiors.  Similar 
to  region  22  bound-frea  absorption  and  Compton  scattering  are  Important. 

The  number  of  lines  is  somewhat  larger  and  many  of  them  can  be  grouped 

to  estimate  their  absorption.  Energy  levels  are  most  conveniently  obtained 
from  Thomas-Ferml  potentials,  and  the  occupation  numbers  by  Fermi- Dirac 
statistics. 
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24.  High  temperature ,  medium  compression.  hloh  atomic  number .  Thi* 
region  la  of  Interest  In  nuclear  weapons  work*  Calculation  of  opacities 

Is  similar  to  those  of  region  23.  Lines  can  be  grouped  and  their  absorption 
estimated. 

25.  High  temperature,  high  compression,  low  atomic  number.  Opacity 
Is  predominantly  continuous  due  to  bound-free  and  free-free  absorption 
and  Compton  scattering.  Energy  levels  can  be  obtained  from  screening 
constants.  Electron-positron  pair  production  begins  to  dominate 
absorption  processes  as  the  temperature  approaches  2mc*  .  However, 
below  this  threshold  energy  Compton  scattering  does  not  Increase  as 
significantly  as  It  did  for  similar  temperatures  at  low  and  medium 
compressions  (Sampson,  1959). 

26.  High  temperature,  high  compression,  medium, atomic  number*  Opacity 
calculations  are  similar  to  those  of  region  25.  Energy  levels  may  be 
obtained  from  the  Thomas-Ferml  potential;  occupation  numbers  from  Ferml- 
Dlrac  statistics.  A  few  lines  may  exist  and  pressure  broadening  will 
make  them  Important. 

27.  High  temperature,  high.. compression,  hloh  atomic  number*  The  opacity 
may  be  calculated  similar  to  that  of  region  26.  Some  groups  of  lines  may 
be  Important. 


6.3  Inequalities  and  bounds  on  maan  absorption  coefficients 


in  oalculatlona  of  the  Ros island  and  Planck  maan 
absorption  ooaffioients ,  it  is  advantageous  to  have  limits  for  the  value* 
to  ha  expected  for  these  quantities .  This  is  particularly  true  whan  ona 
includes  considerations  of  the  line  contribution,  since  it  has  such  a 
wildly  fluctuating,  complicated  frequency  dependence.  Bernstein  and 
Dyson  (1959)  hava  presented  a  theorem  which  places  an  upper  limit  on 
the  Rosaeland  mean  opacity.  This  theorem  is  based  on  the  Schwarts 
inequality 

[/  f  g  dxj2  *  J*  f2  dx  /  g2  d  x 

2  2 
If  t  is  chosen  to  be  the  Rosseland  mean  integrand,  and  g  la  chosen 

proportional  to  the  absorption  coefficient  u(v)  .  then  f  f  g  dx  is  a 

definite  Integral  Independent  of  u(v)  ,  and  the  integral  J*  u(v)dv  can 

be  evaluated  by  means  of  the  Thomas-Ralche-Kuhn  f-number  sum  rule. 

Their  result  may  be  given  as  (cf.  also  Bond,  Watson,  and  Welch,  1965) 

Vp  -  *R  «  Vp  "  *o 

where 

Ko  "  A  (^t)  4,43  x  10  5  cm2/«m 


(6.3-1) 


(6.3-2) 


(6.3-3) 
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In  this  relation  z  ig  the  atomic  number ,  A  ia  the  atomic  weight,  and 
Ryd  li  13.6  aV  whan  kT  la  also  axpraasad  in  aV. 

Unfortunately,  at  low  density*  the  upper  limit  of  Eq.  (6.3-2)  is  many 
orders  of  magnitude  higher  than  the  continuous  opacity,  which  should  be 
the  dominant  contribution  (at  sufficiently  low  density).  Hence  It  would  be 
convenient  If  an  upper  limit  could  be  obtained  closer  to  the  true  value  even 
If,  perhaps,  more  effort  might  be  needed  In  Its  calculation.  An  advance 
In  this  direction  was  made  by  Armstrong  (1962)  by  applying  the  Schwarts 
Inequality  In  a  different  manner,  as  follows. 

Recalling  the  definition  of  the  Planck  mean  absorption  coefficient 


i*-u“ 


3  u(u)  du 


(6.3-4) 


u  ■  hvAT  , 


(6.3-5) 


we  can  apply  Schwarts's  Inequality  with 


f2  .  JLi  V4-fl-2U _ 

4tt4  u(u)(eu-l)3 


(6.3-6) 


g3  «  u3  e  u  u(u) 


(6.3-7) 


I 


4 


to  derive 


*  .  i2 


where 


I  • 
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2tt4  J  (ew  -  1)3/* 


(6.3-8) 


(6.3-9) 


The  value  0.9743  for  Z  wee  obtained  by  numerical  Integration, 
and  Inserting  this  result  Into  Eq.  (6.3*6)  yields 

UR  *  1.053  (Ip  . 


(6.3-10) 


The  Planck  mean  Up  is  much  more  tedious  to  compute  than  the  Bernstein- 
Oyson  u0  ,  but  it  generally  gives  a  lower  value  and  is  a  quantity  of  some 
Interest  in  its  own  right.  It  does  not  depend  on  the  detailed  shape  of  the 
lines,  in  distinction  to  the  Rosseland  mean,  so  it  is  still  much  easier  to 
compute  than  the  Rosseland  mean.  The  values  of  these  two  means  for  the 
continuum  absorption  coefficient  of  air  data  given  by  Armstrong  (1959)  were 
compared  and  the  ratio  *p/^p  was  found  to  range  from  a  minimum  of  1. 1 
at  the  low-density,  high-temperature  end  of  the  parameter  range,  to  a 
maximum  of  7  or  8  at  the  high-density,  low-temperature  end.  On  the  other 
hand,  for  air  we  can  take  the  Bernstein-Dyson  bound  .  as  1.5  x  10  cm  /gm 
(21/A  ■  -^ )  at  kT  ■  2eV,  which  is  the  low-temperature  end  of  the  parameter  range 

A 

referred  to  above,  and  K  -  1.5  x  105  cm2/gm  at  20  eV,  the  high-temperature 
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and.  Using  the  extreme  K  valuas  gl van  by  Armstrong  (1959),  namaly, 

C 

K  ■  3.2  x  103  cm2/gm  kT  •  2aV  »  ,  (6. 

c  p  ~  5.4  x  10  4  gm/cm'* 

2  Jcl  -  20  «V  , 

Kc*0«25  cm  /gm  p  ~  10“7  gm/cnr  (6. 

wo  obtain  for  tha  ratio  K0/Kg  »  In  tha  casa  of  tha  Dyson  bound, 


K 

-a 


L5.X,1Q...,  .  4.7  x  !02 


(6. 


3.2  x  10v 


la 


i«5,,x  m: 

0.25 


6.0  x  10' 


(6.: 


From  this  omplrlcal  "chock",  tha  Inequality  (Eq.  (6. 3- 10))  would  appear  to 
be  much  nearer  an  equality  than  tha  Inequality  (Eq.  (6.3-2))  .  Physically, 
It  is  easy  to  see  why  the  relationship  between  up  and  jig  might  hold. 
Fig.  6-4  shows  tha  general  casa  of  a  line  superimposed  on  the  continuum. 


Tha  Planck  mean  obtains  Its  dominant  contributions  whan 

A  . 


Is  large  as  at 


3-11) 

3-12) 

3-13) 

*-14) 
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On  the  other  hand  obtains  Its  dominant  contributions  from  regions  of 

small  values  of  as  at  B  and  C  .  We  can  realistically  make  the 

contribution  of  this  line  to  CiR  as  small  as  we  please  by  passing  to 

physical  conditions  such  that  the  line  becomes  progressively  more  narrow 

and  peaked  (low  density,  low  temperature).  The  Planck  mean  is  Invariant 

to  this  distortion,  depending  only  on  the  area  under  the  curve  —  which  Is 

★ 

preserved  under  all  but  the  most  severe  physical  conditions  .  At  the 
opposite,  but  physically  unrealistic,  extreme,  we  could  distort  the  line 
shape  to  be  flat  (l.e. ,  constant  In  frequency)  over  a  width  w  much 
greater  than  the  span  of  the  two  weighting  functions  but  still  such  that 
U  w  »  constant  .  Then  the  weighting  Integrals  could  be  performed,  giving 
unity  In  both  cases  and  the  two  means  would  be  equal.  Perhaps  a  clearer 
explanation,  however,  resides  in  the  fact  that  a  harmonic  mean  of  any 
function,  say 


Ax 


Is  always  less  than  the  corresponding  direct  mean 


u 


D* 


^  |  U(x)  dx  . 
Ax 
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* 


(6.3-15) 


(6.3-16) 


As  long  as  the  line  width  Is  small  compared  to  kT,  which  is  usually 
the  case. 


This  Is  easily  seen  by  setting 


f  - 


and 


✓ufcsJ 

(6.3-17a 

/uTxT 

(6.3- 17b! 

in  the  Schwarts  Inequality.  Eq.  (6.3-1)  ,  and  integrating  over  the  range  Ax 
This  immediately  yields 


uH  s  aD  * 


(6.3-18) 


Except  for  the  factor  1.053  this  Is  the  same  as  Eq.  (6.3- 10).  Hence ,  it  appears  that 
the  weighting  functions  are  somewhat  superfluous.  The  equality  occurs  when 
both  functions  are  constant  over  Ax  . 

Another  approach  to  the  problem  of  bounds  has  been  taken  by 
Liberman  (1962)  who  wrote  a  general  factorization  formula 


u'(u)  »  u(u)  (1  -  e  u) 


(6.3-19) 


(6.3-20) 


and 


W’(u) 


JUL  -liifllL 

4tt4  (1  -  eU)2 


(6.3-21) 
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On  the  left  hand  aide  of  Eq .  (6 . 3- 19) ,  the  first  Integral  is  the  reciprocal  of  uR  , 
and  the  seoond  Integral  may  be  evaluated  by  means  of  f- number  sum  rules 
for  t  ■  2,  1,  0,  -1,  -2.  (The  Bernstein- Dyson  theorem  corresponds  to 
t  m  0.)  Apparently,  the  bound  for  l  m  2,  i.e.,  •  1*  also  considerably 

superior  to  Uq  as  was  shown  by  computation  for  hydrogen  compared  with 
the  Bernstein- Dyson  continuum  opacity  values*  Liberman's  result  for 
l  ■  2  may  be  written  as 

UB  *  U5  ■  - * - 3  I  U2u'(u)rtu  (6.3-22) 

R  2  (19. 112) 2  J 

o 

Armstrong  (1965)  has  recently  noted  that  since  e~u  (1  +  u)  <  1  ,  one  can 
write 


u2(l  +  u)  e”u  u(u)du  s  j  u2u  (u)du 
from  which  It  easily  follows  that 

|u3e-u  u(u)du  *  J  u2(l  -  e~u)  u(u)du 
Eqs.  (6.3-4)  ,  (6.3-20),  and  (6.3-22)  may  then  be  combined  to  give 

Up  ^  56.3  U£  * 

which  offers  an  opportunity  to  examine  the  relative  utility  of  Up  and 
Uj  as  upper  bounds  for  Up  . 


(6.3-23) 


(6.3-24) 


(6.3-25) 


29U 


I 


Let  ui  consider  the  two  Ida  a  11  sad  modal  absorption  coafflclanta  shown 
In  Fig.  6-5  .  For  tha  first  modal  portrayed  In  Fig*  6-5  wa  understand 

that  u  *•  0  unlaaa  u  «  1  .  In  this  oaaa  wa  note  that 


2  , .  — u»  "*  3  ~  3  — u 

u  (1  -  a  )  ■  u  “  u  a 


(6.3-26) 


and  therefore  i  calling  this  first  model  u'A,(u)  ,  we  can  write 


Ju3e  V1*  (u)du*  Ju2u' 


(u)  du  , 


(6.3-27) 


with  the  result  that 


(1)  * 


56.3(1 


2  ‘ 


(6.3-28) 


For  the  second  model,  we  understand  that  the  abaorptlon  coefficient 
(2) 

peaks  at  a  value  of  u'  7  »  1.  (In  Fig.  6-5  this  value  la  arbitrarily 
(2) 

represented  as  u'  7  ■  7).  We  can  now  write  that 


J3  -u  (2)  .  ~  „  f  2  • 
u  e  u'  du  ■  C  I  u  u 


du  , 


(6.3-29) 


(6.3-30) 


and  therefore 


jip<2)  -  56.3  C  u, 


(6.3-31) 


#2)  fnj 

For  u'  '  ~  6  ,  56.3  c  is  equal  to  unity,  and  for  uu'  »  6  , 

56.3  C  «  1  . 

Since  u  ■  hvAT,  these  models  are  Idealised  representations  of 
high  temperature  Cu^]  and  low  temperature  [n^]  absorption,  with 
"high”  and  "low"  defined  by  the  relative  size  of  kT  and  the  range  of  typical 
ionisation  edges  and  absorption  frequencies  taken  for  hv  .  We  can  thus 
conclude  qualitatively  that  for  temperatures  of  the  order  of  typical  atomic 
ionization  potentials  and  larger.  £2  <  Up  and  constitutes  a  better  bound 
for  uR  .  On  the  other  hand  for  temperatures  below  these  ionisation 
potentials,  the  inequality  in  Eq.  (6.3-10)  is  expected  to  be  more  useful. 

These  conclusions  are  also  indicated  from  the  behavior  of  the 

functions  that  weight  u(v)  in  the  defining  Integrals  for  up  and  u2  • 

The  function  u3e"u  cuts  off  the  high-frequency  absorption  (compared 

2  -u 

with  kT),  whereas  u  (1-e  )  does  not,  but  rather,  increases  monotonlcally. 

Thus,  at  low  temperatures  where  most  of  the  absorption  potential  lies  far 
ahead  of  kT  In  the  form  of  lines  and  edges,  Up  <  u2  •  However,  at  high 
temperatures  kT  has  already  passed  most  of  the  absorption  potential  (which 
lies  toward  u  *  0  in  the  free-free  continuum),  and  u(v)  is  decreasing 
monotonlcally,  with  the  result  that  u2  <  Up  • 

Some  confirmation  of  these  predictions  can  be  obtained  by  a 
compar.  on  of  results.  Liberman  has  computed  ^  *  U2/p  for  hydrogen 
for  a  range  of  densities  at  kT  ■  5,  10  and  20  eV.  Figs.  6-6  (5  and  10  eV) 

and  6-7  (20  eV)  show  his  results  in  comparison  with  the  Stewart-Pyatt  (1961) 

results  for  ifp  and  ,  which  include  line  contributions.  For  kT  *  5  eV, 
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ICp  Is  about  1. 3  times  *2  for  the  densities  shown,  and  this  ratio 
clearly  increases  with  kT,  while  a  rough  calculation  indicates  that  itp 
becomes  approximately  equal  fc2  at  about  3-4  eV,  and  than  presumably 
itp  <  *2  whan  kT  3  eV.  Also,  as  kT  increases,  icR  approaches  k 2  * 
The  suspicious  behavior  of  icR  vs,  <  2  at  the  low-density  end  of  the  20  eV 
curve  (where  icR  appears  to  be  on  the  verge  of  crossing  it  2  )  1*  probably 
due  to  the  Compton  scattering  contribution  included  In  the  Stewart-Pyatt 
results,  but  omitted  In  the  sum  rule. 


FIG.  6-1  SUBDIVISION  OF  TEMPERATURE-DENSITY  PLANE  INTO 

MOLECULAR  AND  ATOMIC  REGIONS  AND  INTO  REGIONS 
WHERE  INTERACTION  CAN  AND  CANNOT  BE  NEGLECTED 
FOR  AIR. 


|-« — ATOMIC  LINES  — ■*] 


MOLECULAR 
LINES  AND 
CONTINUA 


PHOTO  EFFECT 


SCATTERING 


h* - FREE  -  FREE - 

_ I _ _ I _ I _ 

IO  10.0  100.00 

TEMPERATURE  (tv) 

FIG.  6-2  EFFECTS  WHICH  CONTRIBUTE  TO  THE  ABSORPTION 

COEFFICIENT  OF  AIR  AS  A  FUNCTION  OF  TEMPERATURE 


FIG.  6-4  SCHEMATIC  ILLUSTRATION  OF  SPECTRUM  LINE  SUPERIMPOSED 
ON  CONTINUUM  BACKGROUND.  THE  REGION  BETWEEN  B 
AND  C  IS  THE  LINE  CORE.  AND  THE  REGIONS  TO  THE  LEFT  AND 
RIGHT  OF  B  AND  C,  RESPECTIVELY,  ARE  THE  LINE  WINGS. 
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FIG.  6-5  SIMPLIFIED  MODEL  ABSORP¬ 
TION  COEFFICIENTS  WHICH 
ILLUSTRATE  THE  DOMINANT 
TREND  IN  (a)  HIGH- TEMPERA¬ 
TURE  ABSORPTION  AND  (b) 
LOW- TEMPERATURE  ABSORP¬ 
TION 
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p(Q  M/CM*) 

FIG.  6  -6  UPPER  BOUNDS  ON  THE  PLANCK  (Kp)  AND  ROSSELAND  (K„) 
MEAN  ABSORPTION  COEFF.:  3IENTS:  r  A  COMPARISON  OF  R 
THE  MAGNITUDES  OF  Kp  and  R_  AS  A  FUNCTION  OF 
DENSITY  WITH  LIBERMATTS  R,  FOR  HYDROGEN  AT 
TEMPERATURES^  5  AND  10  e\T. 


p(GM/CM  ) 

FIG.  6-7  UPPER  BOUNDS  ON  THE  PLANCK  ffL)  AND  ROSSELAND 
(R  J  MEAN  ABSORPTION  COEFFICIENTS:  A  COMPARISON 
R  OF  THE  MAGNITUDES  OF  Kp  AND  K„  ASA 
FUNCTION  OF  DENSITY  WITH  LIBERMAN'S*  FOR 
HYDROGEN  AT  A  TEMPERATURE  OF  20  eV. 


Chapter  7.  MOLECULAR  ABSORPTION  COEFFICIENTS 


In  this  chapter  we  discuss  the  molecular  contributions  to  the  opacity 
of  relatively  low  temperature  (<  1  eV)  air.  Molecular  species  and  transitions 
which  make  Important  contributions  are  reviewed  in  section  7. 1.  Less 
important  molecular  contributions  are  discussed  in  section  7.2.  A  review 
is  made  in  section  7.3  of  actual  calculations  of  the  molecular  aspects 
of  air  opacities  based  on  the  theory  of  Chapter  4. 

One  difference  between  the  approach  to  the  (low  temperature) 
molecular  calculations  of  this  chapter  and  the  (high  temperature)  atomic 
calculations  of  Chapter  8  should  be  pointed  out.  Both  require  Independent 
study  of  population  and  transition  probability  parameters.  They  differ  however 
in  the  way  by  which  contributing  spectral  features  are  taken  into  account. 
Detailed  molecular  theory  is  less  comprehensively  developed  than  atomic 
theory.  Thus  a  priori  selection  of  the  probably  important  contributory 
molecular  spectra  of  those  species  which  are  expected  to  be  present  on 
thermodynamic  grounds  is  made  from  general  knowledge  of  the  spectra 
of  the  species.  Atomic  theory  is  however,  well  enough  developed  that 
a  completely  theoretical  allowance  can  be  made  not  only  for  the  structure 
of  atomic  species  expected  to  be  present  but  also  for  all  transitions  between 
the  predicted  energy  levels. 
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7. 1  Molecular  species  and  transitions  of  Importance 

The  major  constituents  of  air  are  N2  and  02  which  react 
chemically  when  heated  to  form  NO  .  The  heating  also  causes  some 
Ionisation.  Thus  N2  ,  Oj  ,  NO  and  some  or  all  of  their  ions  might 
be  expected  to  be  major  molecular  contributors  to  the  absorption  coefficient 
air  at  temperatures  below  say  12,000°K  (about  1  eV).  Above  1  eV, 
dissociation  of  diatomic  species  rapidly  becomes  complete  and  major 
contributions  to  the  absorption  coefficient  comes  from  atoms,  atomic  ions 
and  free  electrons .  At  relatively  low  temperatures ,  say  below  a  few 
thousand  degrees ,  contributions  from  the  trlatomlc  species  C02  , 

H20  and  N02  (formed  from  chemical  reactions)  must  also  be  considered. 

In  this  section  we  review  band  systems  of  the  above  six  major 
diatomic  molecular  species  and  Indicate  which  of  them  are  major  contributors 
to  the  absorption  coefficient.  In  section  7.2  possible  minor  contributors 
are  discussed,  and  in  section  7.3  a  review  Is  made  of  calculations  over  the 
past  two  decades  of  the  molecular  contribution  to  the  absorption  coefficient 
which  have  taken  these  transitions  Into  account.  The  discussion  Is  mainly 
confined  to  the  conventional  optical  region  of  the  spectrum:  1000  A  - 
10,000  A  which  includes  the  near  vacuum  ultraviolet  and  the  near  infrared 
with  the  ultraviolet  and  visible  regions. 

There  is  an  incorrect  yet  widely  held  point  of  view  that  all  electronic 
transitions  and  band  systems  of  N2  ,  02  ,  NO  and  their  ions  are  well 

known,  completely  studied  and  analyzed,  and  that  all  possible  molecular 


constants  have  been  definitively  established  and  tabulated.  Conventional 

spectroscopic  studies  have,  of  course  been  carried  out  on  these  molecules 

for  many  years,  but  new  band  systems  and  new  bands  of  old  systems 

continue  to  be  discovered.  This  Is  the  pattern  of  contemporary  molecular 

spectroscopy.  Relatively  few  band  systems  per  molecule,  relatively  few 

bands  per  system  and  relatively  few  lines  per  band  have  been  definitively 

measured  and  analyzed  In  the  overall  study  of  diatomic  species.  The 

3  1 

relatively  recent  Identification  of  the  D  -  a  Chamberlain  system 
of  02  In  the  alrglow  spectrum  (see  Chamberlain  19S8,  I96I)  and  the  discovery 
of  the  D  nu  -  A  Ilu  lanln-d'Incan  system  of  N2  (see  Janln  and  d'Incan, 

1958;  Grandmontagne,  d'Incan  and  Janln,  1959;  Tanaka,  Namloka  and  Jursa,  1961) 
and  a  number  of  new  systems  of  NO  (Miescher,  1962)  are  examples  of 
continuing  research  on  molecules ,  some  of  whose  spectra  have  been  known  for 
many  years. 

The  relatively  fragmentary  and  changing  state  of  our  knowledge  of 
the  qualitative  (wavelength)  and  quantitative  (intensity)  aspects  of  the 
spectroscopy  of  N2 , 02  ,  NO  and  their  Ions  has  had  an  important 
influence  on  the  progress  of  theoretical  studies  on  the  absorption  coefficient 
of  heated  air  as  will  become  clear  In  the  discussion  of  following  sections. 

Definitive  opacity  calculations  require  a  firm  knowledge  of  the  positions 

(wavelengths)  of  all  possible  contributing  features  and  of  the  transition 

probability  parameters  of  each.  Our  knowledge  of  both  of  these  aspects 

of  the  spectra  of  the  six  Important  diatomic  species  has  been  incomplete 

because  of  the  motivation  of  much  of  conventional  molecular  spectroscopic  k 

research.  One  major  aim  of  such  work  is  the  determination  of  molecular  * 

i 

'1 
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constants  from  which  molecular  structure  may  be  Inferred  and  discussed. 

■and  systems  are  excited  and  measured  so  that  sufficient  vibrational  and 

rotational  analyses  may  be  made  to  determine  for  each  electronic  state  such 

vibrational  constants  as  »  y  and  such  rotational  constants  as 

■  (from  which  the  equilibrium  in temu clear  separation  r  may  be  determined) 

©  © 

a  etc.  Some  of  these  symbols  have  been  discussed  in  Chapter  4 
and  are  more  fully  discussed  by  Heriberg  (1950).  When  sufficient  bands 
have  been  identified  and  measured  to  provide  the  vibrational  constants , 
and  sufficient  bands  have  been  rotatlonally  analysed  to  provide  the  rotational 
constants,  the  motivation  disappears  for  more  extensive  measurements  and 
analyses  which,  except  for  uncovering  perturbations  and  predissociations, 
will  not  provide  much  more  information  on  molecular  structure.  Thus  perhaps 
only  20%  of  the  known  bands  of  a  system  have  been  rotatlonally  measured  and 
analyzed.  Seldom  have  vibrational  levels  been  followed  to  the  dissociation 
limit  of  the  electronic  state.  Few  laboratory  sources  of  spectra  excite  high 
temperatures  such  as  are  discussed  in  opacity  calculations,  and  thus  the 
positions  of  rotational  lines  at  very  high  rotational  quantum  numbers 
(say  >100)  which  are  excited  in  high  temperature  sources  have  not  been 
measured.  The  prediction  of  the  position  of  such  lines  by  extrapolation  of 
the  series  of  expressions  determined  from  analyses  of  lines  of  lower  quantum 
numbers  has  high  probability  for  error.  Systematic  rotational  analyses  of 
high  temperature  spectra  of  carbon  containing  molecules  of  importance  in 
astronomy  is  being  carried  out  by  Phillips  and  his  colleagues  at  Berkeley 
(Phillips,  1963).  Some  years  ago  Mesdames  Gibson  and  Buttery  at  Lockheed 
made  some  rotational  analyses  to  high  quantum  numbers  of  bands  excited 
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In  a  shock  tube  (Gibson,  1962).  The  determination  of  molecular  potentials 
by  the  Klein-Dunham  procedure  often  requires  a  firmer  knowledge  of 
vibrational  and  rotational  constants  than  has  been  provided  by  conventional 
analyses  (see  discussion  of  Gilmore,  1965).  A  rough  average  statement 
might  be  that  of  the  less  than  10  bands  systems  per  diatomic  molecule 
which  are  known,  less  than  50  bands  per  system  have  been  identified  and 
less  than  5-10  bands  per  systems  have  been  subjected  to  rotational  analysis 
of  less  than  about  50  lines  per  branch.  The  'best'  constants  for  band  systems 
treated  in  opacity  calculations  are  displayed  in  Volume  3  of  this  series 
and  have  been  supplied  after  a  critical  review  of  the  literature  by  Gilmore. 

Pearse  and  Gaydon  (1963),  Wallace  (1962a, b)  have  provided  most 
valuable  compilations  of  known  molecular  spectra  which  illustrate  a  number 
of  the  above  points.  Tyta  and  Nicholls  (1964a, b,  1965)  and  colleagues  are 
producing  identification  atlases  of  molecular  spectra. 

Prom  the  above  remarks  we  may  conclude  that  in  a  practical  sense 
molecular  contributions  to  hot  air  opacity,  and  the  manner  in  which  they  are 
allowed  for,  differ  from  atomic  contributions  in  two  ways: 

a)  Although  there  are  far  fewer  band  systems  per  molecule  than  lines 
per  atom,  the  closely  packed,  multi- line  structure  of  the  band 
systems,  which  becomes  more  extensive  at  higher  tempe:  Jtures 
as  the  high  rotational  levels  become  excited  give  rise  to  broader 
regions  of  opacity  than  are  contributed  by  atomic  lines  at  the 


same  temperature. 


b)  Our  detailed  theoretical  knowledge  of  molecular  spectra  and 

molecular  structure  Is  far  ls&s  comprehensive  than  the  comparable 
state  of  development  of  atomic  theory.  Thus  in  theoretical  studies 
of  molecular  opacity,  appeal  has  ta  be  made  to  experimental 
knowledge  of  molecular  spectra  to  decide  which  spectral  features 
should  be  Included  in  the  opacity  calculations.  In  atomic  calcula¬ 
tions  the  theory  is  comprehensive  enough  not  to  have  to  make  so 
direct  an  appeal  to  experiment. 

With  the  above  remarks  as  background,  we  now  review  a  partial  list 
of  band  systems  for  the  important  species  N2  ,  Oz  ,  NO  and  their  Ions. 
Gilmore  (19S5b)  in  a  discussion  of  the  known  potential  energy  curves  of 
the  electronic  states  of  these  molecules  has  in  his  Table  1  made  a  complete 
list  of  all  known  electronic  transitions  between  the  states.  Some  of  these 
transitions  are  only  known  by  virtue  of  one  or  two  bands  as  may  be  seen  by 
comparing  his  list  with  the  detailed  compilation  of  Wallace.  Accordingly 
we  list  here  the  major  band  systems  of  the  species  in  Tables  7-1  -  7-6 
which  also  contain  information  on  wavelength  extension  of  the  systems. 
These  tables  are  illustrated  in  Figs.  7-1  -  7-6  with  simplified  energy  level 
arrays  on  which  the  electronic  states  and  transitions  are  indicated. 
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Table  7-i 

M^TOR  amp  SYSTEMS  OF  Ng 

#fty9l9rwth  Ranqg  ft  N,mf  ~~~ 


Far  Vacuum  U.V. 

Blrge-Hopfield,  Worley, 

mop 

920-1644 

Birge-Hopfield  (a) 

bLn,  -xk* 

955-1438 

Blrge-Hopfield  (b)  -  Worlay 

U  g 

b'V*  -  xlr+ 

1205-2602 

Lyman-  Birge-Hopfield 

u  0 
,8*11  -  xlr+ 

1333-2004 

2019-2232 

Wilkinson- MulliJean 

9  g 

•x-*; 

_'3_-  i  + 

B  Z  -  XT 

2034-2751 

Fifth  Positive 

,  u  9 

lr  -  .  V 

2138-2733 

Herman-Kaplan 

9  U 

e3e*  -  A3E+ 

2224-3661 

Gaydon- Herman  Singlet  System* 

9  u 

(bjijp’jd.m.o.r'.k,! 

2256-2904 

Fourth  Positive 

« '  /  d  ’ ,  h ,  e)  -a 
c'3n  -  B3n 

2263-2855 

Kaplan’s  Second 

9 

ylH  -w1^ 

2333-5060 

Vegard-Kaplan 

9  u 

A3E+  -  X*E+ 

2369-2477 

lofthus 

u  9 

2  Ag  -  tt)1Au 

c3n ,  -  b3ii 

2687-5482 

Second  Positive 

4166-5076 

Goldsteln-Kaplan 

U  g 

c’3n  -  B3n 

4273-4u 

First  Positive 

u  9 

b\  -  xV 

5047-6336 

Gaydon-Green 

9  u 

probably  3r;  -  % 

6058-8900 

Infra-red  Afterglow 

•X  -  °\ 
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Table  7-2 

MAJOR  BAND  SYSTEMS  OF  0 

1 

Wavelength  BMflt  W 

L  Name 

Hingittoa 

1958-5720 

Schumann- Rung® 

■  X3^ 

2540-6541 

Harsbarg  11 

-  X3-; 

2562-4881 

Harsbarg  I 

A3r*  -  xV 

2570-2630 

Harsbarg  III 

D\  -  ^Tg 

3650-4840 

Brolda-Gaydon 

*3<  - 

3700-4380 

Chamberlain  Alrglow 

C3A  -  a*A 
u  g 

5795-8645 

Atmospheric 

b1^  -  xh~ 
g  g 

1.27  -  1.58u 

Infra-red  Atmospheric 

a*A  -  xV 
g  g 

1.9  l|j 

Noxcn  b*E+  -  a*A 

g  g 

Table  7-3 

major  BAND  SYSTEMS  OF  NO 

Wav9lflngtt\  Range  (A) 

L  Name 

JranslUoa 

»  O 

1455-1888 

8 

b  -  x*n 

1461-3459 

Y 

5° 

i 

X 

1462-2392 

c 

2  9 

d  l  -  x  n 

1475-1870 

I 

Y 

e2e  - 

1504-2060 

• 

8 

Bh-Xh 

1910-2415 

6 

c^  -  x2n 

2018-6511 

8 

B%  -  x^ 

5225-8021 

Ogawa  1 

b'2a  -  B2n 

6000 

Feast  1 

d2t  -  a2e 

7725-9733 

Ogawa  2 

b4lf  -  a *11 

l.lu 

Feast  2 

e2v  -  kh 

1.36  -  5.33u 

Vibration-Rotation 

312 

x2n  -  x2n 

Wavelength  Rrnq||  ft) 

1377-2060 

2240-3070 

2913-5865 

5516-17706 


Table  7-4 

MAJOR  IMP  SYSTEMS  OF 


Name 

Second  Negative 
Jenin  d'  Incan 
First  Negative 
Melnal 


Transition 

-  x2^ 

»2<  -  X  v 

aV  -  x*e 

U  g 


D2n 


Wavelength  fangft  fo) 

2060-6103 

6992-7891 


BAND  SYSTEMS  of  ot 
~~  ». 

Name 

Second  Negative 
First  Negative 


Transition 

*\  -  x\ 
b\"  -  A. 


Wavelength  Rttngft  fa) 
1160-1680 


Table  7-6 

BAND  SYSTEM  OP  MO* 

Transition 

Mlescher-Baer  A1IT  _  xlr+ 
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Different  transitions  of  course  dominate  different  regions  of  the 
spectrum  and  to  various  extents.  In  the  calculations  which  are  reviewed 
In  section  7.3  the  most  common  molecular  and  atomic  contributors  to  the 
spectral  absorption  coefficient  of  heated  air  are  listed  In  Table  7-7. 

These  certainly  seem  to  be  the  major  contributors,  but  the  Tables  7-1  - 
7-6  and  Figs.  7-1  -  7-6  raise  the  possibility  that  other  transitions  (e.g. , 

Nj  Melnel,  Janln-d'Incan,  N2  Blrge-Hopfield,  etc.)  should  eventually 
be  incorporated  in  the  calculations.  Many  of  the  transitions  listed  in 
Table  7-7  are  spectroscopically  quite  complicated.  For  example  each  band 
of  the  N2  First  Positive  system  has  27  branches.  Nlcholls  (1962)  has 
recently  discussed  many  of  these  systems  and  what  is  known  of  their 
transition  probability  in  the  context  of  aeronomlcal  (auroral  and  alrglow) 
luminosities.  Spectroscopic  data  for  many  of  these  transitions  are  listed 
by  Gilmore  in  Volume  1  of  this  series. 
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Table  7-7 

MQfll  SaMMQMME  XBfiMBB  ASQMKf  MB  MQLBCTUR  CPNTMgtf  XQRfl 
IP  THE  AMPSETIQH  PPHTIglfiNX  QF  HEATEP  MR 


Atamig  ggnttifeatgEi 

O"  ,  O  ,  N  i  Photoelectric  traneitlons 
e  t  Free-free  transitions 


2i 

First  Positive,  Second  Positive,  Lyman-Birge-Hopfleld,  Blrye-Hopfleld 

•s 

First  Negative 

Si 


Schumann-Runge 

m 

8  ,  y  >  Vibration-rotation 


7.2  Less  important  molecular  species  and  transitions 

Minor  contributors  to  the  absorption  spectrum  of  air  which  have 
to  be  considered  briefly  are:  a)  contributions  from  minor  constituents 
of  the  atmosphere;  b)  contributions  from  other  band  systems  of  major 
constituents  than  those  listed  in  Table  7-7.  So  far  very  little  quantitative 
account  has  been  taken  of  minor  contributors  in  calculations  of  absorption 
coefficients . 

Gilmore  (1965a)  has  made  a  recent  assessment  of  the  relative 
importance  of  minor  contributors  and  has  made  approximate  quantitative 
estimates  of  their  effects. 

The  minor  atmospheric  constituents  are  CC^  and  1^0  .  NC>2 
formed  from  chemical  reactions  in  heated  air  also  has  to  be  considered.  As 
the  temperature  rises,  diatomic  dissociation  and  reaction  products  of  these 
molecules  also  have  to  be  considered.  Such  products  as  CO  ,  OH  , 

CH  ,  CN  ,  NH  are  probably  present  in  small  amounts  and  all  have  band 
systems  which  could  contribute  to  the  absorption  coefficient.  Their  parent 
triatcmio  molecules  are  in  such  relatively  small  concentration  that  the 
effect  of  such  diatomics  would  probably  be  quite  small  except  in  spectral 
regions  where  the  effect  of  major  contributors  is  small  and  the  air  is 
effectively  transparent. 

Ili  the  vacuum  ultraviolet  region  of  the  spectrum  Gilmore  (1965a) 
cails  attention  to  the  possible  importance  of  the  Birge-Hopfield  b1!^  - 


and  b'1^  -  X1^  systems,  particularly  bands  of  them  which  originate  In 
**  y 

absorption  from  high  vibrational  levels  10)  of  the  X  E  state.  He  is 

9 

able  to  explain  Wray  and  Teare's  (19S2)  measurements  of  absorption 
coefficient  of  and  1270  A  as  a  function  of  temperature,  in  terms  of 

contributions  from  these  band  systems.  There  are  many  other  band  systems 
of  N2  in  the  vacuum  ultraviolet  which  may  also  make  some  contributions 
(see  the  review  of  Wilkinson,  1061).  Intensity  data  for  all  of  them  is  very 
sparse.  The  CO  Fourth  Positive  System  (A1!!  -  X*v)  may  also  make  a 
contribution  in  the  vacuum  ultraviolet  absorption  under  conditions  of  a 
significant  concentration  of  CO  .  It  makes  such  a  contribution  in  the 
solar  atmosphere  (Goldberg,  Parkinson  and  Reeves,  1965).  NO  also  has 
many  systems  (Miescher,  1962)  which  may  contribute.  Possible  consideration 
should  be  given  to  the  Wilkinson- Mulliken  a*  lEy  -  X1*  systems  of 
and  the  Hopfield- Blrge  systems  B1^  and  b^E+  -  X*E  of  CO  . 

Gilmore  points  out  that  in  the  visible  region  of  the  spectrum  the 
major  constituents  of  air  are  transparent  and  in  this  region  some  of  the  minor 
contributors  may  have  significant  effects.  Account  has  been  taken  of  the 
very  complex  spectrum  of  NOj  (Mueller,  1963)  in  a  number  of  calculations 
of  absorption  coefficient.  It  is  very  difficult  to  deal  with  this  spectrum  in 
such  calculations  in  any  more  than  semi-empirically.  It  undoubtedly  plays 
a  role  at  low  temperatures. 
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The  CN  Red  (A^H-x\)  and  Violet  (bSvX^t;)  systems  may  make 
some  contribution  because  the  N  arises  t'rom  a  major  constituent.  Their 
spectroscopy  is  fairly  well  known.  They  lie  in  the  same  spectral  region 
as  the  N2  First  Positive  and  First  Negative  Systems,  and  for  this 

reason  discrimination  between  contributions  from  CN  and  the  N2  and 
may  present  difficulties.  Absolute  band  strengths  are  available  from 
some  CN  Violet  (Nicholis,  1964)  bands.  While  intensities 
for  CN  Red  have  been  measured  (Dixon  and  Nicholis,  1957)  there  is  not 
agreement  between  recent  lifetime  measurements  (Wentinck,  Isakson  and 
Morreal,  1964;  Jeunnehomme,  1965)  using  the  same  method.  Jeunnehomme’s 
measurements  appear  to  be  the  more  reliable. 

Although  firm  spectroscopic  knowledge  of  them  is  fragmentary,  some 

account  may  also  have  to  be  taken  of  N2  and  CO  systems  whose  lowest 

electronic  states  are  in  the  first  two  or  three  excited  states  of  the  molecules. 

N2  First  and  Second  Positive  band  systems  are  strong  contributors  and  in 

this  position.  There  are  other  contending  N2  systems  in  the  same  position 

about  which  much  less  is  known,  e.g.,  Herman-Kaplan  (E  Fg  -  A  Eu)  , 

Fourth  Positive  (D3v*  -  B3rig)  ,  Goldsteln-Kaplan  (C’3nu  -  B3ng), 

Fifth  Positive  (x1!”  -  a’^O,  etc.  and  a  number  of  others  (see  Fig.  1) 
y  u 

(see  Pearse  and  Gaydon,  1962;  Wallace,  1962a;  Lofthus ,  1960).  There 
are  a  number  of  similarly  situated  systems  of  CO  e.g.  ,  Cameron  (a3n  -  X*E) 
Third  Positive  (b  F  -  a  1)  and  a  number  of  others.  Some  of  these  systems 
are  admittedly  weak  (i.e. ,  difficult  to  excite  in  emission)  others  are  of 
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moderate  strength.  Until  they  have  been  shown  to  have  negligible  transition 
probabilities  they  should  not  necessarily  be  ruled  out  as  possible  contributors 
to  the  spectrum  of  heated  air. 

The  obvious  minor  contributors  to  the  near  infrared  spectrum  of 
heated  air  are  NOz  CN  Red,  N2  Infrared  Afterglow  (B,3Z‘  -  B3ng)  , 

CO  Asundi  <a'  3E+  -  a3n)  ,  N2  Meinel  (A2H  -  X2S),  NO  Ogawa  (bV-  -  a4n), 
in  addition  to  the  vibration-rotation  spectrum  of  NO  ,  N02  .  CO  ,  C02  , 

N20  ,  CN  and  NO+  . 

Until  we  know  more  of  the  probable  relative  populations  of  the 
minor  species  and  of  the  general  qualitative  and  quantitative  spectroscopy 
of  the  types  of  band  systems  cited  above,  it  is  profitless  to  speculate  further 
on  their  probable  contributions. 

7.3  Review  of  calculations  of  the  molecular  contribution  to  the 

absorption  coefficient  of  heated  air 

Calculations  on  the  opacities  of  hot  gases  have  been  made  for  many 
years  in  astrophysical  situations;  such  work  is  the  heart  of  traditional 
astrophysics  (Aller,  1963).  It  is  directed  towards  an  understanding  of 
planetary  and  stellar  envelopes  and  various  models  of  them.  The  calculations 
often  Involve  gross  average  absorption  coefficients  of  a  relatively  small 
number  of  contributing  species.  The  Planck-  and  Rosseland  Mean  absorption 
coefficients  were  thus  developed  in  astrophysical  discussions  of  stellar 
atmospheres,  and  for  the  solutions  of  the  appropriate  equations  of  transfer. 

Daring  the  past  two  decades  as  interest  in  the  earth’s  atmosphere 
increased,  similar,  but  more  detailed  calculations  of  the  absorption  coefficient 
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of  air  have  been  undertaken.  The  calculations  have  been  made  for  a  wide 
range  of  temperatures  and  densities,  and  have  taken  account  of  chemistry 
and  of  as  many  spectral  features  of  known  atmospheric  constituents  as 
possible.  Those  contributors  to  the  air  absorption  coefficient  which  have 
been  thought  to  be  most  important  were  listed  in  Table  7.7.  The  motivation 
of  recent  quantitative  work  on  absorption  coefficients  is  of  specific  interest 
In  such  artificially  Induced  high  temperature  aeronomlcal  phenomena  as 
high  altitude  nuclear  explosions  (in  which  radiation  is  a  very  important 
mode  of  energy  transfer),  and  the  entry  of  high  speed  bodies  (meteors, 
spacecraft  and  missiles)  into  the  atmosphere. 

While  the  first  calculations  were  of  broad  average  absorption 
coefficients,  our  current  knowledge  of  air  constituents,  chemistry,  and 
spectroscopy  of  air  constituents,  incomplete  though  it  be,  has  recently 
led  to  a  number  of  more  detailed  calculations  of  increasing  sophistication. 
It  is  the  purpose  of  this  section  to  review  what  studies  have  been  made 
and  to  attempt  to  place  them  in  perspective.  Nearly  all  of  them  have 
been  made  on  the  assumption  of  the  existence  of  thermal  equilibrium.  Non- 
equlllbrlum  effects  undoubtedly  occur  and  are  difficult  to  allow  for.  A 
discussion  of  such  phenomena  is  given  in  Volume  4. 

Many  of  the  calculations  of  absorption  coefficient  of  heated  air 
are  unfortunately  only  described  in  reports  of  contract-supported  research, 
which  are  not  universally  available  nor  completely  abstracted.  No  claim 
can  be  made  here  that  all  such  reports  have  been  reviewed.  Some  of  the 
work  has,  of  course  been  published  in  the  open  literature,  and  it  is  hoped 
that  a  representative  selection  of  such  papers  are  discussed  below. 
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The  original  studies  which  were  necessarily  classified  at  the  time 
were  made  In  connection  with  nuclear  weapons  development  In  the  early  1940's 
at  Los  Alamos.  Some  of  these  reports  have  now  been  declassified.  Two 
'Opacity'  conferences  co-sponsored  by  the  Los  Alamos  Laboratory  and  the 
Air  Force  Special  Weapons  Laboratory  were  held  at  Klrtland  AFB  In  the  summers 
of  1963  and  1964  and  were  particularly  useful  for  a  general  orientation  of 
the  field.  Two  status  reports  (Huebener  and  Stewart  1964,  1965)  arising  in 
part  from  the  conferences  provide  a  fairly  comprehensive,  author-supplied  list 
of  workers  in  the  field  and  studies  being  made.  The  second  of  the  conferences 
was  published  In  toto  in  The  Journal  of  Quantitative  Spectroscopy  and 
Radiative  Transfer,  Volume  5,  No.  1,  Jan. /Feb.  1965.  The  papers  in  that 
proceedings  (some  of  which  are  referred  to  here)  provide  a  good  orientation 
In  the  current  state  of  the  field. 

All  the  molecular  calculations  were  based,  In  principle,  on  Eqs.  (4.1-27), 
(4.1-33)  and  (4,1-34).  The  earliest  calculations  Involved  very  broad  averages, 
later  calculations,  although  they  also  involved  averages  took  account  of 
Individual  band  systems,  and  later  individual  bands  of  the  systems.  The 
latest  calculations  Incorporate  a  study  of  the  absorption  coefficient  line  by 
line  of  each  band.  It  is  clear  from  the  above  equations  that  in  common  with 
atomic  contributions  all  of  the  calculations  involve  two  stages: 

a)  Statistical  Thermodynamic  considerations  to  evaluate 
for  each  contributing  species  as  a  function  of  overall 
temperature  and  density 

b)  Spectroscopic  considerations  for  the  frequency  of  the  spectral 

2  I*  A 1 

feature  and  the  strength  factors  Sgl  =  Re^v'v’^  ^v'v"  and  SJ"A" 


321 


The  studies  reviewed  below  Include  the  early  pioneer  work  of  the 
1940‘s  (section  7.3.1),  the  approximate,  yet  more  detailed  calculations 
of  the  1950's  (section  7.3.2),  and  the  recent  entirely  computer-based  work 
of  the  1960 ’s  (section  7.3.3)  in  which  a  realistic  attempt  Is  made  to  take 
the  effect  of  all  probable  absorbers  into  quantitative  account. 

7.3.1  £arly  ttia..l2AQ,» 

The  earliest  discussion  of  the  molecular  contribution  to  the 
opacity  of  heated  air  was  by  Hlrschfelder  end  Magee  (1945)  and  Magee 
and  Hlrschfelder  (1947).  They  made  a  preliminary  quantitative  dis¬ 
cussion  of  such  phenomena  as  the  luminosity  of  the  shock  wave  which 
accompanies  a  nuclear  explosion,  and  the  effect  of  the  opacity  of 
the  surrounding  heated  air  in  impeding  reducing  energy  loss  by 
radiation.  They  made  estimates  of  the  contribution  to  the  mean 
absorption  coefficients  from  bound-free  photoionization  transitions 
of  O"  ,  N~  ,  O  ,  N  ,  free-free  transitions  of  electrons  in  ionic 
fields  and  of  the  molecular  species  O2  and  NOg  .  The  Rosseland 
mean  was  estimated  over  the  temperature  range  2000-20, 000°K. 

The  emphasis  was  not  at  all  on  the  minutiae  of  spectroscopic  detail 
of  the  absorption  coefficient.  In  all  of  this  work,  which  remained 
classified  for  about  10  years ,  and  in  common  with  many  of  the  more 
recent  calculations,  thermodynamic  equilibrium  was  assumed. 
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During  the  1950's  and  as  a  result  of  renewed  Interest  In  nuclear 
explosions  and  re-entry  phenomena/  a  series  of  theoretical  studies  of 
heated  air  absorption  coefficients  were  carried  out  at  Rand,  Lockheed,  AVCO 
Los  Alamos  and  other  laboratories . 

Much  of  the  work  was  based.  Insofar  as  molecular  contributions  were 
concerned,  on  Eq.  (7.3-1),  written  In  a  number  of  equivalent  forms. 


^  ^ ^  Re  Qyi^i  Sjiji.  Vjiju  b(v)  (7*3—1) 

where  the  summation  is  over  the  spectral  features  which  fall  at  v  .  Many 
of  the  calculations  used  the  tables  of  Gilmore  (1955)  for  the  population 
factors  .  The  differences  between  the  studies  reviewed  here  is 
predominantly  in  the  way  in  which  the  meagre  transition  probability  data 
was  used  and  in  the  averaging  techniques  were  employed.  The  absorption 
coefficient  has  often  been  calculated,  as  indicated  in  Eq.  (4. 1-33)  in  a 
series  of  Increments  Av  using  a  'smeared  rotational  structure'  averaging 
procedure.  According  to  Eq*  (4. 1-29)  the  band  oscillator  strength  may  be 


written 


R4  (f  ,  J  q  ,  , 
e  Vv  v  Hv  v 


(7.3-2) 


Thus  from  Eqs.  (4.1-33)  and  (7.3-2)  the  average  absorption  coefficient  in 


Av  is 


-i-  y]  T)  nt  f  av 

Av  '  L  v  v 

Bands  Av 


(7.3-3) 


Lack  of  Information  on  R  (r)  for  a  number  of  band  systems  at  the  time  of  these 

© 

early  calculations  forced  the  use  of  an  "'electronic  oscillator  strength* 
for  a  whole  band  system  (see  Eq.  (4. 1-36),  where 


r  -  e2 

fel  ~  v  Re 

v  is  a  characteristic  average  frequency  for  the  whole  band  system,  and 
__ 

Rq  Is  similarly  a  characteristic  average  of  the  transition  moment  square* 
Eq.  (7.3-2)  may  thus  be  approximately  written:  (see  Eq.  (4.1-37)) 


(7.3-4) 


323 


v’v' 


-  f 


el  qvV 


(7.3-5) 


Finally  Eq.  (  7,3-3)  may  be  approximately  written 

aiv  ’  mT  Z  E  NL  fel  Vv-  ^  <7-3-6' 

Bands  Av 

This  equation  has  been  the  basis  of  a  number  of  calculations  discussed 
below. 

Meyerott  (1955)  briefly  reported  on,  and  gave  tables  of  discrete  and 

continuous  contributions,  total  and  Planck  Mean  Absorption  Coefficients 

of  heated  air  at  the  temperatures  6000°,  8000°,  12,000°,  18,000°K,  for 

-3  -  6 

the  density  ratios  10,  1,  10  ,10  ,  in  0.25  eV  Increments  of  the  spectrum 

from  1  eV  to  12  eV.  No  detailed  band  structure  was  assigned  and  a  smoothed 

*  loamsia 

Very  approximate  equations  such  as  Eq.  (7.3-5)  have  led  to  the  use 
in  some  of  the  literature  on  absorption  coefficients  of  such  erroneous 
equations  as 


^spectral  "  fel  *vib  *rot 
feature 

which,  since  oscillator  strength  is  (frequency  x  transition  strength) 
apart  from  a  constant,  is  a  meaningless  statement.  It  is  the  transition 
strength  which  is  separable  (under  well  defined  circumstances)  into 
factors  for  vibration  rotation  and  electronic  motion.  Recall 


jUv'J'a'  ,  -2 

sLv"J"A "  e 


(Fvivii) 


’v  v 


3IV 

J"A  " 


(4.1-14) 
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absorption  coefficient  was  computed.  Lack  of  information  on  band 
strengths  or  even  electronic  oscillator  strengths  of  systems  forced 
him  to  use  an  estimated  f  *  0.2  for  all  contributing  band  systems. 
The  data  were  presented  so  that  contributions  from  different  band 
systems  could  easily  be  rescaled  when  f  values  became  available. 

Meyerott  (1956)  published  the  bases  of  the  1955  calculations 
and  presented  extended  tables  of  data.  He  used  Eq.  (7.3-6)  and  a 
'smeared'  rotational  structure  assumption.  Gilmore's  (1955)  tables 
were  used  for  ,  and  the  following  contributors  (Table  7.  8)  were 


included: 

Tablo  7.8 

1) 

N2  :  First  Positive,  Second  Positive  and 

Lyman- Birge  Hopfield  Systems 

2) 

Nj  :  First  Negative 

3) 

NO  :  8  and  y  systems 

4) 

N02: 

5) 

O  ,  O,  N,  N2  Photoelectric  (bound-free) 

transitions 

6) 

e  :  Free-Free 

This  list  is  very  similar  to  Table  7.7.  Where  firm  data  specific  to  a 
contributor  was  not  known,  an  appropriate  approximation  had  to  be  used. 
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f  was  set  equal  to  0.2  for  all  diatomic  band  systems.  Tables  of 

o 

approximate  Franck-Condon  factors  were  available  from  the  work  of 
Fraser,  Jermaln  and  Nlcholls  (see  references  in  section  4.3). 

Measured  room  temperature  absorption  coefficients  of  NO^  were 
used.  Insofar  as  the  contributions  from  atomic  species,  these  are 
discussed  more  fully  in  section  7.4.  Branscomb  and  Smith's  (1955) 
experimental  and  Bates  and  Massey's  (1943)  theoretical  photo- 
dissociation  cross  sections  for  0~  were  used.  A  hydrogenlc 
model  was  used  for  the  bound-free  photoelectric  cross-sections  of 
O,  N,  Nj  (see  p.  130  of  Aller,  1962)  and  for  the  free-free  contribution. 

Tables  were  given  of  for  each  contributor  and  in  total 

at  frequency  interval  equivalent  to  A(kT)  ■  0.5  for  3000°,  6000°, 
8000°  and  18,000°,  density  ratios  of  1  and  10  3  over  the  wave¬ 
length  range  of  1700A-5  microns. 

Although  admittedly  approximate  in  many  details  this  was 
the  first  set  of  absorption  coefficient  calculations  in  which  an 
attempt  was  made  to  take  quantitative  account  of  a  number  of 
atomic  and  molecular  contributors.  It  laid  the  groundwork  of 
more  extensive  calculations  in  a  number  of  laboratories. 

Meyerott  (1958),  in  a  discussion  of  the  radiant  heat  transfer 
from  the  bow  shock  wave  to  re-entering  hypersonic  vehicles  pre¬ 
sented  a  further  refined  version  of  the  previous  calculations  in 
which  specific  values  of  f  j  were  assigned  to  each  molecular 
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transition.  The  measurements  of  Marmo  (1953)  and  Weber  and  Penner  (1957) 
(see  Penner,  1959)  were  used  to  assign  f  j  of  0.008  and  0.0025  to  the 
NO  3  and  y  systems  respectively.  The  measurements  of  Ditchburn 
and  Heddle  (1953,  1954)  (now  thought  to  be  overestimated)  were  used 
to  assign  the  value  0.259  to  the  O2  Schumann-Runge  system 
(including  the  photodissociation  continuum).  Experimental  work  from 
the  AVCO  laboratory  (see  below)  was  used  to  provide  provisional 
fg  values  of  0.02,  0.07,  and  0.20  for  the  ^  First  and  Second 
Positive  and  N*  First  Negative  Systems  respectively. 

An  experimental  and  theoretical  program  on  emission  from 
shock  heated  air  was  started  in  the  AVCO  laboratories  at  about 
the  same  time.  The  relation  between  emission  and  absorption 
coefficients  has  been  pointed  out  earlier. 

Keck,  Kivel  and  flethe  (1957)  of  AVCO  discuss  in  their  first 
paper  a  simplified  theory  to  take  account  of  NO  emissions.  They 
used  a  distorted  SHM  method  to  compute  qv,v„-values  for  the  NO  3 
and  y  systems.  They  also  state  an  expression  for  the  average 
emission  from  the  gas.  In  a  second  paper  (1959)  Keck,  Camm, 

Kivel  and  Wentinck  interpret  a  mainly  experimental  study  of  hot  air 
emission  from  shock  tubes  in  terms  of  the  underived  expression 
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op  is  a  dimensionless  quantity  resulting  from  formal 
integration  over  the  assigned  Q- Branch  and  * 


he  Q„..  0o ..  TBJ  -  B  ")  2  qv'vM  **P<”EV+ 


Xqo  is  the  wavelength  of  the  (0,0)  band  of  the  system. 
Qv„  and  Qr„  are  the  vibrational  and  rotational  contributions  to  the 
partition  function  of  the  ground  state.  The  E's  are  vibrational  and 
rotational  energies  of  the  upper  state.  On  the  assumption  of  thermal 
equilibrium, Keck  et  al.  state  that  the  emission  power  over  the  wavelength 
band  (AX)  of  the  spectral  slit  is 

(dAdta j)  "  u,o  2hc2  t<#>  x'5  Sf  w(-heAn-) 


where  <cp>  *  <qp> 


AX  AX 


x 

j®  r  2  ,-e 


(7.3-8) 
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They  were  thus  able  by  a  comparison  between  the  power  profiles  of  measured 
emission  spectra  and  those  predicted  from  Eq.  (7.3-8)  to  assign  those  f#j 
values  to  each  of  the  transitions  which  make  theory  and  experiment  agree. 
These  were  in  part  the  f  j  numbers  used  by  Meysrott  (1958).  The 
theoretical  method  has  been  used  subsequently  by  a  number  of  workers, 
for  in  spite  of  its  approximate  averaging  procedure,  it  is  well  adaptable  to 
computer  application.  Golden  and  Miller  (1963)  used  the  method  to  compute 
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the  spectral  absorption  coefficients  of  band  systems  of  atmospheric  gases 
and  metallic  oxides,  ana  to  plot  (by  computer)  their  results  graphically. 
Temperatures  were,  characteristically  1000°(1000)6000°.  The  best  available 
input  data  from  the  literature  were  used.  Ashley  (1964)  used  the  method  to 
study  emission  from  equilibrium  air  over  the  wavelength  range  3800A-6500A, 
for  temperatures  1000°K(1000)8000,  12,000(6000)24000°K  and  for  density 

J  used  selected  experimental  input  data,  and  replaced 
where  R«(f„i„«)  were  from  the  compilation  of 
Keck,  Allen  and  Taylor  (1964)  which  is  not  entirely  without  objection.  Main 
and  Bauer  (1965)  has  used  the  method  to  study  opacities  of  carbon-air 
mixtures  from  JCC0°  to  10,000°  and  wavelengths  from  1400A  to  2  microns. 

Main  and  Bauer,  Ashley, and  Golden  and  Miller  all  provide  clear 
discussions  of  the  theoretical  basis  of  Eq.  (7.3-7).  Patch,  Shackelford  and 
Penner  (1962)  have  carried  out  similar  calculations  using  the  same  method 
and  have  demonstrated,  for  NO,  equivalence  between  the  method  of 
calculation  based  on  Eq.  (7.3-  7)  and  that  used  by  Meyerott  based  on  Eq.  (7.3-6) 

Meyerott,  Sokoloff  and  Nlcholls  (1960)  extended  Meyerott's  earlier 
work  and  amployed  Improved  experimental  data  in  calculations  based  on 
Eq.  (7.3-6).  Contributions  from  N2  (First  Positive,  Second  Positive), 

N2  (First  Negative),  02  (Schumann- Rung®) ,  NC>2  (P,y)  were  calculated  in 
addition  to  those  from  O"  ,  O,  N,  and  e  .  Gilmore's  (1955)  tables  of 
Nl  were  used.  Franck-Condon  factors  were  obtained  as  before  from  the 
work  of  Nlcholls  and  co-workers ,  f@j  values  from  the  AVCO  laboratory 
were  used  for  N2  and  N2  systems.  Weber  end  Penner's  measured 
values  were  again  used  for  NO  systems  and  Dltchburn  and  Heddle's 
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measurements  were  used  for  Oj  •  Calculations  were  made  over  the 
following  ranges  of  parameters 

T:  1000(1000)  ,4000(2000)8000, 12,000°K 

p/p0:  1(10" : 1)  10~6 

X:  1.9837  microns  to  1167  Ain  0,25  eV  intervals. 

A  typical  result  of  such  calculations  of  absorption  coefficient  Is  displayed  in 
Figs.  7-7  and  7-8  for  conditions  (T  ■  6000°K,  p/pQ"  1)  which  emphasize  molecular 
contributions . 

The  relative  contribution  of  each  band  system  Is  Indicated  as  a 
function  of  temperature  for  atmospheric  densities  In  Fig.  7-7. 

There  are  many  limitations  to  the  accuracy  of  this  calculation ,  but 
the  results  are  probably  realistic  to  an  order  of  magnitude.  It  could  have 
been  Improved  by  using  a  version  of  Eq.  (7.3-1)  but  the  necessary  band  strengths 
were  not  available  at  the  time.  Armstrong,  Sokoloff ,  Nlcholls,  Holland  and 
Meyerott  (1961)  reviewed  the  development  of  this  sort  of  calculation  which, 
apart  from  the  Improvement  which  could  be  effected  by  use  of  band  strength 
represents  almost  the  ultimate  In  such  'smeared*  or  'smoothed'  model 


calculations 


7.3.3  Calculation!  with  the  SACHA  Coda  in  1960's 


The  next  Improvement  in  such  calculations  takes  account  of  the 
detailed  rotational  structure  of  the  contributing  molecular  absorbing  band  systems. 
The  amount  of  labor  Involved  In  this  Is  enormous  and  Is  only  possible  by  recourse 
to  large  scale  computing  facilities.  The  only  known  work  of  this  nature  has  been 
done  during  the  past  5  years  In  the  Lockheed  Research  Laboratories  by  Churchill, 
Hagstrom,  Landshoff  and  Mueller.  A  comprehensive  computer  code:  S(spectral) 
A(bsorptlon)  C(oefficient)  of  H(heated)  A(lr)  has  been  written  which  takes  account 
of  the  detailed  structure  of  the  spectrum  line  by  line. 

The  first  calculations  of  this  research  program  were  described  In  a  report 
by  Churchill,  Hagstrom  and  Landshoff  (1963).  The  essentials  of  this  work,  with 
some  extensions,  were  recently  published  (Churchill  and  Meyerott,  1965)  and  the 
latest  results  of  this  program  are  described  by  Churchill,  Armstrong  and  Mueller 
(1965)  and  typical  results  from  this  work  are  Included  In  the  tables  In  Table 
7-12.  Churchill,  Armstrong  and  Mueller's  report  includes  a  discussion  of 

the  contribution  from  atomic  species,  as  described  lr.  detail  In  section  7.4  below. 

The  calculations  with  the  SACHA  code  are  based,  In  principle 
on  Eq.  (7.3-1).  The  absorption  coefficient  uv  at  a  frequency  v  in 
a  rotational  line  Is  given  by 


u. 


NLv«J 


rUvT 

"LvT 


hv 


Uv'J' 

Lv"J" 


b(v) 


(7.3-9) 


Now,  from  Eq.  (4. 1-32) 


,UvT 


,v"J" 


3  h2c 


Re^v'v"^ 


’V  V 


2J"+1 


(7.3-10) 


where  Sj„  Is  a  simplified  notation  for  the  Hdnl- London  factor  of  the  J" 
line  In  a  specific  branch  considered. 
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Further  from  statistical  mechanical  considerations  in  equilibrium  air 
N(2J"+ 1)  w.  exp(-E.  „t„AT) 

NLv"I"  "  -  Q - (7.3-11) 

N  is  the  particle  density  of  the  species  in  all  levels  which  can  in  principle 
be  obtained  from  Gilmore's  (1955)  tables,  uu^  is  the  nuclear  spin  statistical 
weight.  Q  is  the  total  partition  function  which  has  a  contribution  from  each 
electronic  state  n  .  Two  values  of  n  are  U  and  L;  there  are  in 
principle  many  others,  l.e., 

0-£0n  (7.3-12) 

n 

Further  Qn  may  be  factored  for  each  electronic  state  into  contributions 
from  each  of  the  internal  degrees  of  freedom  of  the  molecule.  That  is, 


*^n  "  ^el.  ^vib-rot.  ^nuclear  (7.3-13) 

where 

Qel  ■  *A  (2S+1)  exp(-vQOhcAT)  (7, 3- 14a) 

Qvlb-rot.  "  £„  wt'G0(v)  hcAT].  Q^t  (7. 3- 14b) 

°rot  -  j*(2J*l)  .xp[-FvrohcAT]  dj  =.  JJg-  (7.3-14c) 

o  v 

^nuclear  '  <2I.+1>  <2Ib+1,/S  I7.3-I4d) 
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Nearly  all  of  tha  spectroscopic  symbols  ara  conventional  (Herzberg,  1950). 

Is  the  statistical  we.ght  for  orbital  angular  momentum  (1  or  2)  depending 
on  whether  A  la  aero  or  nonzero.  I  and  I.  are  the  spins  of  the  two 

a  D 

nuclei  and  d  is  a  symmetry  number  which  is  2  for  homonuclear  molecules 
and  1  for  heteronuclear  molecules.  It  should  not  be  confused  with  the  line 
width.  The  approximate  formula  developed  by  Bethe  (1942)  and  corrected 
by  Brinkley  (see  Brinkley,  Kirkwood  and  Richardson,  1944)  for  Qvib-rot  l* 


'vib-rot 


1-  exp(- 1.438?  tD0/r) 
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ui  and  are  vibrational  and  rotational  constants  for  the  v~0  level, 

o  o 

y  is  Bathe's  correction  for  anharmonlclty  and  non-rigidity. 
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(7.3-14f) 


With  these  substitutions  Eq.  (4.3-11)  may  be  rewritten: 


NLv"J" 


^total 


Ql  xi(2J"-H)  exp  [-{Go(v'‘)  t-  Fv..(r)}{^' 
^total  ^^^"^T^nuclear  ^vlb-rot 


(7.3-15) 


where  ET„«T„  has  been  replaced  by  hc[v  +  G  (v")  +  F  „(J")] .  v  is 

IsV  J  OO  O  V  OO 

In  the  Boltzman  factor  which  controls  NtQtaj  ,  the  concentration  of  the 
absorbing  species. 

Write  Pn„  -  0n,./Qtota]  (n"-L  here)  (7.3-16) 


which  is  the  fractional  population  of  the  n"  'th  electronic  state. 
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Thin  Allows  the  definition  of  a  function  H  which  contains  only  molecular 


cons  bail  is 


HnVj'  = 


8n2L 


_ O  1 _  'v T  x  oJ  A  f7, 

n"v"J"  3hc  (2S+1)  u>^  Qnuolear  n"vT  Vr  W1  Vv"  HJ“A B  '7*3  17' 

Also  define  EV„J(1  -  [go<v")  +  FV„(JM)]  hcA  (7.3-18) 


19 

L  ■  2.687S  x  10  particles  per  cc  and  is  Loschmidt's  number. 

Eq.  (7.3-9)  may  now  be  written  in  compact  form  using  Eqs.  (7.3-10),  (7.3-15) 
(7.3-17)  and  (7.3-18) 
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W-V 


Lo  ^vib-rot 


Hn'VT‘  exp(-Ev„j„/T)  n  b(v)  (7.3-19) 


This  is  the  equation  on  which  the  SACHA  code  Is  based.  H  and  E  are 
quantities  which  are  characteristic  of  the  Isolated  molecule  and  are  thus 
Independent  of  temperature  and  density.  Temperature  and  density  control 

the  dimensionless  bracketed  term  and  the  exponent.  H  has  the  dimensions 

-2  +1 
of  (length)  .  The  line  profile  b  has  the  dimensions  of  (length)  , 

The  equation  Is  thus  dimensionally  consistent  as  uv  has  the  dimensions 

(length)  *.  While  there  is  provision  in  the  general  SACHA  code  for  any 

line  profile  function  It  has  been  found  useful  to  employ  the  physically 

reasonable  Lorentz  form  (see  Eq.  7.3-20))  which  represents  pressure  broadened 

lines,  and  to  use  the  line  width  parameter  a  as  a  controllable  assignable 

constant  which  can  be  varied  from  calculation  to  calculation  In  parameter 

studies. 
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The  six  band  systems:  N2  Hrat  and  Sacond  Positive,  N2  Flrat 
Negative,  NO  $  and  y  ,  Oj  Schumann-Rung®  war®  Incorporated  in  th® 
first  set  of  calculations  (Churchill,  Hagatrom  and  Landahoff,  1963).  Such 
a  calculation  r®quir®e  a  detailed  examination  of  tha  apectroaooplc  structure 
of  ®ach  band  ayat®m  and  of  th®  branch  atructur®  of  each  band  within  the 
system.  Thia  procedure  la  r®vi®w®d  In  Appendix  A1  where  the  necessary 
apectroscoplc  properties  of  the  above  six  band  aystems  are  listed  and 
Illustrated.  The  procedure  has  also  been  discussed  by  Churchill  and 
Meyerott  (196S).  An  atlas  of  all  Important  lines  of  the  six  systems  is 
assembled  by  computer  on  magnetic  tape.  The  following  computed  data 
is  stored  (for  further  computations)  for  each  line 

v  (frequency)  a  (identification  parameter)  ,  E 

The  Identification  parameter  a  Is  an  octal  number  formed  from  the  upper 
and  lower  vibrational  and  rotational  quantum  numbers,  a  branch  (of  the  band) 
Identification  number  and  tha  band  system  identification  number.  The 
calculation  of  v  H  and  E  for  each  line  Involves  recourse  to  the 

spectroscopic  structure  of  the  band  system  and  the  Eqs.  (7.3-21),  (7.3-17) 
and  (7.3-18) 

-  v„  ♦  C^(v')  -  G^(V)  +  f;,(J')  -  F^„(r)  (7.3-21) 

In  the  Churchill,  Hagatrom  and  Landshoff  (1963)  calculations,  the  following 
Input  data  was  used  in  tha  calculation  of  H  *  The  statistical  weight  and 
frequency  data  were  calculated  from  standard  spectroscopic  data  (Herzberg,  1950). 
The  constant  approximation  was  adopted  and  the  values  of  R  were 

taken  from  the  measurements  of  Treanor  and  Wuster  (1960)  (02)  Bennett  and 
Dalby  (1959)  (N^)  and  the  recommendations  of  Meyerott,  Sokoloff  and 
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Nlcholls  (1960)  for  the  other  systems.  Franck-Condon  factors  were  taken 
from  the  calculated  values  of  Nlcholls  (1960,  1961,  1962).  The  Hdnl-London 
factors  were  calculated  appropriate  to  the  branch  of  the  band  under 
consideration  (see  discussion  of  Section  4.2). 

The  final  atlas  tape  for  these  calculations  contained  date  for  151,528 
lines  are  as  listed  in  Table  7.9. 

Table  7.9 


System  Number 
1 
2 

3 

4 

5 

6 


Band  System 
02  Schumann-Runge 
N2  First  Positive 
N2  Seoond  Positive 
N2  First  Negative 
NO  8 

NO  Y 


Number  of  Lines  Treated 
13,836 
58,476 
16,750 
21,306 
15,760 
25,400 
Total:  151,528 


The  atlas  tape  was  then  used  In  the  line  by  line  calculation  of 
from  Eq.  (7.3-19).  Population  factors  NtQtaj  were  taken  from  Gilmore 's 
(1955)  tables. 

The  wealth  of  data  which  emerges  from  such  accurate  calculations 
requires  that  some  averaging  or  merging  be  done  before  the  data  is  printed 
or  plotted.  Two  types  of  averages  have  been  computed  using  the  SACHA 
code:  a)  mean  absorption  coefficients  and  transmissions  for  use  in 
transport  calculations:  b)  incremental  absorption  coefficients  for  each 
contributor  summed  over  small  frequency  intervals  (see  Eq.  (7.3-3)).  The 
mean  absorption  coefficients  are  discussed  here  as  they  were  the  major  end 
result  of  the  calculations  of  Churchill,  Hagstrom,  and  Landshoff  (1963). 
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It  Is  recalled  from  the  discussion  In  Chapter  2  on  radiation 
transport  that  the  effective  absorption  coefficient  4^  which  Incorporates 
the  effect  of  stimulated  emission  is  given  by 


*  uv  (1  ~  exp-  hvAT)  (7.3-22) 

The  obvious  average  absorption  coefficient  to  consider  (see  b  above)  Is 
the  Incremental  coefficient 


1  «v+Av 

Av  J 
v 


(7.3-23) 


Av  Is  chosen  to  be  large  relative  to  the  width  of  individual  lines  yet 
narrow  enough  to  contain  only  a  few  lines.  Calculations  of  this  nature 
were  made  in  later  applications  of  the  SACHA  code  (see  on). 

It  will  also  be  recalled  (see  Section  6.2)  that  two  mean  absorption 
coefficients  can  be  defined  for  use  in  radiative  transfer  studies. 

a)  The  Planck  Mean  Up(T)  is  uced  in  optically  thin  cases 


up(T) 


K,  dv 

I  Bv  dv 


(7.3-24) 


b)  The  Rosseland  Mean  u  (T)  is  used  in  optically  thick  cases 

K 


dB. 
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(7.3-25) 
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Both  of  these  can  be  £nd  have  been  evaluated  using  the  SACHA  code. 

B  (T)  is  the  Planck  function, 
v 

In  cases  between  the  optically  thin  and  the  optically  thick  limits 
It  is  more  useful  to  define  a  transmission  function  Tr(v)  . 

The  transmission  of  an  Isothermal  homogeneous  slab  of  material 
of  thickness  x  is 


Tr  (Vj)  -  exp[-{£  u£  (Vj)  +  (Vj)}  x]  (7.3-26) 

where  a  sums  over  the  lines  and  c  refers  to  contlnua.  The  average 
transmission  at  v  Is 


TFAv  (v)  -  ~  J  Tr(v)  dv  (7.3-27) 

Av 

In  many  practical  applications  the  contribution  of  the  continuum  can  be 
neglected.  Thus  an  average  absorption  coefficient  can  be  defined  from 
Eq.  (7.3-27)  in  Eq.  (7.3-28) 


u  (v) 


-  In  Tr  Av(v) 
x 


(7.3-28) 


This  equation  has  been  the  basis  of  a  number  of  calculations  using  the  SACHA 
code  and  Eqs.  (7.3-26),  (7.3-27),  (7.3-22)  and  (7.3-19).  Average  absorption 
coefficients  k(v)  and  average  transmissions  TF(v)  have  been  computed 
as  a  function  of  temperature,  slab  thickness,  line  width  (a)  for  a  number  of 
representative  frequencies.  Curves  are  given  of  these  quantities  by  Churchill, 
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Hags  from  and  Landshoff  for  the  temperature  range  1000°  <T<12,Q0G°K, 

—4  9 

the  density  range  1  <  p/pQ  <10  and  for  optical  paths  from  cm  to  10  cm. 

_  i 

a  was  set  at  1  cm  for  this  work  and  Av  was  set  at  100  cm 
Calculations  were  made  at  each  2000  cm-1  from  about  18.000  cm~*  to 
50,000  cm"’*.  Typical  results  of  this  work  we  shown  In  Fig.  7-9. 

The  SACHA  code  was  also  used  by  Churchill  and  Hagstrom  (1964) 
to  compute  the  contribution  to  the  absorption  coefficient  of  air  from  the  NO 
vibration-rotation  spectrum. 

It  will  be  recalled  from  Eq.  (4. 1-8  a)  that  the  transition  strength 
In  this  case  Is 


where  fv,  and  are  both  vibrational  wave  functions  of  the  same 

family  and  are  mutually  orthogonal,  M  is  the  total  dipole  moment,  and 
Sj,j„  Is  the  Hdnl-London  factor.  Assuming  electrical  anharmonicity,  the 
dipole  moment  is  expanded  as  far  as  quadratic  terms 


M(?) 


(7. 


Thus  the  Integrated  band  absorption  coefficient  (which  Is  often  a  measured 
quantity  from  which  the  empirical  constants  pQ,  p^  and  P2  may  be 
determined)  Is 
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3-29) 
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(7.3-31) 


vv'v"  V  Li  ^v*  ♦v-  bo  +  Pi  5  +  P2  5”)] 

vv'v"  V  WV  *v"  5^r+  p2l^v'  V?  ^rJ 

has  vanished  due  to  the  orthogonality  of  the  t's  * 
Providing  the  vibrational  wave  functions  are  known ,  the  Integrals  on  the  right 
hand  side  can  In  principle  be  calculated,  and  thus  Eq.  (7.3-31)  can.  be  used  to 
determine  and  p2  If  integrated  intensities  of  two  bands  have  been 
measured.  The  fundamental  and  the  first  overtone  (1-0  and  2-0)  bands  are 
usually  employed.  In  this  way  the  vibrational  band  strength  Sv>v«  of 
Eq.  (7.3-29)  can  be  determined.  Churchill  and  Hagstrom  determined  this 
as  follows  In  a  preliminary  step  of  their  calculations  of  the  NO  vibration- 
rotation  spectium.  Breene  and  Todd  (1958)  had  made  some  calculation  of 
the  vibrational  matrix  elements  of  Eq.  (7.3-31)  based  on  wave  functions 
appropriate  to  Lippincott's  (1953, 1955)  potential  for  the  ground  state  of  NO  . 
They  went  through  the  procedure  outlined  above,  using  Penner  and  Weber’s 
(1953)  Integrated  Intensity  measurements  on  the  fundamental  and  first  overtone 
bands  of  NO  .  Schurln  and  Clough  (1963)  remeasured  the  fundamental  and 
obtained  a  somewhat  higher  value.  Churchill  and  Hagstrom  thus  scaled 
Breene  and  Todd's  values  to  become  consistent  with  Schurln  and  Clough's 
measurements,  and  used  the  new  arrays  of  Sv,v„  In  the  H  functions 
of  the  SACHA  code. 

An  atlas  of  v,ar ,  H,and  E  values  for  each  of  the  25,610  lines  was 
then  generated  as  described  above  for  electronic  transitions.  Gilmore's  (1955) 
data  for  N  were  used  and  average  absorption  coefficients  and  transmissions 
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were  calculated  from  1200(200)2000(500)9000  cm”1  ,  for  temperatures 
between  1000°  and  5000°  at  density  ratios  1(10“ 2)  10“4  and  for  optical 
path  lengths  between  1  and  10^  cm.  A  parameter  study  was  also  conducted 
on  the  line  width  parameter  a  .  Values  of  1.0,  0,1  ana  0.01  cm"1  wore 
used. 

Churchill  and  Meyerott  (1S65)  describe  in  detail  an  improvement  on 
the  calculations  of  Churchill,  Hagstrom  and  Landshoff  in  which  contributions 
from  the  molecular  transitions  listed  in  Table  7. 10  were  taken  into  account. 


Table  7.10 

Hand  System 

Number  of  Lines  Treated 

1 

02  Schumann-Runge 

4,611 

2 

N2  First  Positive 

48,785 

3 

N2  Second  Positive 

20,369 

4 

N2  First  Negative 

3,216 

5 

NO  8 

18,518 

6 

55 

O 

-< 

31,429 

7 

NO  vibration-rotation 

25,610 

8 

N2  Blrge-Hopfield 

(bJd-x‘<) 

38,983 

The  basis  of  the  method  was  almost  the  same  as  described  above  for  the 
1963  calculations.  Gilmore's  (1955)  population  data  were  employed  and 
the  NO  vibration-rotation  and  N2  Blrge-Hopfield  contributions  have  been 
added.  No  f  ^  (or  Re)  was  available  for  the  N2  Bttrge-Hopfield  system 
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ao  a  provisional  valua  of  0. 1  was  assigned  to  £1-  Th*  Franck- Condon 
factors  employed  were  those  of  Nicholls  (1965). 

Average  transmission  and  average  absorption  coefficients  were 
calculated  for  much  the  same  range  of  parameters  as  are  presented  in 
Volume  3  of  this  series.  A  model  study  was  conducted  on  the 

llne-wldth  parameter  and  values  of  1,0 ,  0.1  and  0,001  (cm-l)  were  used. 

Finally  the  most  recent  application  of  the  SACHA  code  by  Churchill,  Armstrong 
and  Mueller  (1965,  1966)  to  the  molecular  part  of  the  absorption  coefficient  of 
air  must  be  described.  It  Is  the  most  extensive  study  so  far  made,  and 
takes  account  of  the  contributors  listed  in  Table  7*11.  The  atomic  constituents 
and  high  temperature  results  are  discussed  In  Chapter  8. 

Table  7. 1 1  Contributors  to  the  Absorption  Coefficient  of  Heated  Air 

1:  Schumann-Runge  bands  of  02 

2:  N2:  First  Positive 

3:  N^:  Second  Positive 

4:  N2:  Blrge-Hopfleld  (b1  h*  -  X1  Z*) 

5:  N^:  First  Negative 

6:  NO;  8 

7;  NO;  y 

8;  NO:  vibration-rotation 

9:  02:  Schumann-Runge  Continuum 

10;  NOz 

11:  O"  Photodetachment 

12:  electrons  (free-free  In  presence  of  ions) 

13:  N  Photoionization 
14:  O  Photoionization 
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Contributor*  1-8  war*  treated  by  the  SACHA  coda  In  the  manner  discussed 
baiow.  Contributors  9-12  wars  continua  and  ware  treated  in  a  semi- 
empirlcal  way.  Contributors  13  and  14  ware  treated  by  the  PIC  code  and 
are  discussed  in  Chapter  6  . 

Insofar  as  the  use  of  the  SACHA  code  In  the  treatment  of 
contributors  1-8  Is  concerned,  a  number  of  refinements  were  used  which 
had  not  been  employed  in  previous  application.  Firstly,  band  strengths 


2  - 

Sv*v»  "  3V'V» 


(7.3-32) 


were  employed  wherever  possible  in  place  of  the  constant  R  approximation 

6 

used  previously.  The  band  strengths  of  aeronomlcally  Important  band  systems 
compiled  by  Nicholls  (1964)  were  used  with  some  additions  to  fill  in  'windows' 
in  those  tables.  Also  a  new  EQUILIBRIUM  code  was  written  and  used  to 
compute  the  densities  of  absorbing  species.  This  code  takes  account  of 
the  newest  thermodynamic  information  on  12  molecular  species  (including 
molecular  loas)  21  atomic  species  (Including  single,  double  and  triply 
ionized  atomic  ions)  and  electrons  present  in  heated  air.  Data  from  this  code 
was  used  In  place  of  the  classic  tables  of  Gilmore  (1955)  which  have  been 
used  In  all  previous  work.  A  complete  description  of  the  EQUILIBRIUM  code 
Including  a  printout  and  data  cardB  Is  provided  In  Appendix  B  of  Churchill, 
Armstrong  and  Mueller's  report. 
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Most  previous  applications  o f  th*  SACHA  coda  havo  provldad 
average  absorption  coefficients  or  transmissions  because  of  the  vast 
amount  of  output  Involved.  In  contrast  the  output  of  this  application 
(appendix  1  of  Churchill,  Armstrong  and  Mueller's  report)  is  a  385  page 
listing  of  th?  absorption  coefficient  of  air  for  each  of  the  contributors 
listed  in  Table  7.11,  and  the  total  absorption  coefficient,  over  the  energy  range 
range  0. £0(0. 10)10.70  eV  over  the  temperature  range  1000(1000)24, 000°K 
and  over  the  density  ratio  range  10(10***)  10~®.  The  results  of  this  study  are 
reproduced  in  full  in  Volume  3  of  this  series  and  are  illustrated  here  in 
Fig.  7-10  and  Table  7-12.  Fig.  7-10  compares  the  spectral  absorption 
coefficient  of  12,000°JC  normal  density  air  as  a  function  of  photon 
energy  as  calculated  by  Churchill,  Armstrong,  and  Mueller  (1965)  and  by 
Meyerott,  Sokoloff,  and  Nlcholls  (1960).  Table  7-12  is  a  reproduction  of 
a  typical  page  of  the  385  pages  of  computer  print-out  referred  to  above. 

The  above  discussion  is  a  review  of  progress  in  the  studies  of 
the  past  twenty  years  on  the  molecular  contribution  to  hot  air.  Further 
improvements  will  probably  Involve  the  Incorporation  into  SACHA  of 
contributions  for  minor  constituents  when  more  is  known  of  them,  refine¬ 
ment  of  the  experimentally  determined  Input  data  on  line  and  band  strengths, 
and  Improvements  on  the  form  of  b(v)  which  is  employed.  All  of  these 
Improvements  require  much  supporting  laboratory  research.  In  particular 
our  detailed  experimental  and  theoretical  understanding  of  the  phenomena 
which  control  molecular  line  shapes  is  not  very  deep. 
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FIG.  7-5  ENERGY  LEVEL  DIAGRAM  FOR 
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ENERGY  (#v) 

FIG.  7-7  SPECTRAL  ABSORPTION  COEFFICIENT  vs  PHOTON  ENERGY  FOR  AIR: 
(T  *  6000°K,  p/oQ  *  1)  FROM  CALCULATIONS  OF  MEYEROTT, 
SOKOLOFF,  AND  NICHOLLS  (1960) 


FIG.  7-8  RELATIVE  CONTRIBUTION  OF  MOLECULAR  TRANSITIONS:  (o/eQ  -  1) 
IN  CALCULATIONS  OF  SPECTRAL  ABSORPTION  COEFFICIENT  OF  AIR 
BT  MEVEROTT,  SOKOLOFF,  AND  NICHOLLS  (1960) 


353 


NOISSINSNVUJL  39VW3AV 


351* 


FIG.  7-9  AVERAGE  TRANSMISSION  OF  OPTICAL  RADIATION  THROUGH  A  SLAB  OF  HEATED 
AIR  AS  A  FUNCTION  OF  PATH  LENGTH  FROM  THE  WORK  OF  CHURCHILL, 

HAG  STROM,  AND  LANDSHOFF  (1963) 


Chapter  8 ,  ATOMIC  ABSORPTION  COEFFICIENTS 

1 1  has  been  pointed  out  in  Chapters  6  and  7  that  absorption  coefficient 
and  opacity  calculations  have  two  parts:  a)  calculation  of  occupation  numbers 
of  absorbing  species  by  statistical  mechanics  and,  b)  calculation  of  absorp¬ 
tion  cross  sections  for  each  of  the  species  involved  by  quantal  methods. 

The  calculation  of  occupation  numbers  Is  treated  in  some  detail  in  Volume  1 
of  this  series  and  is  also  discussed  elsewhere  in  this  volume.  In  this 
chapter  we  are  mainly  concerned  with  a  discussion  of  quantal  methods  for 
the  calculation  of  cross  sections  of  atomic  constituents  of  heated  air. 

A  review  was  made  in  Chapter  3  of  the  basic  quantum  theory  of 
radiation  from  which  was  derived  specific  formulae  for  atomic  absorption 
processes.  These  formulae  involve  atomic  constants,  energy  and  or  angular 
momentum  eigenvalues,  and  integrals  over  molecular  or  atomic  wave- 
functions.  The  theory  is  applied  with  some  modifications  to  molecules  in 
Chapter  4  where  it  is  shown  that  because  some  of  the  basic  Integrals  involving 
molecular  wavefunctions  cannot  be  evaluated,  appeal  has  to  be  made  to 
experiment.  The  way  in  which  this  works  out  for  molecular  contributions 
to  air  opacities  is  described  in  Chapter  7.  However,  for  atoms,  the 
situation  is  much  more  favorable.  There  is  a  wide  choice  of  atomic  models  which 
provide  knowledge  of  energy  levels,  wavefunctions  and  complete  radial 
Integrals  to  varying  degrees  of  accuracy. 
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8. 1  Survey  of  atomic  modal* 

Tha  amount  of  work  lnvolvad  In  formulating  an  atomic  modal  and  solvir  7 
It  for  tha  daalrad  faatura*  varlaa  tramandously  with  the  degree  of 
accuracy  required ,  and  aa  in  the  molecular  case,  with  the  amount  of  empirical 
Information  which  la  available,  or  which  one  desires  to  use. 

The  choice  of  an  atomic  model  is  somewhat  complicated  by  the  fact 
that  no  one  modal  will  yield  all  needed  information  to  a  consistently  high 
degree  of  accuracy.  For  example,  the  Hartree-Fock  method,  or  model, 
yields  radial  wave  functions  of  quite  adequate  accuracy  for  most  absorption- 
coefficient  calculations,  but  the  energy  eigenvalues  one  obtains  thereby  are 
typically  in  error  by  about  0.5  eV  per  electron  (the  so-called  correlation  energy) 
for  light  atoms.  (For  references  see  Table  8-1.)  Since  we  are  concerned 
with  spectral  absorption  coefficients,  and  with  temperatures  for  which  kT 
may  not  be  much  larger  than  0.5  eV,  this  error  could  be  significant,  if,  for 
example,  these  energies  were  used  to  determine  a  line  or  a  photoelectric 
edge  position.  Most  of  the  error  in  such  line  or  edge  positions  can  usually 
be  avoided  either  by  an  elaborate  choice  of  screening  constants  or  by  use  of 
experimental  energy  levels  (or  both,  i.e. ,  the  screening  constants  can  be 
evaluated  empirically.  See  Stewart  and  Pyatt,  1961.). 

The  simplest  model  is,  of  course,  the  hydrogenic,  independent- 
electron  model.  This  is  at  one  and  the  same  time,  the  most  comprehensive 
and  useful,  but  least  accurate  model  available.  Most  of  the  opacity 
calculations  performed  until  recently  employ  either  a  strict  hydrogenic  approxi¬ 
mation  or  some  rather  limited  departure  from  it.  At  the  opposite  extreme 
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would  bo  tho  Hartree/Hartree-Fock  modal*  with  correction*  for  correlation; 
however,  It  will  probably  not  be  practicable  to  use  such  advanced  and 
computationally  complicated  model*  In  a  general  opacity  calculation  for 
some  years  to  come. 

In  Table  8-1  we  give  a  list  of  various  atomic  models  which  have  been, 
or  can  be  used  to  calculate  atomic  features  needed  for  opacity  studies,  together 
with  principal  references  to  these  models.  The  list  is  Indicative  only,  and 
not  rigorous  nor  exhaustive,  but  1*  sufficiently  complete  that  the 
reader  should  have  little  difficulty  in  extending  it.  The  lack  of  a  reference 
under  a  particular  atomic  feature  for  a  particular  model  may  mean  that  it  is 
not  possible  to  compute  that  feature  by  means  of  the  model,  that  it  has  not 
been  done,  that  it  has  not  come  to  our  attention,  or  that  we  consider  It 
unimportant  for  opacity  applications.  Non-separable  variational  methods 
are  not  included  since  they  have  not  been  widely  nor  very  successfully 
applied  to  the  general  many-electron  problem.  For  an  application  of  this 
method'  to  the  ground  state  of  oxygen,  see  Breene  (1962), 

In  addition  to  the  references  in  the  table,  mention  should  be  made 
of  the  tabulation  of  atomic  (and  molecular)  f-numbers ,  relative  multiplet 
strengths,  and  general  atomic  structure  information  by  C.  W.  Allen  (1964), 
and  the  National  Bureau  of  Standards  Bibliography  of  atomic  oscillator 
strengths  (Wiese,  Smith  and  Glsnnon,  1966).  We  should  also  explicitly  point  out 
that  the  extensive  calculations  of  radial  dipole  integrals  in  the  Hartree- 
Fock-Slater  approximation  by  Kelly  (1964b,  1965)  permits  practical  use  to 
be  made  of  this  model  in  large-scale  air  opacity  calculations  (see  Armstrong, 
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Johnston  and  Kelly,  1965).  The  moat  comprehensive  tabulation  of  hydrogenlc 
Gaunt  factors  for  frea-free  transitions ,  as  wall  as  f-numbers  and  Gaunt 
factors  for  bound-bound  and  bound-fra®  transitions ,  is  that  of  Karsas  and 
Latter  (1961).  The  hydrogen ic  radial  dipole  integrals  tabulated  by  Green, 

Rush,  and  Chandler  (1957)  can  be  used  to  advantage  for  same-shell 
transitions  (see  Section  8.4),  and  for  limited  improvements  on  a  strict 
hydrogenio  model. 

It  is  not  appropriate  in  the  present  context  to  give  a  detailed 
description  of  each  of  these  models;  the  details  are  readily  available  in  the 
literature  cited.  We  will,  however,  describe  the  "hydrogenlc  model"  in 
the  next  section  because  of  its  basic  importance,  and  then  discuss  a 
comparison  of  some  of  the  most  Important  features  of  the  non -hydrogenlc 
models  which  have  been  used  in  practice.  We  present  a  bibliography  on 
photoelectric  absorption  in  Table  8-2  because  of  the  basic  Importance  of  this 
process  in  atomic  absorption  of  heated  air.  The  bibliography  is  similar  to 

•i 

that  of  Dltchburn  and  Oplk  (1962),  but  with  a  different  emphasis  and  up-dated 
references.  We  have  attempted  to  include  the  most  Important  general 
references,  and  as  many  as  possible  of  the  papers  dealing  with  nitrogen 
and  oxygen.  Additional  references  may  be  found  in  Dltchburn  and  (3pik  (1962). 
A  similar  table  has  been  compiled  for  free-free  processes,  and  is  presented 
in  Table  8-3 . 
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Table  8-2 

Important  Reference*  on  Photoelectric  Absorption  Cross  Sections 


Kramers  (1923) 

Milne  (1S24) 

Oppenholmar (1928,  1929) 

Qaunt  (1930) 

Stobbe  (1930) 

Maua  (1932) 

Mental  and  Pekeris  (1935) 

Massey  and  Smith  (1936) 

Hall  (1936) 

Sommerfeld  (1939) 

Bates,  Buckingham,  Massey  and  Unwin  (1939) 
Bates  and  Massey  (1943) 

Bates  (1946a, b) 

Bates  and  Seaton  (1949) 

Seaton  (19S1) 

Welssler  (1956) 

Bethe  and  Salpeter  (1957) 

Seaton  (1958) 

Kelly  and  Armstrong  (1959) 

Armstrong  and  Kelly  (1959) 

Armstrong  (1959,  1964b) 

Burgess  and  Seaton  (1960) 

Dalgarno  and  Parkinson  (1960) 

Kansas  and  Latter  (1961) 

Cooper  and  Martin  (1962) 

Cooper  (1962) 

Dalgarno,  Henry,  and  Stewart  (1964) 

Johnston  (1964) 

Burgess  (1964) 
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Important  Reforcncos  on  Free- Free  Absorption  Gross  Sections 


Kramers  (1923) 

Monzel  and  Pekeris  (1935) 

Sommerfeld  (1939) 

Wheeler  and  Wlldt  (1942) 

Chandrasekhar  and  Breen  (1946) 

Mayer  (1947) 

Berger  (1956) 

Bethe  and  Salpeter  (1957) 

Grant  (1958) 

Karzas  and  Latter  (1961) 

Bre*»ne,  Jr.,  and  Nardone  (1960,  1961,  1963) 
Brussaard  and  Van  de  Hulst  (1962) 

Peach  (1965) 


8.2  Hydrogenie  ana  simpls-Coulomb-force  models 

The  hydrogenic  model  of  the  atom  was  quite  naturally  an  archetype 
for  opacity  calculations.  This  model  predicts  the  gross  features  of  the 
periodic  table  and  many  of  the  qualitative  regularities  cl  atomic  spectra. 

In  addition,  most  features  of  many-electron  atoms  become  hydrogenlc  or 
nearly  hydrogenic  t n  the  limit  of  large  orbi.al  or  angular  quantum  numbers. 
The  reason  for  this  is  that  the  higher  the  value  of  the  quantum  number  an 
electron  has,  the  smaller  is  the  fraction  of  its  time  that  is  spent  at  small 
distances.  At  large  distances  from  the  nucleus,  the  residual  ion  'or  "core") 
acts  as  a  hydrogenlc  point  cha.ge  to  the  electron. 

One  aspect  of  the  realism  of  a  hydrogenic  model  is  its  prediction, 
in  agreement  with  experiment,  of  a  Rydberg-Ritz-type  formula  for  atomic  term 
values  of  the  form 


JLS 


*  ILS+ 


2C  *  Ryd 


where  the  atomic  terir  is  denoted  by  L  ,  S  for  orbital  and  spin  angular 

momentum  respectively,  and  Ryd  is  the  Rydberg  unit  (13.605  eV).  The 

hydrogenic  shell  quantum  number  is  denoted  by  the  integer  n  .  The 

"quantum  defect"  ALg^  is  a  measure  (together  with  the  ionization  potential 

*LS  )  of  the  departure  from  strictly  hydrogenic  behavior.  The  ionization 

potential  I  depends  strongly  on  the  angular  momentum  coupling  (L-S  value) 

of  the  core,  or  of  the  residual  ion  with  charge  Z  ,  A  depends  most 

6 

strongly  on  the  one-electron  orbital  angular  momentum,  Aft  .  For  s-  and 


362 


\ 


p-levels  (4  =  0  and  i)  in  N  and  O  ,  A  is  roughly  1.5  -  1.0  .  For 
d-level*  (4  *  2)  it  drops  sharply  to  about  .05  or  smaller.  When  l  >  2  ,  A 
is  always  very  close  to  zero. 

The  L-S  terms  (E^g)  for  a  given  t  and  n  usually  cluster  about 
an  average  value  which  depends  on  l  .  The  average  is  often  used  to 
represent  the  entire  group  of  terms  lr.  approximate  calculations. 

The  word  Term  is  applied  to  the  group  of  levels  associated  with  L 
and  S  and  which  differ  only  in  J  ,  the  inner  quantum  number  associated 
with  the  vector  sum  of  L  and  S  .  The  energy  differences  of  these  levels 
differing  only  in  J  is  due  to  spin-orbit  interaction,  and  is  usually  negligible 
for  high-temperature  air  radiation  studies  (in  view  of  the  overall  uncertainties 
in  this  type  of  problem).  The  center-of-gravity  on  any  other  convenient 
average  of  the  levels  of  different  J  is  taken  to  be  the  term  energy. 

The  words  "hydrogenic  model"  do  not  imply  a  unique  set  of  formulas, 
as  a  variety  of  more  or  less  independent  corrections  can  be  made  on  formulas 
strictly  applicable  to  hydrogen,  in  order  to  account  for  non-hydrogenic 
features.  Even  the  terminology  "hydrogenic  f-numbers  or  matrix  elements" 
is  rather  loose  when  used  in  an  opacity  context.  What  is  usually  implied 
is  a  Kramers-Gaunt  approximation  with  the  Gaunt  factor  taken  to  be  independent 
of  frequency  c-r  energy.  We  will  not  propose  a  precise  definition  of  the 
hydrogenic  model  but  will  this  section,  formulas  and  results, 

obtained  from  rydrogenic  formulas  by  some  correction  or  other.  Perhaps 
the  prototype  of  this  model  is  the  set  of  formulas  presented  by  Mayer  (1947) 
and  Improved  by  Stewart  and  Pyatt  (1961). 
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8.2.1  Photometric  Cross  Sectlo-is 

A  most  useful  starting  point,  because  of  its  simplicity,  is 
the  Kramers  (1923)  semlclassical  expression  for  the  photoelectric  cross 
section  per  electron.  Compton  (1926)  gives  the  Kramers'  formula  for  the 
absorption  coefficient  per  electron  in  the  n-th  shell  as: 


j 
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CT 


2+  m 


10  m! 


4h64  .3 


n 


m  0 


(8.2-1) 


where  X  is  the  wavelengb.  of  the  incident  radiation  (cgs  units),  m  is 
th>?  electron  mass,  I  the  ionization  potential,  and  &n  is  the 

^  7 

"statistical  weight"  of  an  electron  in  the  shell.  If  we  take  &n  *  n  , 
this  formula  can  be  reduced  to 


a 


hv  * 


-  0 


hv  < 


(8.2-2) 


Since  Eq,  (8.2-1)  is  a  semlclassical  expression,  spin  is  neglected  and  it 
is  not  summed  over  the  usual  two  final  spin  states  of  the  free  electron. 
Therefore,  we  should  also  neglect  spin  in  the  sum  over  Initial  states. 
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i 


V 


where  I 


Z  B 

is  the  ionization  potential  of  the  n-th  shell  with 

2nV 

o 


2  2 

aQ  *  ft  /me  the  Bohr  radius.  Eq.  (8.2-2)  is  also  the  result  obtained 

2 

from  Mayer's  (1947)  Eq.  2.21  if  one  divides  the  latter  expression  by  2n 
to  account  for  the  fact  that  it  is  for  a  complete  shell  of  electrons ,  and 
has  been  corrected  to  account  for  spin  weights  (see  footnote  on  preceding  page). 
The  expression  Eq.  78.15,  given  by  Bethe  and  Salpeter  (1957), 


a  (a.u.) 


_A_ 


a/"3  TT2  v*  u  n0 

QeU  • 


(8.2-3) 


is  equivalent  to  Mayer's  expression  when  converted  to  cgs  units.  (In 
Eq.  (8.2-3),  a.u,  signifies  atomic  units  and  a  *  e Ac  is  the  fine- 
structure  constant.) 

Now  the  difference  between  Eq.  (8.2-3)  and  the  exact  expression 
for  hydrogen  (Eq.  (3.2-99)  with  hydrogen  wave  functions  inserted  for  the 
Rn^(r))  is  usually  a  factor  of  order  unity  (Gaunt,  1930;  Menzel  and  Pekeris , 
1935)  called  the  Gaunt  factor  g|^(v)  .  In  view  of  the  simplicity  of  the 
Kramers  expression  and  the  complexity  of  the  exact  hydrogen  expression, 
it  is  convenient  to  write  the  exact  photoelectric  absorption  coefficient 
for  hydrogen  as 


mmM  - 


1  5l 

”  <hv>3 


•ffw 


(8.2-4) 
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(n) 

where  is  ths  number  density  of  absorbing  hydrogen  atoms  in  each 

state  n  ,  and  g^(v)  is  the  Gaunt  factor.  It  is  defined  strictly  as  the 
ratio  of  the  exact  hydrogen  expression  to  ths  Kramers'  expression  for  the 
absorption  coefficient. 

We  can  make  a  straightforward  approximate  generalization  to  other 

atoms  by  replacing  the  hydrogen) c  ^  by  the  ionization  potential  of  the 

* 

other  atom  and  Inserting  as  an  additional  factor  in  Eq.  (8.2-2)  the  number 
of  electrons  in  each  shell  of  the  non-hydrogenlc  atom.  In  contrast  to 
hydrogen,  non-hydrogenlc  atoms  are  not  degenerate  in  l  and  we  can 
further  break,  down  the  summation  indicated  in  Eq.  (6.2-2)  to  specify 
subshells  of  given  angular  momentum  l  .  The  result  is  then 


^bf(v)  "2  Nv'l) 
n,t 


JaL  g£^(v)  <8-2 -5) 

n(hv)3  b£ 


where  we  have  used  n(n,t)  to  indicate  the  number  of  electrons  in  the  n,i 
subshell.  This  formula,  with  g£^(v)  set  equal  to  unity,  was  used  by 
Stewart  and  Pyatt  (1961)  for  bound-free  absorption  studies  as  follows.  They 
define  a  Stromgren  D-function,  D(u}  ■  u  K  ,  where  u  *  hvAT  and 
K  »  u/p  with  p  the  mass  density  in  gm/cm  ,  and  where  u  is  the 
linear  absorption  coefficient  in  cm"*  Eq.  18  of  Stewart  and  Pyatt  (1961) 
than  states 


D(u) 


Dff(u) 


<Z> 


p,  m 

_* _ _ 


1 


ttj)2 

<kT)2 


(8.2-6) 


These  can  be  obtained  from  experiment  or  approximately  from  screening 
constants;  see  references  given  in  Table  8.1. 
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where  m.  Is  what  we  have  called  n(n,4)  In  Eq.  (8.2-5)  ,  n.  it 

fii  «N<n,t) 

lJ  "  *n  '  AM1  Nv 


our  n  ,  I,  it  our  I„  , 


p  again  it  tha  mats 

density,  A  the  atomic  number,  Mj  is  the  atomic  mats  unit,  and 
2 

Ryd  ■  e  /2  a0  “  13  •  6  eV.  The  free-free  D-function  which  thay  use  is 


given  by 


'ff 


64na  aQ 

a/i  m  i 


(8.2-7) 


where  a  «  e  /Ac  is  the  fine  structure  constant.  Substituting  Eq.  (8.2-7) 
into  Eq.  (8.2-6),  with  use  of  the  definitions  of  K  and  D(u)  yields  the 
result 


{plp)  , 

1  <Z 


X.  (jssS^l  II 
z2>  yRyd/nj  (kT) 


.<zl>faxdf  i 

2  A  kl  r 


64rTaa. 


3/3  M . 


(8.2-8) 


In  view  of  the  equivalences  stated  above,  and  the  cancellation  of  factors 

2 

(including  their  mean  square  ionic  charge  <Z  >  and  their  degeneracy 
parameter  r  which  we  have  not  defined)  Eq.  (8.2-8)  is  Identical  with 
Eq.  (8.2-5)  if  gj^(v)«  1  . 

A  convenient  way  of  writing  Eq.  (8.2-5)  which  also  accounts  for 
configuration  splitting  (Armstrong,  Holland  and  Meyerott,  1958)  is  to 
consider  the  total  absorption  coefficient  for  a  given  atomic  term,  T  , 
specified  by  n  ,  l  ,  L  ,  and  S  (L  ■  total  angular  momentum, 

S  ■  total  spin).  We  replace  ,  the  number  density  of  atoms  in 

the  state,  or  term  T  ,  by 


PT  Nv 


(8.2-9) 
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where  P^,  is  the  fraction  in  this  state  ("fractional  occupation  number") 
and  Ny  the  total  number  density.  It  will  now  be  assumed  that  the  wave* 
function  is  separable  and  thus  that  the  many-electron  wave  function  consists 
of  a  product  of  one  electron  wavefunctlons.  If  this  assumption  is  made, 
a  single  electron  wavefunctlon  can  be  factored  out  of  the  total  many-electron 
function  (Eq.  (8.2-12))  and  employed  in  a  one-electron-transltlon  matrix 
element  (Eq.  (8.2-11)).  Then  a  one-electron-transltlon  dipole  matrix 
element  which  initially  has  the  form, 

J  * ^1'  ^2'  *N^lTi^l'^2'  — ^N>  d^id3r*2  *** N  (8.2-10) 

in  an  N-electron  atom*  simplifies  to 

t(r2' — i^d^r £ — d3?N  x  jV(r)r  <p(r)d3r  ,  (8.2-11) 

where  we  have  factored  T  according  to 

T^l'^2' - *1?  “  vCr  x)  tCr  2# - ?N)  ,  (8.2-12) 

and  the  factor  on  the  left  of  Eq.  (8.2-11)  is  the  overlap  of  the  passive 
electron  wave  functions. 

Now,  strictly  speaking,  the  factorization  is  not  as  simply  done  as 
Eq.  (0.2-12)  would  indicate.  The  reason  for  this  la  that  electrons  obey 
Pauli  statistics  and  the  total  wave  function  Y (r  ?2'  — must  be 

antisymmetric  in  the  coordinates  of  all  the  electrons.  This  is  usually 
taken  into  account  by  employing  wave  functions  of  a  determlnantal  form 
(Slater,  1960),  In  order  to  describe  analytically  the  election  of  a  single 
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electron  from  a  system  containing  several  electrons ,  we  must  find  the 
matrix  element  for  a  transition  Involving  Just  the  one  electron,  which 
will  In  general  be  a  very  complicated  integral  over  the  coordinates  of 
that  electron.  An  integration  over  the  coordinates  of  the  lomalnlng,  or 
"passive”  electrons  will  also  appear  in  the  matrix  element  but  this  will 
only  be  of  ar.  overlap  type.  That  is  to  say,  there  will  be  no  operator 
in  the  matrix  element  connecting  the  initial  and  final  coordinates  of  the 
passive  electrons. 

We  will  not  here  go  into  this  p.'oblem  in  any  detail.  The  effect  of 
the  antisymmetry  of  the  electrons  is  to  replace  the  simple  factorisation 
Indicated  In  Eq.  (8.2-12)  by  a  linear  combination  of  such  factored  terms 
over  different  parent  terms  of  the  residual  N-l  electron  system  (core  or 
Ion  are  words  often  employed).  That  Is  to  say,  Eq.  (8.2-12)  should  more 
properly  be  written 

SI  P  P 

p  p 

where  S  and  L  denote  the  total  spin  and  total  angular  momentum 
of  the  term  which  is  to  be  the  initial  state,  Sp  and  denote  the 
values  of  S  and  L  for  the  possible  parent  terms  of  the  N-l  electron 
core,  and  the  coefficients  F(tqSL,  SpLp)  are  called  coefficients  of 
fractional  parentage .  These  coefficients,  sometimes  called  OFF  or  FPC 
for  short,  wore  implicitly  Introduced  by  Becher  and  Ooudsmlt  (1934), 
and  the  algebra  governing  their  behavior  was  first  worked  out  by 
Racah  (1943).  (Sea  also  Rose,  1957.)  If  there  are  no  electrons  equivalent 
to  the  factored  one  (l.a. ,  having  the  same  value  of  n  and  l)  in  the 
parent  configuration,  then  the  factorisation  reduces  to  the  simple  expression. 
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Eq.  (8.2-12).  W«  will  assume  that  the  overlap  integrals  are  unity.  This 
is  not,  of  course,  strictly  true  since  the  other  orbitals  do  change  when  one 
electron  is  ejected,  but  it  is  a  good  approximation  under  mojt  circumstances 
(10%  or  better).  We  will  also  use  ’-'VC  which  are  normalised  to  the  number 
of  equivalent  electrons .  By  'his  ,?>eans  we  can  omit  the  factor  n(n,£) 
which  appear  ;n  Eq.  '3,  ?-5). 

An  absorption  coeiilcient  according  to  this  hydrogenic  approximation 
can  now  be  written  as 


(8.: 


where  the  dipole  selection  rule  is  explicitly  acknowledged. 

The  symbols  In  Eq.  (8.2-14)  have  the  following  meanings 


■  Ionisation  energy  of  atomic  term  T  • 

.N  ■  Total  number  density  of  gas  particles 

Fraction  of  total  number  density  N,  which  are  In  term  T 


(  2 

\  all  terms  J 

'all  soecles  ' 


all  terms 
<all  species 

gj^  (v)“  Bound  free  Gaunt  factor  for  Initial  bound  state  n,l  , 
final  free  state  c  (energy  of  free  electron) ,  l  . 


*  In  the  foregoing  analysis  we  have,  for  simplicity,  suppressed  the  spin  wave 
functions  and  sums ,  and  the  sums  over  magnetic  quantum  numbers , 

<?2'--7N)  ■  whloh 

permit  the  coupling  of  the  core  and  one-electron  angular  momenta  to  the 
spedLflc  total  L  and  S  (C(t  L_Lj  m  M_M)  are  Olebsch-Gordan 
coefficients  —  see  Chapter  3).  p  We  p  have  also  neglected  the  effect 
of  radlel  exchange. 


-14) 
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v  ■  Photon  frequency;  obeys  conservation  aquation 

hv  -  c  ♦  If 

T  t  Symbol  for  LS  coupling  tarm  T  j  apaoifiaa  total  angular 
momantum  and  total  apin  L  and  8  ,  respectively*  A 
unique  anargy  or  ionisation  potential  can  be 

assigned  suoh  a  tarm  by  using  e.g. ,  the  canter  of  gravity  of  the 
component  J-  levels  i 

EtfJ+DBr 

*T  “  J  (28*1) 

F2(tqSL,  apLp)  ■  Fractional  parentage  coefficient,  or  fraction  of 
term  T  of  the  configuration  t*  (specified  by  LS)  which 
arises  from  the  parent  term  Tp  (specified  by  Lp  Sp)  of  the 
configuration  . 

q  ■  Number  of  electrons  of  angular  momentum  l  ,  (which  comprise 
the  configuration  ,  which  couples  to  the  term  SL  ). 

Tp  -  Symbol  for  LS  ooupling  term  of  the  Parent  or  core.  which 
remains  after  one  electron  has  been  ejected  from  the  Initial 
system  by  photolonlsatlon. 

The  squared  fractional  parentage  coefficients  of  the  more  Important 
terms  needed  in  air  studies  are  given  in  Table  8.4  for  configurations  involving 
one  or  two  angular  momentum  subshells.  (For  more  complicated  cases 
involving  three  or  more  subshells,  see  Armstrong  and  Kelly  (195.9)  or  Rohrlich 
(1959).)  The  non-trlvlal  results  in  this  table  are  taken  from  Menzel  and 
Goldberg  (1936).  The  remainder  have  been  included  here  for  the  convenience 
of  the  reader  who  may  not  be  familiar  with  the  methods  of  computing  them. 
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Tabla  8 . 4  Parantagas  of  Tarma  Arising  from  8hall  of 
Cqulvalant  Klaotrona  (aftar  Man  sal  and  Goldbarg,  1936) 


Configuration 

Tarn 

Parantaga 

.pJ 

2D 

p2(XD)  ,  sp(|  3P  ♦  £  XP) 

4P 

p2(3P)  ,  3p(2  3P) 

2P 

p2(3P)  ,  spej  3P  A  h) 

2S 

pV«  .«*&>»  ♦*»« 

s2p 

2P 

s2(1S)  ,  ap(f*3P*£  *P) 

p! 

3P 

P(22P) 

P(22P) 

la 

d(22  P) 

•V 

3P 

s2P<22P)  ,  sp2(f  4P  +  f  ?'P) 

XD 

s2p(22P)  ,  sp2(22D) 

ls 

s2p(22P)  ,  sp2(22S) 

•V 

3P 

•p4<f  4P  +  f  2P) 

lD 

•P4(22D) 

k_  _ 

so4(22S)  _ 

SP5 

3P 

tp4f|  4P  ♦  ^  2P  +  |  2D  +  £  2S) 

XP 

sp4(32P  +  f  2D  +  ^  2 8) 

PJ 

4S 

P2(33P) 

2d 

p2ef  3p  +  \  xd) 

2P 

p2(§  3P  ♦  f  XD  +  f  *8) 

P4 

3P 

p3(J  4S  +  |  2d  +  2P) 

lD 

p3(32D+  2P) 

la 

_ e.3ti2a _ 
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Table  8  4  (oont’d) 


Configuration 

Term 

Parentage 

p5 

2P 

p4(33P*f  lD+^1S) 

.V 

4S 

•P3<f5S  + J3S> 

2D 

ap3(f  3D  +  ■j  lD) 

2P 

«p34  3p  ♦  i  XP) 

»P3 

5S 

■P2(34F) 

3S 

ap2<£  4P  ♦  f  2P) 

3d 

ap2(J  4P  +  \  2D  ♦  £  2P) 

*D 

•p2(|2D  +  f  2P) 

3P 

•P2(4  4P  ♦  f  2d  ♦  £  2P  +  f  2s) 

lP 

■p2<£  2D*f  2P  +  |2S) 

•P4 

4P 

ap3(|  5fl  ♦  |  3D  +  3P  ♦  *j£  *S) 

2P 

sp3t£  3D*^3P  +  f  3S  +  J  lD+  J  *P) 

2d 

sp3f|  3D  +  J  3P  4  J  lD  ♦  A  2p) 

_ia _ 

ip3(3.3f-t  Lpl, 
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fed*#**.-  -■*>**» 


»  til 

In  order  to  use  Eq.  (3.2-14),  we  also  need  the  Gaunt  factors  g^v— 
The  most  comprehensive  tables  of  these  quantities  have  been  given  by 
Karzas  and  Latter  (1961)  and  earlier  partial  results  were  given  by  Bethe 
(1933),  by  Mayer  (1947),  and  by  Armstrong  and  ueliy  (1S59).  These  factors 
have  a  slowly  varying  frequency  dependence,  particularly  near  threshold 
where  they  are  most  important.  This  can  be  seen  from  Figs.  8-1,  8-2,  and 
8-3,  taken  from  Karzas  and  Latter.  On  this  account  it  often  suffices  to  use 
the  threshold  (e  *  0)  values  of  the  Gaunt  factors  as  a  constant  approximation 
over  all  frequency  values.  Accordingly,  we  have  included  (Table  8.5)  a 
table  of  threshold  values  for  a  large  variety  of  states. 


Table  8.5  Asymptotic  Bound-Free  Gaunt  Factors 


V 


(g 


Tift, 


■,-t+l 


). 


s 

P 

Angular  momentum  l 
d  f  g 

h 

i 

J 

3 

1.06160 

1,09768 

0.76259 

•  •  • 

•  1  • 

e  •  • 

e  •  e 

•  •  e 

4 

1.18 

1.25 

1.13 

0.606 

•  •  0 

•  •  * 

•  •  • 

•  e  ♦ 

5 

1.2901 

1.3661 

1.3526 

1.0369 

0.44309 

*  •  * 

•  •  • 

WWW 

6 

1.3957 

1.4724 

1.5109 

1.3360 

0.87216 

0.30932 

•  •  t 

•  *  • 

7 

1.4955 

1.5724 

1.6372 

1.5539 

1.2183 

0.68851 

0.20827 

WWW 

8 

1.5900 

1.6643 

1.7479 

1,7233 

1.4908 

1.0323 

0.51789 

0.13638 

37U 


The  values  for  n  ■  3  are  taken  from  Mayer  (1947),  the  values  for 

>2 


47),  toe  valu 
|  gti  \ 

lRnt  J 

InderV  / 


values 
are  from 


n  4  have  been  computed  from  the  radial  Integral 
given  in  Bathe  and  Salpeter  (1957),  and  the  remalnderV 
Armstrong  and  Kelly  (1959). 

An  analytic  formula  for  the  threshold  Gaunt  factor  values  has  been 
given  by  Armstrong  and  Kelly  (1959).  Their  result  can  be  written 


0,4+1.  Llm 


•  ,5  |  24*1 

n  2  t 


(8.2-15) 


where  the  required  asymptotic  expansions  of  the  Gordon  (1929)  hydrogen 
dipole  integrals  R^'^— 1  are 


Kn4  'n  '  At  oi.- 1 
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Fc(-n;*l.  21.1,  -to)J 
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,  3/2 
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Dn  -,t  (isL±  4ii  y/2 
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mm 


to  these  formulas  Fcfe,0;  x)  is  the  oonfluant  hypergeo  me  trie  function, 
end  the  redial  quantum  numbers  nr  are  defined  by  nf  «  n-t-1, 

I  i 

nf  •  n  - 1  . 

Figs.  8-4,  8-5,  and  8-6  show  the  cross  sections  of  Eq.  (8.2-14) 

2 

for  hydrogen,  viz. ,  ii(v)/NvP^,  for  F  **  1  ,  for  principal  quantum 
numbers  n  from  one  through  fifteen.  They  are  shown  as  functions  of 
photon  energy  hv  in  eV;  the  solid  curves  are  exact  results  due  to 
McDowell  (1964),  and  the  dotted  curves  shown  for  n  ■  1  ,  2,  and  3  have 
been  obtained  from  Eq*  (8.2-14)  by  talcing  the  Gaunt  factors  as  constant 
and  equal  to  their  threshold  values.  The  cross  sections  given  are  sheil- 
averaged  values  <rn  where  the  average  Is  defined  by: 


Extensive  tables  of  the  exact  hydrogen  cross  sections  have  been  given  by 
Burgess  (1964). 


2-17) 
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8.2.2  Hydrogenic  free-free  absorption 

The  basic  calculation  of  free- free  cross  sections  has  already 
been  reviewed  in  Sec.  3. 2. 2. 4;  in  this  section  we  will  merely  discuss  some 
of  the  formulas  and  results  (in  the  hydrogenic  approximation)  that  have  been 
used  in  practice.  Most  opacity  calculations  have  made  use  of  the  Kramers' 
(classical)  formula  for  the  free-free  absorption  coefficient  suitably  modified 
by  a  Gaunt  factor  gfj  : 


,  _  i6 

**ff  "  w 


a 


Z2  e4 
m2u)3v. 


Ne  Ni  % 


(8.2-18) 


(cf .  Eq  .  3  .2-216) .  In  this  formula  N  and  are  the  number  densities 

of  free  electrons  and  of  ions,  respectively,  v^  is  the  initial  free  electron 
velocity,  and  a  is  the  fine- structure  constant.  In  practice  one  is  usually 
interested  in  an  average  of  the  absorption  coefficient  (viz.  g^Vj)  over  a 
Maxwellian  distribution.  Since  the  Maxwell  average  of  v  1  is  given  by 
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Eq.  (8.2-18)  can  be  written,  upon  averaging,  as 
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where 


/  !«■  «*)  v2 

JW?  * 


dv 


(8.2-20) 


and  f(v)  is  the  Maxwellian  distribution  function. 

A  formula  for  g^  given  by  Menzel  and  Pekeris  (1935),  Eq.  (3.2-221), 
has  frequently  been  used  in  opacity  calculations  (e.g.,  Mayer,  1948; 
Moszkowski  and  Meyerott,  1951).  This  formula  becomes,  when  the 
Maxwell  average  (Eq.  8.2-20)  is  taken. 


*ff 


=  1+0.1728 


for  (■  •;) 


(8.2-21) 


where  u  3  hv/kT  and  0  3  Ryd/kT.  (Note  that  this  formula  is  given 
incorrectly  by  Mayer,  1948,  and  by  Moszkowski  and  Meyerott,  1951.) 

There  are  a  large  number  of  papers  in  the  literature  prior  to  the  late 
1950‘s  which  discuss  and  derive  approximate  Gaunt  factors  valid  under  very 
limited  circumstances.  We  will  not  review  these,  as  they  are  more  or  less 
superceded  by  the  excellent  reviews  and  discussions  of  Grant  (1958),  and  of 
Brussard  and  Van  de  Hulst  (1962),  and  exact  numerical  computations  for  hydrogen. 
The  numerical  computations  beginning  with  Berger  (1956)  were  culminated  by 
the  comprehensive  calculation  and  tabulation  of  Karzas  and  Latter  (1961). 

Grant  (1958)  gives  the  semi-classical  (WKB)  approximation  (Eq.  3.2-224a): 


s.c. 

% 


1  +  0.21775  t?|-2/3  -  0.01312  |?|"4//3  +  ...  (8.2-22) 


valid  when 


j  5  |  »  1  ,  where 


It  is  interesting  to 
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note  that  this  formula  is  more  accurate  than  the  Menzel-Pekeris  formula. 

Grant  also  calls  attention  to  the  fact  that  Gauss-Laguerre  numerical  Integration 
is  very  effective  for  obtaining  the  Maxwell  averages  needed.  According  to 
him,  three  terms  are  usually  adequate  to  obtain  3-significant-figure  accuracy, 
using  the  weighting  factors  and  roots  of  Gauss-Laguerre  integration,  Grant 
obtains  the  3-term  formula  for  g  : 

g  =  0.711  g(0. 416)  +  0,279  g(2. 294)  +  0.010  g(6. 290)  (8.2-23) 

where  the  argument  of  the  Gaunt  factor  which  is  to  have  the  values  indicated 
in  this  equation  is  y  ,  given  by 

mvf  hv 

y  "  Tkf  “  kf  (8.2-24) 

Grant's  3-term  integration  of  the  semi-classical  formula  fcq.  8.2-22)  and  of 
the  Born-approximation  result  (Eq.  3.2-222)  compares  favorably  with  Berger's 
(1956)  numerical  calculations,  and  are,  of  course,  much  simpler.  However, 
he  evidently  overlooked  a  useful  limiting  form  of  the  Bom  approximation  result 
(apparently  first  given  by  Elwert  —  see  Brussard  and  Van  de  Hulst,  1962). 

If,  in  addition  to  the  validity  requirement  of  the  Born  approximation: 


(8.2-25) 
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4 


we  require  that 


hv  «  kT  , 


(8.2-26) 


wa  can  write 


*  r\  ,  say  . 


This  yields,  when  inserted  into  Eq.  (3.2-222) 


(8.2-2  7) 


Bom  ~  /T 


'ff 


In 


M. 


"t  ~  r'i 


(8.2-28) 


In  view  of  our  requirements  (Eq .  (8 . 2-2  7))  we  can  write 


T,  =  Z&s.  Ay  =  Z0L£  4i  =  IlAc. 

nt  ^i  y2  av  2 c  v  2e 


(8.2-29) 


where 


mv 


is  the  electron  energy,  and  As  =  hv  is  the  photon  energy. 


Thus,  we  obtain 


B  ~  ,  4c 

9ff  "  ff  ln  hv 


(8.2-30) 


Setting 


u‘  =  e/kT  ,  u  =  hv/kT  , 


360 


(8.2-31) 


jJ 
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S'2'3  Hydreqenic  Sound- Baund  Transitions  and  Oscillator  Strengths 
Xh  the  oase  of  bound-bound  transitions,  there  la  now  sufficient 
tabular  data  to  provide  exact  values  of  the  bound-bound  oscillator  strengths 
for  praotloally  all  transitions  of  interest  (Mensel  and  Pekerls,  1335;  Karxas 
and  Latter,  1961;  Green,  Rush,  and  Chandler,  1957).  For  large-scale 
calculations  or  for  exploratory  or  approximate  results  a  Kramers '-type 
value  may  nevertheless  still  be  useful.  By  comparing  Eq.  63-11  of  Bethe  and 
8aipeter  (1957)  and  Eqs.  1.31  and  1.33  of  Mensel  and  Pekerls  (1935)  we 
see  that  we  can  write  the  exact  hydrogenlc  f-number  for  a  transition  from 
a  lower  state  n  to  an  upper  state  n '  averaged  over  the  shell  of  . 
principal  quantum  number  n  (containing  2n*  states)  as* 

,-3 

9  , 


f 


nn 


3f3rr 


a! _  /jl.jlA 

»V)S  y  y) 


(8. 


nn 


where  g 


the  bound-bound  Gaunt  factor  Is  given  approximately  by 


nn 


g  ,  2?  1  -  0.1728 
nn 


or 


K  1  -  0.1728 


nn 


where 


mm  ■ 


(8. 


This  expression  is  not  valid  when  n  *  n*  . 
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2-34) 


2-35) 


i 


end  R  ■  2tt*  e*m/h3  Is  tha  Rydberg  frequency.  If  thla  lina  osoillator- 


•trangth  is  "smeared*  over  the  regions  between  tha  lines  it  can  be  seen 

that  the  effective  oscillator  strength  per  unit  frequency  Interval  ^  ,  approximately 

has  a  v  principal  dependence  Just  as  in  the  bound-free  and  fiee-free 

cases  •  We  can  show  this  by  converting  the  f- number  sum  over  a  finite 

* 

number  of  lines  to  an  Integral  by  use  of  the  Ruler- Maclaurin  theorem 
(Franklin,  1940). 

Summing  of  Hvdrooenic  Line  f-numbers  Near  the  Ionisation  fidget 
We  recall  that  for  hydrogen 


hv 


mn 


Ryd 


(8.2-36)  . 


hv  „  la  the  emrgy  absorbed  or  emitted  in  the  transition  from  a  state 
mn 

with  principal  quantum  number  n  to  a  state  with  principal  quantum- 
number  m  .  Ryd  is  13.6  eV. 

The  ionization  energy  is  (m  -  •)  hvQ  •  ,  which  enables  us 

to  write 


n 


m 


(8.2-3  7) 


The  asymptotic  f-number  per  electron  from  Eq.  (8.2-34)  can  also  be  written 


as 


(C  -  25/3/3tt)s 


mn 


(8.2-38) 


From  unpublished  material  by  J.  D.  Weisner. 
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Ocnslder 


m«*4  M  \  / 


■y  use  of  the  Euler- Maclaurin  formula  (franklin,  1940): 


5 


f(ra)  ■  j  f(x)  dx  ♦  f(M)  “  ^  f  (M)  ♦  y^g-  f  (M)  +  . . . , 
M 


(8.2-39) 


wa  obtain 


£  Iffln  -  6n|  i  *  i 
V  UlM2-.2)  *  VM  -"  /  (M51"2)1  I 

Wa  will  d.not.  ^  fmn  by  simply  whsn  convsnlsnt.  II  wa  rawrit* 


(8.2-40) 


Eq.  (8.2-40) 


In  tarms  of  vQ  and  vM  ,  wa  obtain 


.  -a-  V0(V<>~VM>  (iV0  ~  VM1  +  » 

T  4  *  *  *  *  /  * 

VM  ) 


(8.2-41) 


4n 


Neglecting  the  “overflow1*  of  line  strength  below  vM  or  past  vQ  , 

this  expression  gives  tha  total  f-number  between  vM  and  vQ  .  We  wish 

to  obtain  a  function  4^  such  that 

dv 


! 


dL 

dv 


dv 


'M 


Xi  ^mn 

M 
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(8.2-42) 


i 


This  will  be  the  continuation  of  the  photoelectric  f-number  par  unit 
frequency  Interval.  By  differentiating  £q.  (8.2-42)  (a  function  of  vM  )  , 
the  following  result  is  obtained: 


Let 


dv 


M 


dF(o) 

Then 

dv 


3(vo-v)3/2 

,  1  <v*;i 

(2  v3  +  2n 

[  V4 

2  V3  J 

(8 


(8 


vD  (vq-2)  <8v0-?w0+v‘> 
4n2  v5 


)  ' 


or,  in  terms  of  x  *  v/uQ  ■  1  -  n  / m  , 


dx 


i  jj.tl  (i-x/2)  .  _L_  O-nHfr-ZyA  .  I  (8 

2„  )x3+  2n  x4  2n2  x5  J 


This  expression  is  an  expansion  around  x  85  1  ,  in  powers  of  (1  -  x); 
the  second  term  is  exceptional;  the  next  term  contains  (1  -  x)  . 
Convergence  is,  of  course,  most  rapid  for  x  close  to  1  ,  i.e.,  m 
large.  Actually  the  series  is  asymptotic  in  •jJ-  .  The  leading  term  is 
just  the  extension  of  the  photoelectric  formula  (with  Gaunt  factor  put  equal 
to  1).  The  function  (Eq.  (8.2-44))  is  plotted  in  Figs.  8-7,  8-8,  and  8-9 
for  various  values  of  n  .  The  dotted  lines  correspond  to  the  lowest 
order  term  of  Eq.  (8.2-44),  and  the  solid  line  is  the  total. 
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. 2-43a) 

.2-43b) 

.2-44) 


The  foregoing  discussion,  though  overapproximate ,  provides  much 
physical  insight  to  the  problem.  Corrections  may  be  added  as  follows. 

The  deficiency  arises  in  the  fact  that  the  bound-bound  Gaunt  factor  which 
was  set  equal  to  1  in  Eq.  (8.2-38)  has  terms  in  its  asymptotic  expansion 
which  are  of  the  same  order  in  n  as  the  first  and  subsequent  correction 
terms  which  we  have  obtained  to  the  leading  term  in  Eq.  (8.2-44).  As  will 
be  seen  in  the  following  discussion,  these  act  to  cancel  part  of  the  higher 

HP 

term  contribution  of  the  expansion  and,  hence,  cause  -g-  to  approach 

closer  to  the  simple  behavior  of  the  first  term  of  Eq.  (8.2-44). 

v 

Summing  of  Hvdroaenlc  Line  f-numbers .  including  the  Gaunt  Factor  Correction: 

If  Eq.  (8.2-36)  is  used  to  express  hv  in  terms  of  n  and  m  ,  and 
g  as  given  by  Eq,  (8.2-35)  is  multiplied  into  Eq.  (8.2-38),  the  result  is 


in d 


"mn  ,  2  2, 3 

(m  -n  ) 


1  -  0.1728  Z 


2/3/  2m4/3 

W-nV 


275  m2/3  2/3 

rp  n 


1/3 

r  ) 


(8.2-45) 


"We  now  set 


f(x) 


13/3 

2  ll/3 
-  n2) 


g(x) 


(8.2-46) 


Use  can  again  be  made  of  the  Euler- Maclaurin  formula  if  the  integrals  of 
f(x)  and  g(x)  can  be  evaluated. 
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Consider  the  Integral  of  f(x): 


M  M/n 


where  y  “  x/n  . 

Substitute  ;  =  cos  fl  ,  and 

x  y 


with  the  lower  limit  eQ  given  by  cos  . 

Integration  yields 


(8.2-47) 


(8.2-48) 


(8.2-49) 
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Similarly 


gWdx«-j$- 


(=*■)”- 


(8.2-50) 


end 


o'bd-Z _ x.4/3„-  _li 

9  W  3  ,  ,  8/3  3 

(x2  -  n2) 


.10/3 


2  _2, 


Tl/3  * 


(8.2-51) 


(x‘  -  n  ) 

We  now  insert  Eqs .  (8.2-46),  (8.2-48),  (8.2-49),  (8.2-50),  and  (8.2-51) 
into  formula  (Eq.  (8.2-39))  (retaining  thereby  the  terms  up  to  and  Including 
the  first  derivative).  The  result  is,  after  some  simplification, 

.8/3 


_  ..3- .. 

8n2 


wi3/3  n  M16/3 
M  -  .  . - -  _  ii  - - M— - - y-  + 

TT73  9  ~  7i4 71 


(M2  -  n2) 


(M2-n2) 


5/3 


10  n2  M2  -  n2 


4 


_  .  jl 

8/3  36 


4/3 


(M2  -  n2) 


(M2  -  n2) 


173 


(8.2-52) 


where  ^  is  given  by  Eq.  (8.2-40).  If  we  now  make  use  of  Eq.  (8.2-37) 


and  its  variants: 


.m: 


M2  -  n2  VM 


;  M2  -  n2  -  n2 


vo  ”  VM 
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we  obtain  after  some  more  algebra, 


0.1728  Z"2//3  n 


1/3 


•fe!  +  “fef  } 


(8.2-53) 


V  VM> 


3/2 


^  W  »4  V6^  9^3  36  V7^ 


1/3 

Note  that  the  first  term  Is  essentially  (l.e.,  to  within  the  factor  n  ) 
of  the  same  order  as  the  first  correction  term  in  Eq.  (8.2-41). 


^M. 


If  we  now  differentiate  Eq.  (8. 2-53)  with  respect  to  ,  and  set 

x  again,  we  obtain 


£  -  -  °* 1728  nl/3  cpr  ^'4  -  i 


JL  *1/3 


x1/0(l 


(8.2-54) 


(The  third  derivative  in  the  Euler- Maclaurin  formula  (Eq.  (8.2-39))  will  have 

g 

as  lowest  terms  those  of  order  l/n  ). 

-2  dF^ 

Calling  the  term  of  order  n  In  the  brackets  -jj  ,  that  of  order 
(3)  ** 


r3  d£_ 


dx 

case  n  ■  3  : 


,  etc. ,  the  numerical  results  of  Table  8.6  are  obtained  for  the 
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Table  8.6 


d 

d£^ 

! 

d L  1 

dx 

dx 

dx 

dx 

dx  { 

1.0 

0.33 

-.0271 

0 

0 

0.30 

0.9 

0.50 

-.04728 

-.0027 

-.00085 

0.45 

0.8 

0.77 

-.0836 

-.0091 

-.0050 

0.67 

0.7 

1.30 

-.1512 

-.0267 

-.0131 

1.11 

0.6 

2.40 

-.2885 

-.0788 

-.0884 

1.94 

0.5 

5.35 

-.600 

-.248 

-.337 

4.17 

Line  f-number  sum  per  unit  (reduced)  frequency  interval  for 

principal  quantum  number  n  «  3  .  The  reduced  frequency  x  is 

oiven  by  v/v  where  v„  is  the  ionization,  or  photoelectric  edge 
o  o 

frequency.  The  f-number  sum  is  given  by  F=  £  f  3  »  and  the 

dF  m=  M  (x) 

superscripts  appended  to  for  the  various  columns  give  the  terms 

of  that  order  in  powers  of  the  quantum  number  n  of  the  lower  state 
(here  n  =  3).  The  last  column  is  the  sum  of  all  the  terms  calculated. 


8.2.4  Coherent  scattering  from  bound  systems 

As  has  already  been  implied  in  our  brief  classical  introduction 
(Eqs.  3.1-14,  3.1-15),  when  light  scatters  off  ar  atom,  the  scattering  is 
termed  "Rayleigh  scattering"  if  the  photon  frequency  v  is  below  the  atomic 
resonance  (or  "line")  frequencies,  and  it  is  termed  "Thomson  scattering",  or 
"Compton  scattering  from  bound  electrons"  if  the  frequency  v  is  above  the 
resonance  frequencies  and  below  the  photoelectric  thresholds.  As  one  approaches 
the  bound-bound  resonances  from  either  direction  in  frequency,  the  scattering 
processes  pass  continuously  Into  the  processes  of  simultaneous  absorption  and 
re-emission  of  a  photon.  This  has  been  touched  on  qualitatively  in  Sec.  2.3 
and  is  discussed  by  Heltler  (1954)  and  Dirac  (1947).  Dirac  (p.  206)  shows 
explicitly  by  integration  over  a  Lorentz  profile  that,  "the  total  number  of 
scattered  particles  in  the  neighborhood  of  an  absorption  line  is  equal  to  the 
total  number  absorbed . "  This  supports  the  interpretation  of  resonance  scattering 
as  absorption  followed  by  emission. 

This  has  occasionally  been  overlooked  in  considering  the  problem  (e.g., 
see  Dalgarno,  1963;  this  oversight  was  corrected  by  Heddle,  1964).  The  basic 
formula  for  either  coherent  scattering  process  is  the  Kramers'-Heisenberg  formula 
(Heitler,  1954): 
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The  photon  polarisation  vectors  before  and  after  the  collision  have  been 
denoted  by  eQ  and  c  ,  respectively,  p  is  the  electron  momentum  operator, 

Ej  and  EQ  are  the  energies  of  the  intermediate  and  initial  states,  respectively. 
The  photon  energy  is  fiu>0  ,  and  the  Initial  and  intermediate  states  have  been 
designated  nD  and  nj  ,  respectively.  rQ  is  e  /me  ,  the  classical 
electron  radius.  Because  of  the  difficulties  of  evaluating  this  formula  for 
real,  many-electron  atoms,  and  because  of  the  relative  smallness  of  the 
magnitude  of  the  effect,  it  nas  been  customary  in  opacity  calculations  to 
approximate  the  effect  very  severely.  Mayer  (1947)  suggested  merely  assigning 
the  Compton  scattering  cross  section  -a-  r*  to  all  the  bound  electrons  in 
the  atom  as  an  estimate  of  the  total  coherent  scattering  (this  Compton  cross 
section  is  the  dimensional  factor  appearing  in  the  Kramers-Heisenberg  formula 
to  within  the  angular  factor  8ir/3) .  Mittleman  and  Wolf  (1962)  have  shown 
that  the  Kramers-Heisenberg  formula  for  the  differential  scattering  cross  section 
for  hydrogen  can  be  reduced  to 

2 

dS  =  ro  ^o  ’  [  '  P(k)  "  P(~k)]  (8.2-56) 

where  P(k)  is  a  function  of  the  photon  momentum  magnitude  k  which  can 
be  computed  numerically  by  means  of  a  differential  equation.  They  present  a 
graph  of  P(k)  ,  as  well  as  a  graph  of  [l-P(k)  -•  P(-k)]  from  which  the 
differential  cross  section  can  be  immediately  obtained  from  Eq.  (8.2-56). 

For  opacity  calculations,  one  is  usually  interested  in  unpolarized  light.  In 
this  event,  we  need  the  average  of  over  the  two  possible  initial 
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I 


N 


polarization  directions  (i)  ,  and  the  sum  over  the  two  final  polarization 
directions  (j)  .  This  computation  can  be  performed  as  follows.  There 
is  complete  azimuthal  symmetry  in  this  problem;  if  we  choose  the  +y  axis 
as  the  direction  of  the  incident  light  we  can  therefore  rotate  the  z-axis 
to  lie  in  the  scattering  plane  as  shown  in  Fig.  8.10. 

The  scattering  angle  has  been  designated  ft  ;  we  are  free  to  choose 
any  orientation  of  the  orthogonal  initial  e's  we  wish,  and  accordingly  select 
them  (as  shown  in  Fig.  8.10)  to  be  along  the  +  z-axis  and  along  the  -  x  axis. 
The  final  e's  must  then  lie  relative  to  the  axis  we  have  chosen,  as  shown 
in  the  figure.  From  this  figure  it  is  clear  that 


2  2  2  2  2  2 
cos  cp  cos  p  +  sin  cp  cos  ft  +  sin  cp  -i-  cos  cp 


cos  o  +  l 


(8.2-57) 


From  this  result,  the  polarization-averaged  differential  cross  immediately  follows, 

and  the  total  scattering  cross  section  is  easily  obtained  by  integration  over 

1  2 

solid  angle.  The  integral  of  j  (cos  “  +  1)  over  solid  angle  yields  8ff/3  , 

2 

the  factor  which  multiplies  rQ  in  the  total  Compton  crocs  section,  so  that 
the  Mittleman-Wolf  formula  yields  for  the  total  cross  section 


o 


|l  -  P(k)  -  P(-k)J 
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The  totai  Rayleigh  scattering  cross  section  can  be  written  in  terms  of  the  polariz- 
lblllty  a  of  a  gas  by  means  of  the  equation 


•»-  |tt|2  • 

Equivalently,  it  can  be  written  in  terms  of  f-numbers  as 

o  2 


(8.2-58) 


<  -  3 


(8.2-59) 


where  the  sum  is  taken  over  all  the  transitions  i-j  .  Since  approximate 
f-numbers  are  available  for  most  of  the  transitions  in  nitrogen  and  oxygen, 
improved  estimates  of  the  scattering  cross  sections  can  be  obtained  by  means 
oi  this  equation  (Stergis,  1966).  Alternatively,  one  might  attempt  to  scale 
the  results  for  hydrogen  as  given  by  Mittleman  and  Wolf  (1962) . 

With  the  more  detailed  and  accurate  line  broadening  theory  now  available, 
the  importance  of  scattering  in  high-temperature  plasmas  appears  still  further 
reduced  over  what  one  might  estimate  a  priori.  The  reason  is,  as  pointed  out 
by  Bat  anger  (1962)  that  a  photon  can  be  absorbed  in  the  far  wing  of  a  line  (at 
a  point  where  one  might  be  considering  Rayleigh  scattering)  by  a  transfer  of 
energy  and  momentum  to  a  free  electron.  For  very  modest  concentrations  of 
free  electrons  the  cross  section  for  this  process  dominates  that  for  scattering. 

Let  us  consider  some  crude  numerical  comparisons  of  these  effects. 

We  restrict  the  discussion  to  the  appropriate  condition  that  v  -v»y  , 
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t 


V 


where  vQ  is  uhe  resonance  frequency  at  the  center  of  a  single  Isolated  line 
and  y  is  its  full  half  width.  We  can  approximate  the  Baranger  absorption 
cross  section  as 


hcrQfy 

7v^)2 


by  means  of  the  Lorentz  formula  neglecting  the  half-width  as  stated  above. 

The  f-number  of  the  line  has  been  designated  as  simply  f  ,  and  the  half-width 
can  be  approximated  as  (Stewart  and  Pyatt,  1961) 


y 


n4p 


where  p  is  the  density,  a  is  the  fine- structure  constant  and  n  is 
the  principal  quantum  number  of  the  upper  level  involved  in  the  line  transition. 
From  Eq.  (8,2-57)  we  obtain  the  Rayleigh  scattering  cross  section  as 


,  T 

R 


f 


2 


Now  in  order  to  observe  Rayleigh  scattering  we  must  have 


From  the  foregoing  formulas  for  and  -^g  ,  this  yields  an  upper  limit 


to  the  density  in  order  that  Rayleigh  scattering  be  observed.  For  a  line  with 
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n  *  4  ,  Z  -  1  , 


p  ..  10n  (kT)1/2  , 

(vQ+v)2 

whore  and  kT  arc  expressed  in  eV.  If  we  assume  an  i-number 

t  *  0.1  ,  kT  »  1  eV,  a  lino  position  vQ  at  5  eV  ,  and  a  density  p  “  109  , 

say,  wo  find  that  below  a  frequency  v  "  1  eV  on  the  lino  wing,  only  Baranger 

absorption  will  be  observed,  above  this,  Rayleigh  scattering  will  be  observable 

up  to  the  point  where  it  cannot  be  differentiated  from  absorption/  re-emission, 

as  shown  in  Fig.  8,11 .  On  the  other  hand,  by  taking  v  =>  vQ  we  find  that 
10  -3 

for  p  ^  6  x  10  cm  ,  no  Rayleigh  scattering  at  all  should  be  observable. 

In  low-temperature  applications  such  as  terrestial  atmospheric  problems , 
where  there  Is  little  or  no  frea  electron  concentration,  it  has  traditionally 
sufficed  to  simply  use  the  classical  formula,  Eq.  (3.1-15)  for  most  problems. 
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8.2.5  Compton  Scattering  Cross  Sections 


Although  Compton  scattering  is  not  really  part  of  any 
hydrogenic  model  it  is  Included  in  our  discussion  at  this  point  for 
convenience  and  because  of  the  fact  that  the  accuracy  of  the  results  with 
which  we  concern  ourselves  is  comparable  to  the  accuracy  of  the  hydro- 
genic  model. 

The  simplest  approximate  method  to  treat  scattering,  and  the  method 
most  commonly  used  In  practice.ls  to  set  the  absorption  coefficient  due 
to  scattering  equal  to 


Ug(V} 


Ne°T 


(8.2 


as  mentioned  In  the  previous  section.  We  recall  that  ^  rQ2  • 

^(^l)  18 

Independent  of  frequency. 


the  total  Thomson  classical  electron  cross  section,  and  Is 


Is  the  number  density  of  free  electrons.  This  is  a  valid 

approximation  to  the  correct  Klein-Nlshlna  (Heitler,  1954)  quantum  mechanical 

2 

cross  section  as  long  as  hv  and  kT  are  small  compared  to  me  , 
which  is  the  region  of  primary  Interest  to  us. 

Eq.  (8.2-60)  correctly  gives  the  absorption  out  of  a  beam  due  to 
scattering  of  radiation  by  free  electrons,  In  the  above  approximation.  In 
the  transfer  equation,  one  must,  of  course,  Include  all  terms  which  correspond 
to  radiation  being  emitted  back  Into  the  beam,  as  well  as  those  which 
correspond  to  radiation  taken  out  of  the  beam.  For  true  absorption  processes 
(bound-free,  free-free,  bound-bound)  in  LTE,  the  emission  back  into  the  beam 
Is  simply  related  to  the  absorption  out  of  the  beam  (Kirchoff's  law).  One 


60) 
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part  of  the  emission  back  into  the  beam  is  isotropic,  and  the  other  (induced) 
part  is  in  the  same  direction  as  the  incident  beam,  so  that  no  angular 
integrations  involving  these  terms  need  appear  in  the  transfer  equation  to 
account  for  transfer  back  into  the  beam  from  other  directions.  For  these 
and  other  reasons  the  transfer  equation  for  true  absorption  processes 
reduces  in  the  presence  of  LTE  to  a  simplified  iorm  that  can  be  expressed 

I 

in  terms  of  a  modified  or  effective  absorption  coefficient  y  (v)  given  by 

u'(v)  -  u(v)  (1  -  e"hv/kT)  .  (8.2-61) 

This  situation  does  not  prevail  in  the  case  of  scattering  (Mayer,  1947;  see 
also  Chapter  3)*  The  scattering  cross  sections  are  not  generally  isotropic, 
so  that  the  intensity  scattered  back  into  the  beam  in  a  given  direction 
depends  on  the  Intensity  of  the  beam  in  other  than  that  given  direction. 

Thus,  the  intensity  scattered  into  the  beam  in  a  given  direction  must 
remain  in  Integral  form  in  the  transfer  equation,  and  there  is  no  simple 
relation  between  scattering  "emission11  and  scattering  "absorption",  viz., 
there  is  no  Klrchoff's  law  for  scattering.  The  intensity  scattered  out  of 
the  beam  and  the  intensity  scattered  into  the  beam  cannot  be  combined  in 
a  general  way,  as  can  the  corresponding  Intensities  for  true  emission  and 
absorption,  to  yield  a  simple  effective  absorption  coefficient  of  the  form 
of  Eq.  (8.2-61).  This  is  true  regardless  of  the  behavior  of  induced 
scattering  as  the  simple  modification  1  -  q^vAT  ^xpresaed  in  Eq.  (8.2-61) 
arises  purely  from  terms  linear  in  the  intensity.  That  is  to  say  for  true 
absorption  and  emission,  both  the  absorption  and  the  induced  emission  are 
linear  in  the  Intensity.  This  is  not  the  case  for  scattering;  Induced  scattering 
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Is  quadratic  In  the  Intensity  function.  Therefore  Induced  scattering 
Into  and  out  of  the  beam  could  not  lead  to  a  simple  modification  of  the 
1  -  e“hvAT  form.  It  turns  out,  fortunately  enough,  that  at  low 
frequencies  where  the  Thomson  cross  section  is  valid,  the  Induced 
scattering  (in  and  out)  terms  exactly  cancel.  This  was  shown  by 
Mayer  (1947),  who  also  showed  that  the  proper  form  of  the  absorption 
coefficient  to  enter  the  Rosseland  mean  under  conditions  of  LTE  is 

M  -  u’(v)ab8  +  w(v)scat  (8. 2-62) 

(cf  our  discussion  of  this  topic  In  sections  2.3  and  3. 2. 2.4) 

in  the  low-frequency  Thomson  limit. 

More  recently,  Sampson  (1959)  has  shown  that  for  the Kleln-Nlshlna 

2 

formula ,  which  must  be  used  when  hv  —  me  ,  this  cancellation  of  induced 

scattering  terms  no  longer  occurs,  and  other  terms  appear  as  well,  so  that 

the  effective  u„„,.(v)  that  enters  the  Rosseland  mean  calculation  Is  no 
scot 

longer  N  cr™  ,  nor  Is  it  in  fact  N  cT  (Kleln-Nlshlna) ,  but  is  a  complicated 
el  ei 

function  of  the  Kleln-Nlshlna  differential  cross  section.  He  has  performed 
numerical  calculations  of  the  Rosseland  mean  opacity  for  Compton  scattering 
alone  based  on  the  effective  absorption  coefficient  which  he  derives.  We 
reproduce  his  graph  In  Fig.  8-12  of  the  Rosseland  Opacity  as  a  function  of 
kT  and  ,  where  p  Is  the  density  (gm/cm®) ,  Z  is  the  atomic  number, 
and  M  the  atomic  weight.  He  has  assumed  that  the  material  Is  completely 
ionized,  l.e.,  that 

N0  ■*  ApZ/M  (A*  Avogadro's  number) 
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and  has  also  Included  the  effects  of  electron-positron  pair  formation. 

Sampson  has  also  made  an  Interesting  comparison  of  his  results  for 
the  Rosseland  mean  opacity  with  the  results  one  would  obtain  from  a  naive 
use  of  the  Kleln-Nlshlna  formula.  He  recovers  a  "Rosseland  mean  cross 
section”  from  the  computed  value  of  the  Rosseland  mean  opacity 

according  tot 


9RM^ 


*  (T) 


(8.2-63) 


where  N  is  the  number  density  of  scattering  electrons  (and  positrons). 
In  units  of  a T  ,  the  Thomson  cross  section,  this  can  be  written 


(T)  p  it  (T) 

_  ■  ■  .  V  ■ 

No™ 


(8.2-64) 


Sampson  gives  values  of  this  ratio  derived  from  opacities  K  computed 

c 

by  naive  use  of  the  Kleln-Nlshlna  cross  section,  and  by  use  of  the  effective 

Kleln-Nlshlna  cross  section  which  he  derives  (as  appropriate  for  the 

diffusion  approximation).  In  Fig. 8-13  we  plot  his  results  as  a  function  of 

temperature  ,  T  .  His  corrected  values  drop  substantially  lower  towards 

high  temperature  than  the  values  obtained  by  uncorrected  use  of  the  Kleln- 

Nlshlna  formula.  Values  of  the  Rosseland  mean  opacity  for  scattering 

alone  can,  of  course,  be  recovered  from  the  figure  by  Inverting  Eq.  (8.2-64) 

and  subatitutlng  values  of  —  from  the  figure.  Simple  use  of  the 

°T 

Thomson  formula,  as  discussed  In  the  preceding  section,  would  correspond 
to  the  value  unity  in  the  figure . 
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8.3  Analytic  formulas  and  approximations  to  hydrogenlc  absorption  coefficients 

8.3.1  The  Kosseland-Menzel-Pekeris  Formula 

Relatively  simple  analytic  formulas  can  be  obtained,  from  the 
hydrogenlc  approximation,  for  the  total  spectral  absorption  and  also  for  the 
mean  coefficients  of  alcmic  species  which  behave  hydrogenically.  This  can 
be  done  by  such  techniques  as  approximating  the  sum  over  discrete  states 
by  integrals,  by  using  the  Saha  equation  (perhaps  restricted  to  two  states  of 
ionization)  to  evaluate  the  occupation  numbers,  and  noting  the  close  relation 
between  the  expressions  for  the  bound-free  and  free-free  cross  sections. 

Menzel  and  Pekeris  (1935)  derive  the  approximate  formula  for  the  combination 
of  bound-free  and  free-free  absorption  coefficients: 


where  C 


u(v) 


.2W_L 


a - 37r« 

v3(kT) 


(8.3-1) 


°  ^3ch  (ZTrm)37* 


N  Is  the  electron  concentration  In 


electrons/cm^,  is  the  number  density  of  ions  •  The  effective  Gaunt  factor 
g*  is  given  by 


g  3f  1  -  0.1728 


(Recall  that  R  ■  2rr2e*mAJ  la  the  Rydberg  in  frequency  units.)  This 
formula  can  be  integrated  to  yield  a  Rosseland  mean  absorption  coefficient 


(8.3-2) 


Sr  •-a 


c„  h3  z2  N 


(kT) 


7/2 


9  g. 


Recall  that  in  the  presence  of  single  ionization  only,  the  product 
N  N  is  proportional  to  N  ,  the  neutral  number  density,  through 
the  Saha  equation.  ° 


(8.3-3) 


U01 


where  0  Is  a  complicated  numerical  function  defined  and  evaluated 
by  Menial  and  Pekerls.  Numerically,  Eq.  (8.3-3)  Is 


with  T  In  °K  .  The  bracketed  expression  Is  gR  . 

I 

Except  for  the  correction  factor  gR  due  to  their  use  of  Gaunt  factors 
tnls  formula  Is  the  same  as  an  earlier  one  due  to  Rosseland.  Their  extensive 
discussion  of  the  approximations  Involved  indicates  that  under  the  proper 
circumstances,  it  is  a  very  useful  approximation.  Expressions  of  this  sort 
have  been  used  more  recently  by  various  authors  (see,  e.g. ,  Raizer,  1960; 
Fappert  and  Penner,  1961;  Penner  and  Thomas,  1964;  Stewart  and  Pyatt,  1961; 
Bond,  Watson,  and  Welch,  1965,  Sec.  11-4.2;  Unsold,  1955,  Sec.  47; 
Ashley,  1964)  who  show  that  they  can  be  made  to  reproduce  the  gross 
features  of  the  detailed  monochromatic  hydrogenlc  absorption  coefficients 
rather  well.  However,  they  should  be  used  with  caution.  Over  such 
fine  spectral  regions  as  considered  by  Ashley  (1964)  for  example;  the 
resultant  re-dlstrlbutlon  of  oscillator  strength  can  be  quite  violent. 

Stewart  and  Pyatt  (1961)  on  the  basis  of  such  a  method  derive  the 
result  for  the  continuum  Rosseland  mean  opacity,  kr 


In  this  formula,  M  Is  the  atomic  mass  number,  Is  the  atomic  mass 

o 

unit,  <Z  >  the  mean  ionic  charge,  Ne  the  number  density  of  free 


1*02 


electrons,  and  the  bracketed  |  |  quantity  has  the  value  4.76  x  10®  crr/gm. 

2 

They  compared  the  values  predicted  by  this  formula  (using  accurate  <Z  > 
values  from  their  detailed  occupation-number  calculation)  with  the 
continuum  Rosseland  mean  results  of  Armstrong  (1959),  At  temperatures 
kT  ■  5  and  10  eV  the  two  results  agree  to  within  30%  over  the  entire 
density  range  covered  by  the  Armstrong  calculations.  At  kT"  2  and  20  eV, 
the  agreement  deteriorates  towards  high  densities  but  remains  within  an 
order  of  magnitude.  Thus,  as  far  as  continuum  means  are  concerned  this 
equation  provides  a  quick  and  simple  order-of- magnitude  estimate. 

Unfortunately  when  line  absorption  Is  Included  these  methods  break  down; 
they  also,  of  course,  will  break  down  whenever  the  hydrogenlc  approximation 
breaks  down. 

8.3.2  The  Strdmaren  Function 

Because  of  the  v3  frequency  dependence  of  the  Kramers 
radiation  absorption  cross  sections,  Strdmgren  was  able  to  devise  a  very 
convenient  and  quick  method  for  computing  Rosseland  mean  absorption 
coefficients.  We  present  this  method  here  as  outlined  by  Mayer,  including 
Mayer's  table  of  the  Strdmgren  function.  We  write  the  Rosseland  expression 
from  Chapter  2  (Eq.  (2.5-6  )),  in  terms  of  the  mean  free  path  $3R)  1  ■  AR 
as 

a 

|\„-A0  f  <«. 

O 

.1 

where  we  Incorporate  the  v  dependence  of  the  cross  sections  into  the 
weighting  function  Z  and  define  the  reduced  absorption  coefficient  D(u) 


as 


D(u)  -  A0  u*  no(v) 


(8.3-7) 


where  u  (v)  Is  tha  continuous  part  of  the  usual  absorption  coefficient 

C 

in  cm  1 ,  u  ■  hv AT  ,  and  tha  universal  length  AQ ,  given  by 


jd  haL  fn 

3/3  me  kT 


(8.3-8) 


has  been  defined  In  order  to  make  the  expressions  simple  and  dimensionless. 
In  the  definition  Eq.  (8.3*8)  ,  oN  is  the  total  particle  number  density. 
Numerically  AQ  can  be  expressed  as 


The  weighting  function  Z(u)  differs  from  the  Rosseland  weighting  function 

3 

W(u)  only  by  the  factor  u  ;  via., 

Z(u)  -  W(u)  u3--^  u7  e2u  (eu  -  l)’3  (8.3-10) 

Since  the  function  W(u)  is  of  considerable  utility  in  opacity  calculations,  we 
give  In  Table  8-7  ,  values  of  W(u)  for  a  wide  range  of  the  argument  u  . 

Rough  values  of  a  Rosseland  mean  can  often  be  obtained  simply  by  inspection 
of  tha  value  of  the  absorption  coefficient  in  the  region  of  u  where  the 
function  W(u)  has  its  maximum. 
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Table  8-7 


The  Rosseland  Weighting  Function  W(u)  -  «2u 
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With  the  definition*  given  in  Eqs .  (8.3-7)  and  (8.3-6)  ,  the  Kramers* 
D-funotlon  becomes 


^'“1  -£ 


I.2  m 


hL 

n  ^2  n 


N_ 


n  ♦ 

where  pn  ■  „  1*  the  fractional  occupation  number  of  state  n  .  We 

limit  ourselves  now  to  constant  Gaunt  factors  (taken,  e.g.,  to  be 

threshold  values).  With  this  limitation,  and  the  further  definition 


Dw(u)  D(U|)  , 


u^O 


where 


D(ul)  *  pi(m)  Y 

-  0 


u  a  Uj  a  IjAT 


u  <  u. 


the  Rosseland  mean  for  bound-free  absorption  (only)  becomes 


Ar  “  Ac  f  ZLvlAi- 

0  £,  Dfu,) 

u^O 

Each  of  the  Dfu^'s  is  a  step  function  beginning  at  u,  (and  xero  prior 


1 


to  u^),  and  Dgg(u)  is  the  sum  of  these  step  functions  over  the  range 
0  to  u  of  Uj  .  Therefore,  between  each  step  Djg(u)  is  constant,  and 
we  can  perform  the  integration  of  Eq.  (8.3-14)  step-by-step: 

*  i 

And  each  term  'n  the  sum  contributes  only  for  Uj  >  . 


1*06 


(8.3-11) 


(8.3-12) 


(8.3-13) 


(8.3-14) 


J 


(8.3-15) 


where  S(u)  ■  I  Z(u)du  Is  the  Strtfmaran  function,  and  wa  have 
used  the  notation  u^+  to  Indicate  that  the  O  function  of  argument 
uy+  Is  to  be  evaluated  past  the  J^-edge  (l.e.,  larger  u)  for  Inclusion 
in  the  denominator  when  the  Strflmgren-function  numeration  is  S(uj+1)  -  S(uj)  . 

Table  8-8  (taken  from  H.  Mayer,  1947)  lists  values  of  S  and  Z  as 
functions  of  u  .  The  method  outlined  above  Is  very  useful  for  obtaining 
approximate  results  quickly,  particularly  if  many  of  the  absorption  edges 
can  be  lumped  together.  For  heuristic  simplicity  we  have  Illustrated  this 
method  for  the  bound-free  case  only.  It  can,  of  course,  be  simply 
extended  to  Include  the  Kramers  free-free  cross  section,  since  the  latter 

_3 

also  varies  as  v  .It  cannot,  however,  be  generalized  to  Include 
bound-bound  transitions  (except  for  merged  lines)  without  a  radical 
departure  from  the  use  of  the  StnUmgren  function.  Although  the  line  f- 

_3 

number  strength,  as  we  have  seen,  approximates  a  v  dependence 
when  smeared  over  the  region  between  the  lines,  unless  they  are  completely 
merged  together,  the  sum  of  the  actual  line  profiles  yields  a  frequency 
dependence  of  widely- varying  v  dependence* 
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Table  8-8 


The  Function 


Z(u)  =  ~r  U,  e— v  and  its  Integral 
4ff4  (eu-l)3 


the  StriJmgren  Function  S(u) 


u 

J  Z(u)  du 

o 


(from  Mayer  (1947)). 


u 

Z(u) 

S(u) 

u 

Z(u) 

S(u) 

0.0 

0 

0 

3.5 

8.2003 

6.2881 

.1 

4.042  x  10~6 

8.015  x  10"8 

3.5 

8.9572 

7.1469 

.2 

6.773  x  10“5 

2.669  x  10~6 

3.7 

9.7404 

8.0819 

.3 

3.582  x  10"4 

2.103  x  10“5 

3.8 

10.546 

9.0957 

.4 

1.180  x  10~3 

9.185  x  10“5 

3.9 

11 .371 

10.1902 

.5 

2.995  X  10~3 

2.902  x  10*4 

4.0 

12.211 

11 .3676 

.6 

6.440  x  10~3 

7.454  x  10"4 

4.1 

13.064 

12.6309 

.7 

.012339 

1.660  x  10-3 

4.2 

13.926 

13.9808 

.8 

.021726 

3.351  x  10~3 

4.3 

14.793 

15.4174 

.9 

.035822 

6.170  x  10'3 

4.4 

15.660 

16.9409 

1.0 

,05607 

1 .071  x  10~2 

4.5 

16.525 

18.5793 

1.1 

.08410 

1 .765  x  10-2 

4.6 

17.384 

20.2478 

1  .2 

.12175 

2.787  x  10"2 

4.7 

18.232 

22 .0290 

1.3 

.17101 

4.214  x  10"2 

4.8 

19.067 

23.8940 

1.4 

.23401 

6.257  x  10-2 

4.9 

19.884 

25.8403 

1 .5 

.31303 

8.981  x  10-2 

5.0 

20.681 

27.8664 

1.6 

.41042 

.1258 

5.1 

21 .453 

29.9725 

1.7 

.52859 

.1724 

5.2 

22.199 

32.1510 

1.8 

.67064 

.2313 

5.3 

22.915 

34.4014 

1.9 

.83681 

.3066 

5.4 

23.599 

36.7225 
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Table  8-8  (continued) 


u 

Z(u) 

S(u) 

u 

Z(u) 

S(u) 

2.0 

1 .0316 

.3994 

5.5 

24.249 

39.1128 

2.1 

1  .2564 

.5129 

5.6 

24.861 

41 .5698 

2.2 

1.5134 

.6502 

5.7 

25.436 

44.0895 

2.3 

1.7970 

.6144 

5.8 

25.970 

46.6656 

2.4 

2.1307 

1 .009 

5.9 

26.463 

49.2917 

2.5 

2.4940 

1 .238 

6.0 

26.913 

SI. 9633 

2.6 

2.8948 

1 .505 

6.1 

27.319 

54.6755 

2.7 

3.3344 

1  .815 

6.2 

27.682 

57.4249 

2.8 

3.8128 

2  .173 

6.3 

28.000 

60.2082 

2.9 

4.3302 

2  .582 

6.4 

28,273 

63.0213 

3.0 

4.8857 

3.048 

6.5 

28.502 

65.8637 

3,1 

5.4791 

3.568 

6 . 6 

28.686 

68.7225 

3.2 

6.1087 

4  .1483 

6.7 

28.826 

71  .5978 

3.3 

6.7735 

4.7923 

6.8 

28.923 

74.4853 

3.4 

7.4715 

5.5041 

6.9 

28.977 

77.3810 

7.0 

28.991 

80.2800 

10.2 

17.027 

157.1759 

7.1 

28.961 

83.1773 

10.4 

16.163 

160.3624 

7.2 

28.895 

86.0698 

10.6 

15.053 

163.3490 

7.3 

28.789 

8R.3546 

10.8 

13.815 

166.1404 

7.4 

28.646 

91 .8283 

7.5 

28.470 

94.6856 

11.0 

12.530 

168.7424 

7.6 

28.258 

97.5219 

11.5 

10.787 

174.4525 

7.7 

28.016 

100.3346 

12  .0 

8,4757 

179.1535 

7.8 

27.742 

103,1223 

12.5 

7.0717 

182.9749 

7.9 

27.439 

105.8825 

13.0 

5.4602 

186.0382 
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Table  8-8  (continued) 


u 

Z(u) 

S(u) 

u 

Z(u) 

S(u) 

8.0 

27.110 

108,6119 

13.5 

4.4377 

188.4766 

8.1 

26.757 

111.3053 

14.0 

3.3745 

190.3846 

8.2 

26.379 

113.9608 

15.0 

2.0121 

193.0267 

8.3 

25.981 

116.5797 

16.0 

1 .1629 

194.5800 

8.4 

25.562 

119.1587 

18.0 

.35896 

195.9583 

8.5 

25.126 

121.6939 

20.0 

.10157 

196.3685 

8.6 

24.673 

124.1825 

22.0 

.028787 

196.4813 

8.7 

24.206 

126.6251 

24.0 

.0066659 

196.5103 

8.8 

23.726 

129.0210 

26.0 

.0015798 

196.5174 

8.9 

23.234 

131.3691 

30.0 

.000071419 

196.5194 

9.0 

22.732 

133.6682 

CO 

0 

196.5194 

9.1 

22.222 

135.9163 

9.2 

21.706 

138.1127 

9.3 

21.183 

140.2571 

9.4 

20.658 

142.3489 

9.5 

20.127 

144.3881 

9.6 

19.596 

146.3742 

9.7 

19.066 

148.3066 

9.8 

18.535 

150.1856 

9.9 

18.007 

152.0119 

10.0 

17.480 

153.7856 
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8.3.3  High  Temperature.  Limiting  Values  of  the  Opacity 
At  sufficiently  high  temperatures ,  all  the  atoms  of  any  material  will 
become  completely  ionized  so  that  the  only  processes  which  absorb 
radiation  will  be  free-free  transitions/  Compton  scattering/  and  pair 
production.  *  The  free-free  absorption  will  be  accurately  hydrogenic 
(except  for  plasma  screening  effects;  these  can  be  approximately  Included 
in  the  Gaunt  factors;  see  J.M.  Green,  1958)  so  that  we  can  use  analytic 
formulae  for  it.  In  addition,  Compton  scattering  is  given  approximately  by 


yscat  ^e  aT 


(8.3-16) 


where  a. 


- 


fa) 


the  classical  Thompson  Cross  Section. 


Unfortunately,  this  formula  is  more  accurate  at  the  lower  than  the  higher 
temperatures  which  we  wish  to  discuss  now.  However,  as  we  will  see  in 
the  next  paragraph,  it  is  still  a  useful  order-of  magnitude  estimate,  even 
in  the  region  where  the  Kleiu-Nishina  formula  (Heitler,  1954)  is  required 
for  accurate  computation.  Therefore,  we  proceed  to  use  it  and  to  neglect 
pair  production  before  turning  to  a  more  accurate  account,  as  the  formulae 
obtained  have  been  used  in  the  Astrophysical  literature  and  thus  are  of 
considerable  heuristic  value. 

We  follow  closely  the  treatment  of  Mayer  (1947).  Now  the 
scattering  absorption  is  proportional  to  the  number  of  free  electrons  per  unit 
volume,  whereas  the  free-free  absorption  is  proportional  to  the  square  of 
the  number  of  electrons.  Therefore,  scattering  will  dominate  at  low  densities 
and  free-free  absorption  will  dominate  at  high  densities .  Let  us  consider  the 


We  neglect  photon-photon  scattering.  On  this  point  see  Sampson  (1959). 


hll 


low-density  scattering  limit  first. 

Use  of  Bq.  (8.3-11)  in  the  formula  for  the  Rosseland  mean  free 
path  leads  simply  to 


^scat 


^7  /  w«u,d“ 


(8 


since  N#(7T  la  independent  of  frequency*  we  can  also  write  in  this 
limit 


N 


ZpA/M 


where  p  is  the  density  in  gm/cm  ,  A  Is  Avogadro's  number, 

N-  N- 

2  ■  £  Z  “jj  is  the  average  atomic  number,  and  13  ■  £  ^2  N~  *B  tl18 
Z 

average  molecular  weight  (Nz  is  the  number  of  nuclei  of  charge  Z  and 
N  is  the  total  number  of  nuclei).  Using  these  definitions,  we  obtain  for 
the  mean  opacity: 


K 


scat 


_ 

p^scat 


(8 


In  this  limit,  the  opacity  is  Independent  of  density  and  temperature.  Using 

2 

the  first-order  (in  hv/mc  and  v/c  )  corrections  to  Cj  from  the  Klein- 
Nlshlna  formula,  Mayer  (1947)  has  Improved  this  result  somewhat.  He 
gives 


ic  » 
c 


$  »T  [l  -  »  (kT/me2)] 


(8 


*  —  K\»yV  T 

If  the  erroneous  factor  1  -  e  is  Included  in  the  result 

kSSfi-  B0* 


is  A 


scat  N#ot 


.3-17) 


.3-18) 


.3-19) 


1*12 


which  shows  a  mild  temperature  dependence.  In  the  hlgh-denslty,  free-free 
limit,  we  can  write 


Ac  * 


f  zMj 

J  V 


In  analogy  tc  Eq.  (8.3-6).  The  value  of  Dff  is  derived 
by  Mayer  (1947),  e.g.,  and  by  Stewart  and  Pyatt  (1961). 

We  write  It  m  t!  •  form  (defined  according  to  Eq.  (8.3-7)) 


3„(u)-*t J/2^)5/2<Z2>  N.  »03  «„ 


N_  Z ‘ 


where  <Zz>*  ^  jj" 


Inserting  this  value  into  Eq.  (8.3-20)  yields 


JL 


A°  A°  3/2 


4tt' 


<Z' 


f 

I  Z(u)du 

^7  J  * 


If  we  set 


1  and  use 


S(«)  ■  ^ 


Z(u)du  “  196.5,  we  can  write 


c  PAC  pAq 


A^/2(^)5/2<z2>n.  .A 

V  196.5  J 


Inserting  AQ  from  Eq.  (8.3-9)  we  obtain 


(8.3-20) 

(8.3-21) 

(8.3-22) 

(8.3-23) 

(8.3-24) 


'o  ■  <-7“  *  10'('kr)7/2  <ZnW?s) 


(8.3-25) 


(4n3/2) 


bo  we  obtain 


K 


e 


5.4  x  105 


2  <2 *>i 

(H)1 


(8.3-26) 


(This  la  equivalent  to  Eq.  28  of  Stewart  end  Pyatt,  1961;  If  their  Eq.  19 
la  aubatltuted  into  their  Eq.  28,  the  equation  above  reaulta.  Mayer,  1947, 

4 

glvea  4.815  x  10  aa  the  coefficient  In  the  above  formula  lnatead  of 
5.4  x  10S.)  In  the  analyaia  given  by  Mayer  (1947)  ho  retains  the  approxi¬ 
mate  form  of  the  free-free  Gaunt  factor: 


9 


ff  * 


1  +  0.1728 


(l+J) 


(8.3-27) 


rather  than  setting  It  equal  to  unity,  and  takes  it  out  from  under  the 

integral  In  Eq.  (8.3-23)  by  evaluating  It  at  the  point  where  Z(u)  haa  lta 

maximum,  that  la,  at  uar  7  .  This  provides  a  correction  to  k  which  la 

c 


Off  w  1  +  .  588 


This  correction,  however,  la  of  dubious  value,  since  no  one  form  of  the 
free-free  Gaunt  factor  la  valid  over  the  complete  frequency  range  of  the 
Integral  In  Eq.  (8.3-23) .  For  specific  temperatures,  one  could  evaluate 
the  Integral  numerically  from  a  tabulation  of  values  of  g^  such  as  has 
been  provided,  e.g.,  by  Karsaa  and  Latter  (1961). 
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In  contrast  to  the  scattering  limit,  Eq.  (8.3-26)  for  the  free-free 
opacity  limit  Is  proportional  to  the  density  and  to  the  7/2  power  of  the 
temperature.  This  temperature  dependence  has  been  used  In  nstrophyslcal 
studies,  but  Its  limitations  —  neglect  of  scattering,  neglect  of  proper 
variation  of  Gaunt  factor,  and  neglect  of  screening,  should  be  borne  In 
mind. 


8.4  Non-hydrogenic  absorption -coefficient  calculations 
8.4.1  Deficiencies.  olthe  Hydrogenlc  Approximation 
Some  of  the  more  recent  opacity  calculations  (cf.  e.g»,  Armstrong, 
Johnston,  and  Kelly,  1965)  have  departed  substantially  from  hydrogenlc 
approximations,  for  reasons  discussed  below.  First,  in  illustration  of 
the  type  of  difference  between  the  hydrogenlc  result  and  more  accurate 
results  in  the  case  of  line  transitions,  consider  Table  8-9  which  presents 
a  comparison  of  values  of  the  radial  dipole  integral  (squared): 


2 


a 


_ L_ 

(4*>2-D 


(8.4-1) 


and  Rf  are  the  Initial  and  final  state  radial  wave  functions,  and 
l>  is  the  greater  of  the  angular  momentum  belonging  to  the  two  states. 

The  results  to  which  the  hydrogenlc  values  are  compared  have  been 
computed  according  to  the  Hartree-Fock-Slater  (HFS;  Kelly,  1964b)  method, 
and  (where  available) ,  to  the  Hartree  Fock  (HF)  analytic  Hartree-Fock  (AHF; 
Kelly,  1964a),  or  Coulomb  approximation  (GA)  methods  (Bates  and  Damgaard, 
1949).  In  one  case,  an  experimental  value  Is  quoted.  The  f-number  and 


Ul$ 


Tab)*  8-9 


danotoi  Analytio  Hartraa-FOck  valuai,  GA  ,  Coulomb  Approximation  values, 
and  HF  ,  numarloal  Hartraa-Fock  valuai* 

a  11 

Tha  hydroganlc  and  HF8  valuai  ara  lndapandant  of  tha  angular  momantum 
coupling 

** 

Tha  rasldual  charga  taan  by  tha  acttva  alactron  at  large  dlstancai  li  used 
to  dafina  tha  hydroganlc  approximation* 


ci os ■  saction,  the  quantities  of  physical  Interest,  are  proportional  to 
this  square  of  the  dipole  Integral.  As  can  be  seen  from  the  table,  all 
the  values  tend  to  agree  near  a  high  degree  of  ionization  (Ny)  —  this 
Is  to  be  expected  due  to  the  dominance  of  the  Coulomb  force.  However, 
for  neutral  atoms,  there  Is  a  wide  scatter  of  values,  the  hydrogenlc  and 
more  accurate  values  occasionally  agreeing,  but  more  often  not. 

The  HFS  approximation  Is  an  approximation  to  the  HF  scheme  and 
as  such  is  not  as  accurate.  It  Is  obtained  if  one  replaces  the  exchange 
term  In  the  HF  equations  by  the  exchange  term  appropriate  for  a  free- 
electron  gas.  This  simplifies  the  equations  considerably  and  uncouples 
them*  Although  the  results  are  not  as  accurate  as  HF  results,  they  are  In 
general  considerably  better  than  hydrogenlc  values  and  the  calculations 
are  sufficiently  general,  yet  simple  and  economical,  to  be  very  appropriate 
to  the  air-redlatlon  problem  under  discussion  here.  It  Is  not  yet  possible 
to  obtain  HF  results  for  more  than  a  fraction  of  the  transitions  needed  In 
this  type  of  work. 

It  may  be  possible  systematically  to  Improve  the  hydrogenlc 
approximation  to  bound-bound  matrix  elements  to  the  point  where  their 
accuracy  competes  with  that  of  the  Hartree-Fock  method.  Attempts  In 
this  direction  have  been  made  by  Varsavsky  (1958),  Naqvl  (1964),  and 
others ,  but  the  results  are  not  yet  sufficiently  definitive  nor  general  to 
afford  adequate  reliability.  In  addition,  It  would  appear  that  the  amount 
of  labor  and  complication  Involved  will  probably  exoeed  that  of  the  HFS 
method  and  approach  that  of  the  Hartree-Fock  method  so  that  no  advantage 
would  be  gained  by  this  approach. 
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Another  difference  between  a  hydroaenlc  and  non-hydrogenic  mods!  for 
line  transitions  occurs  If  one  bases  the  approximation  (as  Is  usually  done) 
on  {-numbers  rather  than  on  dipole  Integrals.  In  terms  of  the  f-number, 
the  absorption  cross  section  and  absorption  coefficient  are  given  by 


ai/f)  "  ^^mc"  fiJ  biJ**) 


(8.4-2) 


and 

»<«>  •  Z  NlW‘>  (6.4-3) 

1J 

where  b^  (*)  Is  the  line  shape  factor  normalised  io  unity  over  the  extent 
of  the  line: 


/ 


bAj  («)d*  ■  1 


(8.4-4) 


In  the  Independent- electron  hydrogenlc  approximation ,  the  electrons  are 
uncoupled  and  we  need  only  specify  the  orbital  angular  momentum  and 
principal  quantum  number  n  .  In  terms  of  these  quantities  the  f-number 
for  a  transition  from  state  ^£(*1*)  to  n't '(”)*)  Is  given  by 
(Chapter  3.  Eq.  (3.  86  )) 

f  m  X  .  {  >tar>  V  U-  a  2 

1  3  (U ♦  l)  \Kydf  all 


where  l>  denotes  the  greater  of  the  two  quantum  numbers  l  and  V  , 
and  Ojj  Is  the  radial  dipole  Integral  In  units  of  aQ  ,  as  given  In  Eq.  (8.4-1). 
Nowin  the  hydrogenlc  approximation,  all  the  angular-momentum  sub-levels 
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belonging  to  a  given  principal  quantum  number  n  (viz.,  levels  for 
i  “  0,  1,  2  —  n-1)  have  the  same  energy.  Thus,  for  transitions 
between  these  levels,  the  so-called  "same-shell"  transitions,  between 
such  states  as  2s  -  2p,  3s  -  3p,  3p  -  3d,  etc.,  the  factor  hv^  in 
the  expression  for  is  zero  and  therefore  vanishes.  In  N 

and  O  (as  in  any  many-electron  atom),  these  levels  are  separated  by 
a  few  volts  so  that  hv^  is  appreciably  different  from  zero.  The  dipole 
Integrals  tend  to  be  very  large  because  of  the  substantial  overlap  of  the 
wave  functions.  Consequently,  the  f-numbers  or  cross  sections  turn 
out  to  be  usually  moderately  large  for  transitions  among  these  states, 
and  their  omission  leads  to  a  serious  discrepancy. 

It  would  be  possible,  of  course,  to  avoid  this  problem  by  using 
hydrogenlc  values  for  the  cr^  and  experimental  or  calculated  values  of 
the  hv^  .  This  could  be  done  through  Eq,  (8.4-5),  neglecting  the  angular 
momentum  coupling  and  L-S  term  splitting  of  the  actual  many-electron  (light) 
atom,  or  through  the  more  correct  relation 


f  .a(SA 

1J  3  \Ryd/ 


S(M)  S(L)  a 


II 


(8.4-6) 


appropriate  to  L-S  coupling  and  separable  wave  functions  for  the  individual 
electrons.  In  this  formula,  the  factors  S(L)  and  S(M)  are  called  relative 
line  strengths  and  relative  multiple!  strengths,  respectively.  The  statistical 
weight  of  the  initial  state  Is  called  g^  .  This  formula  will  sum  back  to 
Eq.  (8.4-5)  (except  for  a  factor  amounting  to  the  number  of  available 
electrons),  if  the  Cy  and  hvy  are  assumed  to  be  the  same  for  all 
the  terms  (viz.,  if  hydrogenlc  degeneracy  is  assumed)  and  the  equation 
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is  summed  over  ail  the  terms  of  a  transition  array.  In  other  words,  a 

•hydrogenic *  model  could  be  based  on  Eq.  (8.4-6)  which  would  account 

for  all  the  multiplet  structure  of  the  atom  and  the  correct  energy  differences 

hvy  •  The  only  difference  between  this  “hydro genic*  and  a  non-hydrogenlc 

model  would  reside  in  the  radial  integrals  .  This  Intermediate  type 

of  approximation  was  used  by  Armstrong,  Johnston  and  Kelly  (1965)  for 

high  levels  and  large  angular  momenta.  For  the  more  important  low-lying 

levels,  the  more  accurate  radial  Integrals  of  the  KFS  theory  were  used. 

It  is  also  Interesting  to  note  the  difference  between  hydrogenic  and 

non-hydrogenlc  results  In  the  case  of  photoelectric  transitions.  There 

are  a  number  of  possible  differences  between  a  strictly  hydrogenic 

approximation  and  a  more  detailed  description  such  as  the  HF  scheme 

which  takes  into  account  the  electron  interactions  and  coupling. 

2  2  4 

Take  OI  as  an  example.  The  configuration  is  Is  2s  2p  . 

In  a  strictly  hydrogenic  (independent-electron)  approximation  there  would 

be  just  one  state  for  this  configuration  and  one  photoelectric  edge  for 

photoejection  of  a  2p-electron.  In  actuality,  the  electron  tngular 

momenta  can  couple  in  several  different  ways ,  each  of  which  leads  to  a 

different  interaction  energy.  The  result  Is  that  this  configuration  of  OI 

has  three  terms,  or  states  (ignoring  the  fine  structure)  rather  than  just  one: 
3  11 

P,  D,  S  where  this  notation  designates  the  total  angular  momentum 

and  spin  in  the  usual  spectroscopic  notation. 

3  1 

The  P  is  the  lowest  level  with  the  D~  2  eV  above  it,  and  the 

4  eV  above  it,  as  illustrated  in  Fig.  3-14, 
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2  4 

The  configuration  which  results  from  the  2s  2p  upon  photoejection 

2  3  4  2  2 

of  a  2p-electron,  viz. ,  2i  2p  ,  likewise  has  three  terms  S,  D,  P, 

3 

separated  by  similar  amounts.  Photoejection  of  a  2p  electron  from  the  P 

4  2  2p 

ground  term  leaves  the  ion  in  a  linear  combination  of  the  '  an 

"parent"  terms  so  that  three  photoelectric  edges  are  observed  as  shown 

in  Fig.  8-15  rather  than  the  one  edge  that  a  strictly  hydrogenic  approximation 

would  entail.  The  *D  term  yields  two  edges  and  the  1S,  one,  so  that  a 

2  4 

total  of  6  edges  results  from  photoejection  of  a  2p  electron  from  the  2s  2p 
configuration.  For  temperatures  kT  <  AE  where  AE  is  this  "term 
splitting*  of  the  configuration,  the  differences  in  the  spectral  absorption 
features  of  the  hydrogenic  and  non-hydrogenic  models  are  likely  to  be  of 
considerable  Importance. 

In  addition  to  the  splitting  of  the  photoelectric  edges  due  to  electron 


Interactions,  the  actual  magnitudes  of  the  cross  sections  are,  of  course, 
also  different  in  the  hydrogenic  approximation  and  in  a  more  exact  theory. 

Fig.  8-16  illustrates  this  difference  for  the  lowest  edge  of  the  ground  term 
of  OI.  The  cross  secdon  for  the  transition  OI  2s  2p  (  P)  -»  2s  2p  (  S)c 
is  shown  in  the  figure  with  threshold  or  edge  at  13.6  eV  where  e  denotes 
the  energy  of  the  photoejected  electron  and  the  contributions  of  both  the  P  "  s 
and  p  -  d  branches  of  the  transition  are  Included.  The  dashed  curve  is 
the  IIF  result  from  a  computer  code  due  to  Dalgarno,  Henry,  and  Stewart  (1964) 


in  the  dipole-length  form.  The  dotted  curve  represents  the  same  approximation 
but  in  the  dipole-velocity  form.  The  difference  between  these  is  a  crude 
measure  of  the  uncertainty  in  the  result.  The  solid  line  is  the  result  of  a 
calculation  of  Armstrong,  Johnston,  and  Kelly  (1965)  which  is  more  amenable 
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to  large-scale  machine  computations,  while  at  the  same  time  no  less 
accurate  than  the  HP  results.  It  employs  an  approximation  at  low 
energies  due  to  Burgess  and  Seaton  (1960)  and  at  high  energies  one  due 
to  Johnston  11964).  These  are  discussed  below.  The  two  dash-dot 

curves  are  hydrogenlc-approximation  results ,  one  with  the  correct 

* 

Gaunt  factor  ,  one  with  this  factor  set  equal  to  unity.  The  difference 
between  the  hydrogenic  and  the  more  accurate  non-hydrogenic  results 
are  quite  striking:  factors  of  two  to  four  at  threshold  increasing  to  more 
than  an  order  of  magnitude  at  high  energies.  The  ionization  potential 
appearing  in  the  hydrogenic  photoelectric  cross  section  formula  has 
been  taken  as  the  appropriate  oxygen  experimental  value,  and  the  Gaunt 
factor  has  been  made  consistent  with  this  choice  of  ionization  potential. 

This  is  tantamount  to  employing  a  screened  effective  nuclear  charge. 

From  such  calculations  as  this  it  appears  that  the  hydrogenic  result  lies 
consistently  below  the  Hartree-Fock  photoelectric  results  for  O  and  N  , 
but  with  agreement  improving  as  one  passes  to  states  with  higher  and  higher 
degree  of  ionization.  Thus,  as  one  might  expect,  the  hydrogenic  approximation 
is  most  suitable  at  high  temperatures  and  low  densities. 

8.4.2  The  Methods  used  bv  Armstrong,  Johnston,  and  Kelly  (1965) 
8.4.2. 1  The  Low-Energy  Theory. 

Recently,  Burgess  and  Seaton  (1960)  presented 
an  approximation  to  the  radial  matrix  elements  in  terms  of  the  asymp- 
totically-correct  wave  functions.  This  approximation  derives  from  the 
observation  of  Bates  and  Damgaard  (1949)  that  the  major  contribution 
to  the  radial  integral  for  bound-bound  transitions  usually  comes  from  values 

*  The  Gaunt  factor  is  the  ratio  of  the  quantum-mechanical  cross  section 
to  the  classical  Kramers  value  discussed  previously. 
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of  r  sufficiently  large  that  the  effective  potential  Is  a  Coulomb  potential. 
Replacing  the  actual  one-electron  wave  function  by  Its  asymptotic  form  - 
(a  linear  combination  of  the  regular  and  Irregular  Coulomb  wave  functions 
for  the  observed  value  of  the  energy,  modified  for  small  r  to  ensure 
convergence  of  the  radial  Integrals )  Bates  and  Damgaard  evaluated  the 

.•i' 

radial  matrix  elements  Rj^,  and  presented  their  results  In  tabular  form. 

Burgess  and  Seaton  applied  similar  considerations  to  the  evaluation 
of  the  radial  matrix  elements  for  bound-free  transitions.  Whereas 

the  asymptotic  behavior  of  the  bound-state  wave  function  is  determined 
by  the  physically-observed  ene  gy  of  the  bound  state,  the  large-radius 
behavior  of  the  free-electron  wave  function,  at  a  given  energy.  Is 
determined  by  a  phase  shift  6^ ,  (L* ,  c) .  In  the  approximation  of 
asymptotlcally-correct  wave  functions,  Burgess  and  8eaton  numerically 
evaluated  the  radial  matrix  elements ,  parameterized  the  resulting  photo- 
ionlzatlon  cross  sections,  and  tabulated  their  results.  The  basic  variable 
of  the  theory  Is  the  effective  quantum  number  v  defined  by 

K-i  -  V  ’  -  l/vt 

where  I.  Is  the  Ionization  limit  of  the  *  series,  and  the  effective 
■C  n  t 

quantum  number  and  the  quantum  defect  satisfy  u  ..  *  n'  -  v_,.  . 

n  v  n  v 

In  order  to  use  the  Burgess-Seaton  theory  one  assumes  that  the 
quantum  defect  or  phase  shift  which  are  related  at  the  series  limit  by 

(c,  L')  ■  ttu^.  («,  L’)  (8.4-8) 
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can  be  extrapolated  to  small  positive  energies.  Thus,  a  knowledge  of 
the  bound  states  of  the  line  series  connected  with  a  given  photoelectric 
edge  is  needed.  Although  this  experimental  Information  is  available 
for  many  of  the  most  Important  photoelectric  edges,  it  la  not  for  all. 

When  it  is  lacking,  cruder  approximations  must  be  made,  the  crudest  of 
which  would  be  to  set  the  phase  shift  equal  to  aero  where  no  experimental 
Information  is  available  (this  Is  the  situation  with,  for  example,  most 
states  involving  double  excitation  beyond  the  n  s  2  shell). 

A  low-energy  expansion  of  the  Burgess-Seaton  cross  section  for 
Integer  v  agrees  with  a  corresponding  expansion  of  the  exact  hydrogenlc 
results  to  first  order  In  c  .  Thus  the  Burgess-Seaton  theory  is  to  be 
considered  a  valid  approximation  when  the  electron  kinetic  energy  Is 
much  less  than  Z2  Rydbergs.  Furthermore,  when  sufficient  Information 
regarding  the  physical  bound  states  is  available,  the  result  of  Burgess 
and  Seaton  is  probably  more  reliable  than  continuum  Hartree-Fock 
calculations  (Dalgamo,  Henry,  and  Stewart,  1964)  as  some  effects  due 
to  exchange  and  polarisation  of  the  core  are  reflected  In  the  physical 
energies  of  the  states  with  large  principal  quantum  number  used  in  the 
extrapolation  for  the  phase  shift. 

Thus  we  conclude  that  the  Burgess-Seaton  approximation  is  a 
reasonably  valid  and  useful  approximation  near  the  photoionisation  threshold, 
with  the  exception  of  the  Inner-shell  transitions  in  the  presence  of  an 
excited  outer  electron.  The  simplicity  of  the  resulting  expression  for  the 
photoionisation  cross  section  renders  it  particularly  suitable  for  evaluation 
of  the  large  number  of  initial  states  present  In  the  usual  opacity  problem. 


8.4. 2. 2  The  High-Energy  Theory. 


For  energies  of  the  final- state  free  electron 
much  greater  than  sero  the  Burges s-Seaton  approximation  Is  inapplicable. 

An  approximation  of  frequent  utility  in  high-energy  scattering  calculations 
is  the  Bom  approximation.  A  straightforward  application  of  the  Bom 
approximation  to  calculation  of  the  photoionization  cross  section,  however, 
leads  to  an  Incorrect  result.  It  can  be  shown  (Johnston,  1964)  that  a  use 
of  the  acceleration  form  of  the  matrix  element  in  a  high-energy  Bom  approxi¬ 
mation  gains  one  Iterate  of  the  Born  series  over  the  use  of  the  dlpole- 
veloclty  form.  The  second  Bom  approximation  to  the  velocity  matrix 
element  contains  a  term  with  the  same  high-energy  behavior  as  the  first 
Bom  approximation  ( thus  guaranteeing  an  Incorrect  high-energy  result  when 
using  the  first  Bom  approximation  alone )  whereas  the  first  Bom  approximation 
to  the  acceleration  matrix  element  gives  the  correct  high-energy  behavior. 
Accordingly,  the  dipole-acceleration  Born  approximation  (or  better)  should 
be  used  for  high  electron  energy. 

When  the  angular  integrations  and  polarisation  averages  are  performed 
on  the  acceleration  form  of  the  matrix  element  the  result  obtained  Is: 


ic  3»2  6 

»,.(«)  -  ‘Ky-  F( 

3m  uTc  F 


(8.4-9) 


with 


(8.4-10) 


where,  In  the  first  Bom  approximation, the  properly  normalized  free-electron 
wave  function  is  a  plane  wave. 
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in  the  Armstrong,  Johnston,  and  Kelly  *  .285}  calculation,  through 
use  of  e  generalisation  of  the  HFB  oode  of  Hermann  and  Skill  man  (1963) 
wave  functions  were  generated  for  the  many  bound  atomic  states  present 
In  the  gas*  The  resulting  numerical  bound-state  wave  funotlons  were 
fitted  with  analytic  funotlons  and  from  these,  the  matrix  elements  of 
Sq*  (8.4-10)  and  the  cross  sections  were  computed.  The  HPS  line 
f-numbers  were  used  for  the  low-lying  states  (t  *  3 ,  n  <  6)  and  quasl- 
hydrogenlc  (as  described  above)  or  hydrogenlc  values  were  used  for  the 
remainder*  No  attempt  was  made  to  compute  a  non-hydrogenlc  free-free 
contribution;  the  results  of  an  earlier  calculation  (Armstrong,  Holland, 
and  Me  ye  rot  t,  1958)  were  used  for  this  part.  The  atomic  core  configurations 
included  In  this  calculation  (along  with  the  relevant  ionisation  potentials) 
are  tabulated  In  Table  8-10. 

Table  8-10  Table  of  Atomic  Core  Ctyifigurations 
and  Ionisation  Potentials 


B 

3Ute 

Core  Designation 

Ioniz.  Potentials 

O 

N 

( 

O-I 

la*  as*  ap*  (^aK88*1!*) 

y  -  1 

13.617 

2 

16.948 

<aP> 

3 

18.631 

te  2p4(4P) 

4 

28.42 

(h» 

5 

34.19 

(*8) 

e 

37.88 

(2p> 

7 

39.99 

apB(aP) 

8 

62.11 

The  ionisation  potentials  given  are  from  the  lowest  state  of  each  stage  of 
ionization,  to  the  ionized  state  with  core  coupling  as  stated. 
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SpSOlM 


o-n,  n-i 


o-in,  K-n 


!•*  a*a  apa  (3i>)  m*3* lL> 


(l8) 

2*  ip8  (5S) 

<SD) 

<3P> 

^D) 


<lP) 

ap4(3p) 

<XD) 

(*8) 

l*2  2*22p 

*  *pVp> 


(2P) 

ap3  (4s> 


Cor*  i)— lgnatioa 


Y  -  1 
2 
3 


O-IV,  N-m 


U*  2*a 


o-v,  N-rv 


O-VI,  N-V 


<2P) 

2*a  (lS)  n*28*1!.) 

2*  2p  (3P) 

<XP) 

*pVp> 


In2  2*  (2S)  tt#28*1!.) 

*P  (2P) 

!•*  (J8)  n#28*1!,) 


Ionia.  1 

Potential** 

O 

N 

33.154 

14.64) 

37.659 

16.447 

40.60 

18.601 

42.623 

20.400 

50.028 

28.989 

62.799 

28.094 

68.336 

32.430 

69.680 

33.787 

61.238 

35.230 

70.339 

42.3 

72. 127 

43.1 

77.708 

47.4 

64.946 

29.617 

63.758 

36.703 

70.671 

42. 145 

75.312 

45.841 

77.309 

47.718 

83.607 

52.781 

86.668 

64. 799 

90.642 

58.188 

77.411 

47.426 

87.575 

55. 757 

97.081 

63.629 

103.881 

69. 189 

106. 122 

70. 843 

113.088 

76.606 

113.898 

77.460 

126.821 

87.442 

138. 110 

97.863 

The  ionization  potentials  given  are  from  the  lowest  state  of  each  stage  of 
ionization,  to  the  ionized  state  with  core  coupling  as  stated. 
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8.5  Review  of  Major  Calculations  Made  to  Date 

The  first  documented  calculation  of  the  opacity  of  air  including  the 
high-temperature  regime  appears  to  be  that  of  Hlrschfelder  and  Magee  (1945; 
1958/1947).  In  the  original  (1945)  calculation,  the  opacity  due  to  photo- 
and  free-free  absorption  was  calculated  between  20,000°  and  106°K.  The 
formulas  employed  were  those  of  Morse  (1940)  which,  in  turn,  were  based 
on  the  methods  of  Stromgren  (1932,  1933).  Since  these  methods  utilize  a  severe 
hydrogenlc  model,  the  principal  effort  in  this  type  of  calculation  centers  about 
the  obtaining  of  Eddington's  (1926)  "guillotine  factor"  which  contains  the 
combined  effect  of  the  photoelectric  edge  positions  and  the  occupation  numbers 
of  the  atomic  states  involved.  They  neglected  the  excited  states  of  the  various 
ionic  species,  and  assumed  all  such  species  to  be  in  their  ground  states. 

Pressure  ionization  was  also  neglected,  and  the  effective  nuclear  charge  was 
computed  from  Slater  screening  constants.  Below  20,000°K,  they  computed 
the  free-free  and  photoabsorption  by  0~  and  N~  ,  and  the  absorption  by 
NC>2  .  They  found  the  free-free  absorption  of  O-  and  N~  to  be  the 
dominant  effect  down  to  about  3,000°K.  For  the  calculation  of  this  effect,  they 
used  the  partial  wave  free-free  formula  of  Wheeler  and  Wildt  (1942),  including 
s-  and  p-states,  and  made  a  numerical  computation  of  the  free  electron 
functions  involved.  Later  on  (see  Magee  and  Hlrschfelder,  1947/1958)  they  included 
the  effect  of  C>2  »  and  used  the  Bates  and  Massey  (1943)  cross  section  for 
O  .  In  this  later  report,  they  also  give  the  details  of  the  NO2  calculation 
and  consider  the  Planck  mean  absorption  coefficient  defined  to  permit  the  radiation 
and  matter  to  exist  at  different  temperatures . 
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The  atomic  calculation  of  Hirschfelder  and  Magee  was  later  refined  and 
extended  downward  in  temperature  by  Klvel  and  Mayer  (1965/1954),  using 
Mayer's  (1947)  more  detailed  methods  including  some  consideration  of  the 
effect  of  lines.  A  comparison  of  the  Kivel-Mayer,  and  the  Hirschfelder-Magee 
results  is  given  in  Fig.  7  of  Kivel  and  Mayer  (1965). 

In  1955,  a  brief  report  by  F.R.  Gilmore  and  A.L.  Latter  appeared 

(Gilmore  and  Latter,  1955),  in  which  they  give  values  of  the  continuous 

absorption  coefficient  of  air  and  the  Rosseland  mean  free  path  between  2  and 

-4 

600  eV  temperature.  The  density  range  covered  is  from  10  to  10  times 
normal  density.  They  assumed  that  the  air  molecules  are  completely  dissociated 
into  atoms,  and  that  all  atoms  are  identical  and  have  the  average  atomic  number 
7.262  .  Mayer's  (1947)  equations  were  used,  first  to  calculate  the  average 
electronic  occupation  and  ionization  energy  of  the  K  ,  L  ,  and  M  shells 
and  then  to  calculate  the  continuous  absorption  coefficient  and  the  Rosseland 
mean  free  path.  The  effects  of  fluctuations  (from  the  average  atom),  of  line 
absorption  and  of  scattering  (in  the  spectral  coefficient)  are  omitted,  and 
the  Gaunt  factors  are  taken  to  be  unity.  This  preliminary  work  was  subsequently 
refined  and  extended  by  Gilmore,  and  although  the  results  have  not  been 
published,  they  have  been  made  available  to  other  workers  in  the  field  by 
private  communication. 

The  work  of  Kivel  and  Mayer  (1965/1954)  referred  to  above  in  which  use 
is  made  of  a  simplified  atomic  model  (energies  from  screening  constants,  a 
limited  number  of  excited  states,  neglect  of  configuration  splitting)  which  is 
not  accurate  for  low  stages  of  ionization  left  the  important  temperature  range 
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from  2  to  20  eV  in  doubt.  This  was  pointed  out  in  the  extensive  and  elegant 
analysis  of  atomic  opacity  calculations  carried  out  by  Plass,  et  al.  (1957). 
Immediately  thereafter,  a  calculation  in  this  region  was  undertaken  by 
Armstrong,  Holland, and  Meyerott  (1958).  The  limitations  of  the  ionic  method 
which  concerned  Plass,  etal.  (1957;  see,  e.g.,  p  ix)  were  circumvented 
by  employing  empirical  energy-level  values,  and  by  extensive  use  of  digital 
computers.  This  use  of  computers  enabled  Armstrong,  Holland,  and  Meyerott 
to  incorporate  much  more  atomic  structure  detail  into  an  opacity  calculation  than 
had  previously  been  practical. 

In  this  calculation,  the  photoelectric,  free-free  and  Compton  scattering 

contributions  to  the  absorption  coefficient  of  nitrogen,  oxygen  and  air,  were 

computed  over  the  temperature  range  2  to  20  eV  as  mentioned  and  over  the  density 
-5 

range  from  about  10  times  normal  density  to  normal  density.  The  photon  energy 

* 

range  covered  was  1  eV  to  1  keV  .  The  occupation  numbers  of  the  ionic  states 
were  computed  with  the  ion -sphere/grand  canonical  ensemble  statistical  methods 
introduced  by  H.  Mayer  (1947)  (and  developed  somewhat  further  by  Brachman 
and  Meyerott,  1953).  Individual  LS  coupling  terms  were  included  for  levels 
of  principal  quantum  numbers  2  and  3  with  energies  obtained  from  experiment 
where  known.  Where  empirical  energy-level  information  was  lacking,  estimates 
of  the  energies  were  made  by  isoelectronic  interpolation,  or  by  the  Bacher- 
Goudsmit  (Bacher  and  Goudsmit,  1934)  method.  In  the  cases  where  insufficient 
experimental  information  was  available  to  yield  results  by  the  foregoing  methods. 


*  The  K-sholl  contribution  which  appears  explicitly  in  Figs.  4-1  to  4-30  of 
AFSWC  TR  58-36  are  too  small  by  a  factor  of  2  and  should  be  corrected 
accordingly . 
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the  Bohr  formula  was  used  with  a  constant  quantum  defect  assigned  by  obtaining 
a  value  from  a  related  configuration.  For  principal  quantum  number  ns  4  , 
the  quantum  defect  formula  was  used  for  all  levels,  although  angular  momentum 
sub-levels  were  treated  individually  for  £■<0,1,2  and  3  up  to  n  *»  9  . 
(Levels  for  l  <■  4  were  lumped.)  Multiple  excitations  were  partially  included 
by  using  one-electron  levels  of  ionic  cores  foi  all  core-coupling  possibilities 
of  the  n  *  2  shell.  Screened  Kramers'  hydrogenic  cross  sections  were  used 
with  Gaunt  factors  taken  as  constant  and  equal  to  their  values  at  the  photo¬ 
electric  edges.  Fractional  parentage  coefficients  were  included  in  the  cross 
section  formulas  in  order  to  account  properly  for  transitions  from  equivalent 
electron  states . 

The  calculations  of  Armstrong,  Holland,  and  Meyerott  (1958)  were  of 
spectral  absorption  coefficients  (and  air  compositions)  only;  these  results 
were  subsequently  integrated  over  the  appropriate  weighting  functions  in 
frequency  to  form  Planck  and  Rosseland  mean  coefficients  by  Armstrong  (1959a). 
Some  of  the  results  of  the  earlier  calculation  which  had  not  been  included  in 
the  Armstrong ,  Holland,  and  Meyerott  (1958)  report  (viz.,  separate  absorption 
coefficients  for  N  and  O)  were  also  included  in  this  subsequent  .eport. 

Very  shortly  after  this  Lockheed  work  was  done,  the  first  of  the  reports  issued 
by  the  General  Atomic  Opacity  group  appeared  (Bernstein  and  Dyson,  1959). 

This  latter  work,  although  undertaken  without  knowledge  of  the  Lockheed  work, 
was  quite  similar  to  i.  A  larger  variety  of  elements  (from  hydrogen  to  flourine) 
was  considered,  rather  than  just  oxygen  and  nitrogen  as  in  the  Armstrong , 
Holland,  and  Meyerott  work .  However,  in  compensation,  less  atomic  detail 
was  included.  Quantitatively,  the  greatest  difference  in  the  two  sets  of  results 


is  caused  by  the  fact  that  Bernstein  and  Dyson  used,  in  effect,  ideal  gas 
occupation  numbers,  and  did  not  lower  the  continuum  edge  ("pressure 
ionisation")  to  account  for  bound  electron-  free  electron  interactions.  This 
effect  is  moderately  significant  towards  the  low  temperature  end  of  these 
calculations  .  The  first  "opacity  bound"  theorem  appeared  in  the  Bernstein- 
Dyson  report.  (Tor  a  discussion  of  such  theorems  sec  Chapter  6.) 

The  opacity  calculation  program  at  General  Atomic  (as  well  as  the  one 
at  Lockheed)  was  continued,  with  the  result  that  in  September  of  1961,  the 
comprehensive  report  of  Stewart  and  Pyatt  (1961)  appeared.  This  was  probably 
the  most  significant  improvement  in  opacity  calculation  methods  since  the  war¬ 
time  work  of  Mayor.  For  the  first  time,  full  advantage  of  modern  computers 
(IBM  7090)  could  be  taken.  This  fact  along  with  use  of  the  line  broadening  theory 
developed  in  the  interim  by  Baranger  and  others  (Baranger,  1962),  permitted  a 
detailed,  realistic  inclusion  of  line  effects  for  the  first  time.  Stewart  and  Pyatt 
calculated  atomic  photon  absorption  coefficients  and  mean  opacities  for 
hydrogen,  beryllium,  carbon,  nitrogen,  aluminum,  and  silicon  over  the  tempera- 
ture  range  from  1.5  to  34  eV,  and  the  density  range  from  roughly  0.10  gm/cu 
downward  to  values  around  10  and  10  gm/cm  .  The  calculation  included 
the  usual  contributions  from  free-free,  bound-free,  and  Compton  scattering 
processes,  as  well  as  the  line  effect.  They  used  Kramers  formulas  with  unit 
Gaunt  factors  for  their  bound-free  and  free-free  cross  sections.  For  the  line 
effect  they  used  an  ("oscillating")  Elsasser-band  formula  which  analytically 
sums  the  line  profiles  over  an  entire  line  series;  this  profile  formula  is  multiplied 
by  a  hm-strength  to  line-spacing  ratio.  They  take  this  ratio  to  be  the  same 

-3 

function  (*  v  )  as  for  the  photoelectric  and  free-free  contributions. 
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The  atomic  energy  levels  which  Stewart  and  Pyatt  employed  were 
computed  internally  by  their  code  by  isoelectronlc  interpolation,  using  the 
nuclear  charge  expansion-screening  theory  developed  by  Layzer  (1959)  and 
by  Varsavsky  (1958)  which  permits  use  of  empirical  data  for  the  zero-order 
(in  nuclear  charge  Z)  contribution  to  the  energy.  Corrections  to  the  zero- 
order  energy  are  then  made  by  perturbation  theory;  it  is  only  at  this  level  that 
(empirically  evaluated)  screening  constants  are  used,  sc  that  the  results 
are  considerably  more  accurate  than  energies  obtained  by  Slater-type  screening 
constants.  Stewart  and  Pyatt  tabulate  some  thermodynamic  functions  (pressure 
and  internal  energy)  as  well  as  opacities,  and  they  make  u3e  of  a  considerably 
improved  pressure  ionization  (or  bound-free  electron  interaction)  theory 
compared  to  previous  work.  The  effect  of  line  absorption  is  quite  dramatic; 
their  results  show  that  lines  increase  the  Rosseland  mean  by  a  factor  which 
is  as  much  as  ten  (for  hydrogen  at  2.25  eV  and  high  density)  but  which  is  more 
typically  about  two  for  nitrogen  at  moderate  densities.  Omission  of  same-shell 
transitions  for  the  non-hydrogenic  atoms  impairs  the  accuracy  of  their  Planck 
mean  results  at  the  lower  temperatures  which  they  consider  (Armstrong  and 
Aroeste,  1964).  This  is  not  so  serious  an  effect  in  the  case  of  the  Rosseland 
mean . 

Stewart  and  Pyatt  did  not  actually  give  results  for  air,  per  se,  but  their 
work  was  continued  by  Freeman  who  performed  calculations  for  air  (Freeman,  1963) 
by  use  of  the  Stewart-Fyatt  codes.  Shortly  after  the  appearance  of  the  Stewart- 
Pyatt  work,  more  accurate  values  of  the  Planck  mean  were  computed  by  Armstrong, 
et  al.  at  Lockheed  (Armstrong,  Buttrey,  Sartori,  Siegert,  and  Weisner,  1961) 
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who  for  the  first  time  departed  from  the  traditional  hydrogenic  matrix  element 
approximations.  No  comprehensive  results  were  forthcoming  from  this  group 
however,  until  1965.  At  this  time,  the  work  of  Armstrong,  Johnston,  and  Kelly 
(1965a)  appeared  (see  also  Johnston,  Armstrong  and  Platas,  1965;  Armstrong, 
Johnston,  and  Kelly,  1965b).  These  authors  carried  out  a  comprehensive 
opacity  calculation  using  the  old  occupation  numbers  of  the  Armstrong ,  Holland, 
and  Meyerott  (1958)  work,  but  with  non-hydrogenic  photoelectric  and  bound- 
bound  matrix  elements.  They  also  utilized  the  Stewart  and  Pyatt  (1960) 
prescriptions  for  line  widths  and  shapes.  Since  a  brief  description  of  the  theory 
involved  has  been  given  above  (section  8.4.2),  and  a  detailed  description 
has  now  been  published  (Armstrong,  Johnston,  Kelly,  DeWitt,  and  Brush,  1966) 
it  is  not  necessary  to  comment  further  on  this  work  here.  It  should  be  noted, 
however,  the  paper  by  Armstrong ,  Johnston,  Kelly,  DeWitt,  and  Brush  (1966) 
also  contains  a  relevant  discussion  of  the  statistical  mechanics  of  plasmas  and 
an  extensive  bibliography  of  the  literature  relating  to  the  lowering  of  the 
ionization  potential  in  a  plasma. 


BOUND  FREE  GAUNT  FACTOR  VERSUS 
FREE  ELECTRON  ENERGY  FOR  K  -  1, 
n  -  2-6  . 
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FIG.  8-4  CROSS  SECTIONS  FOR  THE  PHOTOIONIZATION 

OF  ATOMIC  HYDROGEN  FOR  PRINCIPLE  QUANTUM 
NUMBERS  (n)  1  THROUGH  5.  THE  SOLID  CURVES 
ARE  THE  EXACT  RESULTS  OF  McDOWELL  (1964), 

AND  THE  DASHED  CURVES  REPRESENT  THE  CONSTANT 
GAUNT  FACTOR  APPROXIMATION. 
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PHOTON  ENERGY  (Ry) 


FIG.  8-5  CROSS  SECTIONS  FOR  THE  PHOTOIONIZATION 

OF  ATOMIC  HYDROGEN  FOR  PRINCIPLE  QUANTUM 
NUMBERS  (n)  6  THROUGH  10.  (McDOWELL,  1964.) 
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HQ.  8-6  CROSS  SECTIONS  FOR  THE  PHOTOIONIZATION 

OF  ATOMIC  HYDROGEN  FOR  PRINCIPLE  QUANTUM 
NUMBERS  (n)  11  THROUGH  IS.  (McDOWELL,  1964.} 


FIG.  8-10  POLARIZATION  VECTORS  AND  SCATTERING  ANGLE 
FOR  COHERENT  SCATTERING 
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FIG.  8-11  A  ROUGH  COMPARISON  OF  REGIONS  OF  IMPORTANCE 

FOR  RAYLEIGH  SCATTERING  VERSUS  PHOTON  ABSORPTION 
PERMITTED  BY  ENERGY  TRANSFER  TO  AMBIENT  FREE  ELECTRONS 
(TERMED  BARANGER  ABSORPTION).  CONDITIONS:  ELECTRON 
DENSITY  =  10s  cm-3  ,  kT  =  1  eV,  FOR  A  LINE  WITH  f 
NUMBER  ~  0.1  AND  UPPER  PRINCIPAL  QUANTUM  NUMBER 
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FIG.  8-14  ENERGY- LEVEL  DIAGRAM  OF  THE  TERMS 
OF  THE  OI  2«22p4  CONFIGURATION. 
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Appendix  A 


SPECTROSCOPIC  PROPERTIES  OF  SIX  IMPORTANT 
BAND  SYSTEMS  WHICH  CONTRIBUTE  TO  THE  OPACITY  OF  HEATED  AIR 

It  was  pointed  out  in  Chapter  7  that  the  following  six  band  systems 
Or,  (B  3E,,  -  X  3E")  Schumann-Runge 

Ck  \Ji  y 

N-(B  3n  -  A  3E+)  First  Positive 
l  g  u 

N2  (C  3Hu  -  B  3Hg)  Second  Positive 
Nj  (B  2r*  -  X  2r,J)  First  Negative 
NO  (B  2n  -  X  2n)  Beta 
NO  (A  2y  -  x  2n)  Gamma 


make  important  contributions  to  the  spectral  absorption  coefficient  of  heated 
air.  Basic  energy  level  diagrams  which  incorporate  these  transitions  are  displayed 
in  Figs.  7-1,  7-2,  7-3,  and  7-4. 

It  was  also  pointed  out  in  section  7.3.3  describing  the  use  of  the  SACHA 
code,  which  takes  account  of  the  contribution  to  the  absorption  coefficient  of 
the  line  structure  of  molecular  bands,  that  the  absorption  coefficient  in  the 
region  of  a  line  could  be  written 


N. 


total 


Lo  ^vib-rot 


n" 


H 


n'v'J* 

n"v"J" 


exp 


(-  vr/T) 


n  b(v) 


CA-1) 
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where 


n'vT  .  !:LL°  ,  “’l  ,n'vT 

n"v"I"  3hc  (2S+1)  7  Qnucl~  Vvp 


«VJ"  ’  ¥  [Go,v">  *  Fv-«“l] 
and 

vn"v"J*  "  voo  +  F‘(r)  "  F,,(J,,)  +  G'(v,)  "  G"(v,,) 

Further 

Fva>  -  bvjo+d  -  dvj2o+d2  +  .... 


(A-3) 


CA-4) 


(A-S) 


and 

G(v)  •  uu  (v+1/2)  -  uj.x  (v+1/2)2  +  ...  (A-6) 

€  0  6 

The  quantities  (line  frequency) ,  Ev„jM  (lower  level  energy) , 

(Hdnl-London  factor)  depend  entirely  upon  the  type  and  structure 

of  the  molecular  transition  considered.  In  this  appendix  therefore,  a 

n'v’T' 

detailed  discussion  is  given  of  the  form  of  Hn„vr,j„  for  each  of  the  above 
band  systems,  taking  its  properties  into  account.  Much  of  the  material  which 
follows  is  based  upon  the  report  by  Churchill,  Hagstrom,  and  Landshoff  (1963) 
on  the  SACHA  code  which  has  been  discussed  by  Churchill  and  Meyerott  (1965) . 
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The  symbols  In  the  above  formulae  are  standard  (Herzberg,  1950)  and  values 
of  molecular  constants  are  taken  either  from  papers  cited  below  or  from 
Herzberg's  compilation  in  application  of  the  formulae. 

3  _  3  _ 

The  0^  (B  -  X  vq)  Schumann-Runge  System 

The  allowed  rotational  transitions  of  a  Schumann-Runge  band  are 

illustrated  in  Fig.  A-l  which  shows  typical  rotational  energy  levels,  and 

tha  quantum  numb'.'s  and  symmetry  properties  associated  with  each.  Each 

band  has  six  strong  branches:  <  P2  *  P3  *  Ri  <  R2  '  R3  for  each 

of  which  AJ  and  £K  is  +  1  .  (The  Q  branch  is  forbidden  in  a 

-  :  transition.)  The  separation  of  these  lines  is  such  that  the  three  R  lines 

are  so  close  together  as  are  the  P  lines  that  the  six  lines  often  appear  as 

one  unresolved  P  and  one  unresolved  R  line.  Six  weak  satellite  branches 

of  the  form  RP  ,  RQ  ,  PR  and  PQ  for  which  AJ  /  &K  are  also 
illustrated  in  Fig  .  A-l  .  Alternate  triplets  in  the  P  and  R  branches 

are  missing  since  the  oxygen  atoms  have  zero  nuclear  spin.  Even  K 

rotational  levels  are  missing  in  the  X  state  and  odd  K  rotational  levels 

are  missing  in  the  B  state.  The  SACHA  calculations  merged  the  three  R-lines 

into  one  line  and  the  three  P-lines  into  another  line  by  addition  of  the  appropriate 

Htfnl-London  factors  as  Schumann-Runge  lines  do  appear  as  singlets  except 

at  very  high  resolution. 

The  values  of  the  Hdnl-London  factors  were  thus  3K"  for  P-lines 
and  3(K"+1)  for  R-lines.  For  each  of  the  states,  Eq.  (A-5)  is  rewritten 

Fv(K)  -  BvK(K+l)  -  DvK2(K+1)2 


(A- 7) 


3 

The  Bv  and  Dy  values  for  th*  X  *E  state  were  calculated  from  the 

3 

constants  glvun  by  Herzberg  (1950;  and  the  values  for  the  B  r  state 
were  taken  from  the  work  of  Brlx  and  Herzberg  (1954) .  Thus  the  H-function 
of  Eqs  .  (A-l  and  A-2)  for  the  Schumenn-Runge  system  is 


H 


n'v'J* 

n"v"J 


HK'K" 


?--2-P  i  ( _ h _ V 

3hc  3  ^nuclear /  K  K 


^  (rv'v») 


'v  V' 


16n2  Lq  2  (K"+l  If  K'  «  KH+1 

3hc  VK'K"  R.  (fv'v">  Vv-  (K„  „  K,  .  K..J 


(A-8) 


for  K"  *  1 ,  3 ,  5  . . . 

The  N2  (B  3ng  -  A  3r*)  First  Positive  System 

As  is  seen  in  Fig.  A-2,  which  illustrates  the  branch  structure  of  bands 

3  3 

of  the  N2  First  Positive  system,  a  n  -  E  band  is  very  complicated, 

exhibiting  as  it  does  27  possible  branches,  distributed  between  three  sub-bands 
3  3+3  3  +  3  3  + 

n  -  J'  ,  rij  -  F  ,  n2  -  T  .  Each  sub-band  has  nine  possible  branches. 
For  any  band  the  nine  principal  branches  pi  *  P2  '  P3  '  ^1  '  ^2  '  ' 

R1  '  R2  '  **3  which  obey  all  the  selection  rules  are  strongest,  the  ten  P-form 
and  Q-form  satellite  branches  are  somewhat  weaker  and  the  eight  1  forbidden1 
N-form,  O-form,  S-form  and  T-form  satellite  branches  (shown  do**ed  in 
Fig.  A-2)  are  extremely  weak  and  neglected  here.  The  remaining  nineteen 
branches  are  included  in  the  calculations. 
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3 

Formulae  for  the  levels  of  a  r,  state  have  been  provided  by 

3 

Schlapp  (1937).  The  spin  splitting  of  the  A  T  state  is  known  to  be 

3 

small  and  only  approximately  known  at  that.  The  A  T  state  was  thus 
treated  as  an  effective  V  state  as  for  the  Schumann-Runge  system 
described  above .  Eq .  (A- 7)  was  again  used  and  the  By  and  Dv  constants 
calculated  from  the  work  of  Naude  (1932)  .  The  triplet  splitting  of  the  n 
state  was  however  taken  into  account  using  the  formulae  of  Budo  (1935)  for 


any  degree  of  uncoupling 

Fvl(J)  -  Bv  j^J(J+l)  -  /Z[  -  2Z2/3Z^  -  Dv(J-l/2)4 

(A-9) 

Fv2(J)  *  Bv[I(J+1)  *  4Z2/3Zl]  *  DVW+1/2J4 

(A- 10) 

Fv3(i>  -  Bv|w+1)  +  -  2Z2/3Z1J-Dv(J+3/2)4 

(A-U) 

where 

Z1  *  Yv  (Yv"4)  +  I  +  4W+1)  (A-12) 

Z2  «  Yv  (Yv-1)  -  |  +  2J(J+1)  (A- 13) 

and  Yv  *  Av/By  is  a  measure  of  the  degree  of  coupling  of  the  spin  to  the 


intemuclear  axis . 


At  high  J  numbers  with  J  ■  K+l,  K  and  K-l  respectively, 

Fvi  ,  Fv2  and  Fv^  are  representative  of  the  case  'b'  coupling  model 
ofHund.  At  low  J  numbers  case  ’a'  holds.  Further  Fv2 (0) ,  Fv3(0) 
and  Fv3(1)  are  undefined  because  of  the  case  'a*  requirement  that 
J  n  fl  ■  |  A  +•  F.|  .  The  By  ,  Dv  and  Yy  values  for  each  vibrational  level 
were  taken  from  the  work  of  Budo  (1935)  and  because  A-doubllng  le^small  except 
at  large  K  it  is  neglected  here . 


The  H-function  for  the  First  Positive  system  of  N2  then  becomes 


where 


Sj  taken  for  each  respective  branch  and  line  from  the  tables  of  Budo  (1937) 
as  follows 
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(J+l)  [(J2-l)  u3  +  (J-I)  CY-2)  *  2J2(J+2)]2 


2  2 
(2J+1)  [(r+M)  (Y-2)  +  Ul] 


(J-l)2  (J+l)  :(J+1)  u,  -  (Y-2)  -  2J(J+1) ] 


Ju+i)  c,  (j) 


Qp  (J+D 

*32 


Rp  (J+l) 

*31 


J(J+2>Cm-2)  -  u3]‘ 


(J+l)  33(J) 


(2J+1)  C(jSj-l)  (Y-2)  -  u3] 

j(j+i)  c3(j) 


J(J+2r  [Ju3  -  (Y-2)  -  2J(J+1)] 
(J+l)  (2J+3)  C3(J) 
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C^J)  -  J(J+1)  Y(Y-4)  +  2(2J+1)  (J-l)  <J+1)J 
C2(J)  -  Y(Y-4)  +  4J(J+1) 

C3(J)  *  (J~l)  (J+2)  YCY-4)  +  2(2J+1)  JG+1)  (J+2) 

3  3 

N,  (C  n,  -  P  n  )  Second  Positive  System 

The  six  main  branches  of  an  N2  Second  Positive  band  are  shown  in 

Fig.  A-3.  The  band  structure  is  simple  if  both  states  behave  according  to  Hund's 

3 

case  'a'  or  both  behave  according  to  Hund's  case  'b' .  Both  n  states  of 

the  N,  Second  Positive  system  are  represented  by  case  'a'  at  low  K-values 

3  3  3  3 

and  to  case  ' b*  at  high  K-values.  Three  sub-bands  "  ^o  '  ni  -  ^1  ' 

3  3 

n2  -  n2  are  present  in  each  case  and  each  sub-band  has  strong  R  and  P 

3  3 

branches  and  (except  for  nQ  -  nQ)  a  weak  Q  branch.  For  all  K  values  in 

case  ’a'  and  fox  high  K  values  in  case  'b‘  the  three  P  branches  are  close 

together  and  the  three  R  branches  are  close  together  which  gives  rise  to  a 

characteristic  triplet  structure.  Nitrogen  nuclei  follow  Bose  statistics  (1*1) 

and  thus  the  symmetrical  levels(s)  will  have  the  higher  statistical  weight 

j  j(s)  =«  (21+1)  (1+1)  and  the  antisymmetrical  levels(a)  will  have  the  lower 

statistical  weight  Xj(a)  *  (21+1)  .  For  example  uj^s)  ■  6;  ^(a)  »  3  . 

Thus  the  total  weight  for  the  doublet  is  9  which  is  1/2  the  maximum  weight 
2 

xn(2l+l)  one  would  expect  for  a  heteronuclear  system  of  the  same  type  ana 

for  which  both  nuclei  have  I  ■  I.  ■  1  . 

a  d 

The  Q2  and  branches  have  line  intensities  which  fall  off  as 

1/J" .  Their  contribution  is  thus  small  and  neglected  in  this  work. 


hi  9 


4 


Formulae  for  the  rotational  terms  are  as  follows: 


v  „  ,  -  v  +  G'(v')  -  G" (v") 
v  v  oo  o 


(A- 15) 


VJ"  *  vv“  ,v\J“(JM+i)  *  vv"v‘  +  Fn^''+i^  ■  ' 


(A- 16a) 


VJ"  “  vv"  .v1  ,J"(J"-1)  *  \"v'  +  Fn^"_1)  ~  Fn^”^  ' 


(A- 16b) 


r.  -  1  ,  2  ,  3 


The  two  line  components  of  a  A -doublet  have  identical  frequency  except 
for  the  influence  of  ujj  .  The  symmetrical  component  has  iDj  »  6  while 
the  unsymmetricai  component  has  ojj  *  3  .  The  H-function  for  the  whole  doublet 
is  then  constructed  from  the  sum  of  the  two  contributions  as  follows 


Hn"’,v"  J"  *  HJT*  =  3hc °  2-3  VJ'J"  Re  qv'v"  SJ"  ^972  +  9 7$  <A_1/as 


8r  Lo  1  .  a2  /<r  .  e  /3a6 


8t,Z  Lo  .2 

9hc  VJ'J"  Re  ^v'v"^  qv'v"  SJ" 


(A- 17b) 


where 


^nuclear  *  8//2 


_L 


Budo  (1937)  has  given  HOnl-London  factors  for  various  coupling  cases 


In  this  work,  and  because  of  the  compact  structure  of  the  sub-bands  they  were 
treated  as  a  *0  -  1H  transition  for  which 


Sj„  »  J"+l  (A- 18a) 

Sj„  -  J"  (A- 18b) 


The  final  for  the  H-functions  are  then 


H 


n 

r 


8n2  Lc 
9hc" 


vj»  Re  ^v'v"^  ^v'v" 


(R  branch) 
P_ 


8r2  L 


Hj.:* 


9hc 


VJ"  ^e  <Vv>  ^v'v" 


for 


n  -  1  ,  2  ,  3 


(A- 19a) 


(A- 19b) 


3  3 

Values  of  ,  D„  ,  and  Y ,  for  the  C  n  and  B  n  states 

V  V  V  U  y 

of  N2  were  taken  from  the  work  of  Budo  (1935;  1936). 

(5  2?  y~x  First  Negative  System 

The  branch  structure  of  Ng  bands  is  illustrated  in  Fig.  A-4).  The 
situation  is  rather  simple  as  only  P  and  R  branches  occur  and  the  doublet 
structure  is  not  well  resolved  in  many  cases.  Thus  the  band  system  can  be  treated 
as  a  -  V  transition.  Case  ' b*  coupling  applies  strictly.  The  energy  and 
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frequency  behavior  are  well  represented  by  Eqs.  (A- 3  and  A-4).  The  molecular 
constants  Bv  ,  Dv  and  GQ(v)  were  taken  from  the  work  of  Douglas  (1952)  . 
The  H-function  for  this  system  then  becomes 


H 


n'v'J' 


16tt^  L 


n"v"JM  K*'K 


3hc 


VK'K"  Re  *rvV*  qv'v”  SK"  X 


if  KM  even 


~  if  K"  odd 


(A-20) 


where 

SR„  »  K"+l  (R  branch)  (A-21a) 

s£„  *  K"  (P  branch)  (A- 2 lb) 


The  alternative  factors  depending  on  eveness  or  oddness  of  K"  arise  from 

2  2 

symmetry  properties  of  v  -  7  transition  of  homonuclear  molecules  ,  Even 
K"  levels  are  symmetric  (tt  ^s)  ■  6)  and  odd  levels  are  antisymmetric 


^(s)  »  3  . 

The  (B  ^11  -  X  2n)  Beta  System  of  NO 

The  branch  structure  of  NO  Beta  bands  is  illustrated  in  Fig,  A-5. 

2 

It  is  relatively  simple  as  both  n  states  pass  from  case  'a'  to  case  'b' 

coupling  together  with  increasing  internuciear  separation  ,  There  are  thus  two 

2  2 

sub-bands  for  each  band,  one  for  each  of  the  *"^1/2  ~  *^1/2  '  and 
2  2 

r.3/2  -  ^3/2  transition.  The  strong  P  and  P.  branches  are  solely 

taken  into  account  here  as  the  Q-branch  contribution  is  small  and  decreases 
as  J  1  . 
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The  B  and  X  states  are  each  intermediate  between  case  'a'  and 
case  'b' .  Hill  and  Van  Vleck  (1926)  have  analyzed  the  term  structure  for  such 
a  case.  It  is  represented  by  the  expression 


T„(v,J)  -  Te  +  Gn(v)  ♦  B„  |  (J+l/2)*  -  1  ♦(■ 


4 


1  (J4  if  (n-1) 

■l)n  u(J)|  “  D  |  .  CA-22) 

J  V((J+1)4  if  (n-2) 


where 


Ic 


U(J)  -  |tt+l/2 r  -  Yv  + 


1/2 


;  Yv  -  A/Bv 


(A— 23) 


2  2 

n  -  1  stands  for  ^1/2  ancl  n  m  2  stands  for  *  Fre3u®ncies 

of  lines  in  the  various  branches  of  a  band  are  then 


RjO)  »  ve  +  +  F^(J-+1)  -  F J(J“) 

(A- 24a) 

r2(j)  -  ve  +  v?)  +  F2  (J"+l)  -  F^ (JM) 

(A-24b) 

P^J)  •  ve  ♦  v<1}  +  F| (J"-l)  +  F^(J") 

(A-24c) 

p2  (J)  -  ve  ♦  vf  +  F^(J  ')  -  FjjO") 

(A-24d) 

where 


T*  -  T" 
e  e 


<A-24e) 


m 


CA-24£) 


in)  •  vjlj,*  -  a;(V>  -  G:(v");  n  -  1,2 


and 


?n(J)  "  Fn(v,J)  -  By  | (J+l/2)2  -  l+(-l)n  [(J+l/2)2  -Yy  +  y5/4]1/2| 

IJ4  if  n«l 
(J+l)4  if  n» 2 


(A-24g) 


By  and  Dy  were  calculated  from  the  work  of  Gillette  and  Eyster  (1939). 

2 

As  the  n  states  approach  case  'b1  behavior  the  selection  rule 
AK  *  0+1  Increasingly  applies  and  satellite  branches  are  very  weak.  Dis¬ 
regarding  A  doubling  and  neglecting  the  weak  Q  and  satellite  branches 

2  2 

the  band  structure  is  quite  similar  to  that  of  a  F  -  F  transition,  i.e.,  it 
has  four  strong  branches.  If  the  satellite  lines  are  merged  into  the  composite 
line  but  Q  branch  contributions  completely  neglected  the  Hbnl-London  factors 
are  sufficiently  accurately  given  by 


V  *  v  - r+1 

P2  P1 
Sj.f  -  Sj,f  -  J" 


and  the  H-function  becomes 


H 


n'v'J' 

n"v"J 


li 


Wjl  Jll 


4tt2  Lq  2 

3 he  Re  *rv'v"*  VJ'J"  qvV*  SJ" 


(A-25a) 


(A-25b) 


i*ei» 


(A-26) 


Ite— MQI&  ?E  -  A*Hl  .  .Oftpupa  .Syjtgm 


The  rotational  transitions  of  an  NO  Gamma  band  are  illustrated  in 

2 

Flg.A-6.  The  transition  is  quite  complex  because  while  A  T.  behaves 

2 

strictly  according  to  case  'b',  the  X  II  state  moves  from  case  'a'  to  case 
'b*  behavior  with  increasing  rotation.  The  doublet  splitting  of  the  X  state 
gives  rise  to  two  sub  bands,  six  strong  branches  (P^  ,  Q,  ,  R1  ,  P2  , 

02  .  R2)  four  weaker  satellite  branches  (PQ12  *  ^R12  '  ^P21  *  *^21^ 
and  two  very  weak  forbidden  satellite  branches  (  P 12  and  R2j)»  e^laot 
of  the  last  two  was  neglected  and  the  remaining  ten  branches  merged  as 

follows  Pl  ,  R2  ,  (R1*RQ21)  '  ^i+Qp2^  '  (<?2+Qr12)  '  (P2+P<?12,‘ 

Term  values  for  the  X  H  state  follow  Eq  .(A-22) .  Term  values  for  the 

2 

A  v  state  follow  Eq. (A- 5)  .  The  constants  in  these  equations  were  taken 
from  the  experimental  work  of  Barrow  and  Miescher  (1957),  and  Deessi  (1959). 
HOnl-London  factors  for  the  complete  transition  have  been  given  by  Earls  (1935) 
apart  from  an  arbitrary  constant.  They  were  normalised  in  this  work  to  obey  the 
sum  rule  (Eq.  4.1-16a).  The  Htfnl-London  factors  for  the  lines  combined  in  the 
above  way  are 


Transition  and  Branch 
Pjd) 

R2(J) 

Rl  (J)  ♦  RQ21(J) 

<VJ>  +  °P21(J) 

Q2(J>  +  Qr12(J) 

P2(J)  +  PQ12(J) 


(2T»1)2  »  (21+1)  u  (4J2  +  41^1  -  2Y) 
8J 

(2I+1)2  ♦  (21+1)  u  (4I2  +  4J»1  -  2Y) 

8(F I) 

|6J-1  -  u(4J2  +  4J  +1  -  2Y)| 
{ej+7  +  u(4J2  +  4J+1  -  2Y)  } 
|6J-1  ♦  u(4J2  ♦  4J+1  -  2Y)| 

fftni  {6't7  -  “MJ2  ♦  •  2Y» } 
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where 


(A- 2  7) 


2  2 
U  -  [Y  -4Y+  (2J+ir] 


Thus  the  H-functlon  for  Unas  of  this  ayatam  la 


n  'v'T* 

M11  v  *  m  M 

ttn»v"J"  nJ"J' 


2tt2  L 

o 

3hc 


2 

VJ"J*  Re  {rW")  ^v'v" 


(A-28) 


* 

where  the  Sj„j, 


values  are  listed  in  the  above  table 
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